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A NOTE ON NONCOSINGULAR LIFTING MODULES
IMPO HEKOCHUHI'VISAPHI MOAVJII 13 BJIACTUBICTIO INIIJIHATTA

Let R be a right perfect ring. Let M be a noncosingular lifting module which does not have any relatively projective
component. Then M has finite hollow dimension.

Hexait R — mpaBe nockoHane Kiible, a M — HEKOCHHTYISPHHHA MOIYNb i3 BIACTHBICTIO MiIHATTS, IO HE Ma€ >KOXHOI
BiZTHOCHO IPOEKTUBHOI KOMITOHeHTH. Toxti M Mae CKiHYeHHY AyanbHy po3MipHicTb [ommi.

1. Introduction. Throughout this paper all rings are associative with identity and modules are unitary
right modules. A module M is said to have finite hollow dimension if there exists an epimorphism
from M to a finite direct sum of n hollow factor modules with small kernel. A module M is
called lifting if for every A < M, there exists a direct summand B of M such that B C A and
A/B < M/B. A module M is amply supplemented and every coclosed submodule of M is a direct
summand of M if and only if M is lifting by [1] (22.3(d)). In [5], Talebi and Vanaja defined Z (M)
as follows:

Z(M) =Re(M,S) =(){Ker(g)| g € Hom (M, L), L € S},

where S denotes the class of all small modules.

They called M a cosingular (noncosingular) module if Z(M) =0 (Z(M) = M).

In this note, as we state in the abstract, we prove the following main theorem:

Let R be a right perfect ring. Let M be a noncosingular lifting module which does not have any
relatively projective component. Then M has finite hollow dimension.

For all undefined notions we refer to [1].

2. Results. An R-module M is called dual Rickart if, for any element ¢ € S = End(M),
Im¢ = eM, where e? = e € S.

Lemma 2.1. Let M = ®;enM; be a dual Rickart module and let (f;: M; — M;1)N be a se-
quence of homomorphisms. Then for any finitely many elements a1, az, . .., a, € M, there exist some
r € N and a homomorphism h: M, 1 — M, such that f,_1fr—o... fi(ax) = hfrfr—1... fi(ag)
fork=1,2,....,n.

In particular, if M is finitely generated, then fr_1fr—o...f1 =hfrfr_1... f1.

Proof. 1t is easy to see by [6] (43.3(3)).

In [3], Keskin Tiitiincii and Tribak introduced the concept of dual Baer modules. A module M is
called a dual Baer module if for every right ideal I of S, Z¢€I Im¢ is a direct summand of M. It
is clear that every dual Baer module is dual Rickart.

Lemma 2.2. Let M = @2, M;, where each M; is local noncosingular. If, for each i, there is
an epimorphism f;: M; — M;1, which is not an isomorphism, then M is not lifting.
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Proof. Let M = @5°, M; be a lifting module and (f;: M; — M;; 1)y be a sequence of epimor-
phisms, which are non-isomorphisms. By [3] (Theorem 2.14) and Lemma 2.1, there exist an r € N
and a homomorphism h: M,;1 — M, such that f,_1f,—o...f1 = hfrfr—1... f1. Since all f; are
epimorphisms, we have hf, = 1,,,. Hence f, is an isomorphism, a contradiction.

Lemma 2.2 is proved.

Recall that a family of modules {M; | i € I} is called locally semi-T-nilpotent if, for any
countable set of non-isomorphisms {f,: M;, — M; ., } with all i, distinct in I, and for any
x € M;,, there exists k (depending on x) such that fi ... fi(x) = 0 (see [4]).

Corollary 2.1. Let M be a noncosingular lifting module such that M = @352, M;, where each
M; is local for all i € N. Then the family {M; | i € N} is locally semi-T-nilpotent.

Proof. Consider any infinite sequence of non-isomorphisms f,
VAL VAL S VAR L S

It is obvious that f,, is an epimorphism for all n > 1. By Lemma 2.2, it is easy to see that the family
{M; | i € N} is locally semi-T-nilpotent.

Lemma 2.3. Let U and V be noncosingular hollow modules such that the module U &V is
lifting. Then there exists an epimorphism from U to V or V is U-projective.

Proof. Let M =U®V, M; =U @& 0and My =0 V. Hence M = M; & M. Suppose that
there does not exist any epimorphism from U to V; i.e., from M; to Ma. We will show that V' is U-
projective. Let IV be any nonzero proper submodule of M such that M = N+ M;. Since M is lifting,
there exists a direct summand K of M such that K < N and N/K <« M/K.Let M = K & K’
for some submodule K’ of M. Note that K and K’ are hollow. Since M = K + M, we have an
epimorphism from M /K’ to Ms. If K/ + My = M, then we have an epimorphism from M; to
M/K'. So we have an epimorphism from M; to Mo, a contradiction. Thus K’ + M; # M. Hence
(K'+ M;)/K' < M/K'. Since every small module is cosingular, (K’ + M;)/K’ is cosingular. On
the other hand, (K’ + M)/K' = M;/(K' N M) is noncosingular. Hence K/ = K’ 4+ M; and so
M, < K'. Thus M = K & M;. By [6] (41.14), My is M;-projective, i.e., V is U-projective.

Theorem 2.1. Let R be a right perfect ring. Let M be a noncosingular lifting module which
does note have any relatively projective component. Then M has finite hollow dimension.

Proof. By [3] (Theorem 2.14 and Corollary 2.6(ii)), there exists an index set I and hollow
submodules M;, i € I, such that M = &;c; M;. Suppose that [ is infinite. For all distinct ¢, j in I,
M; ® Mj is lifting and hence by Lemma 2.3, there exists an epimorphism from M; to M; or M;
is M;-projective. By hypothesis, there exists an epimorphism from M; to M;. Now by Lemma 2.2,
there exists an infinite subset J of I such that M; = M; for all ¢, j € J since ®;eM; is lifting.

Let ¢ € J. Suppose that ¢: M; — M; is a nonzero homomorphism. Since M; is noncosingular
and hollow, ¢ is an epimorphism. Suppose ¢ is not an isomorphism. Then for each i, j € J, ¢ induces
an epimorphism ¢;;: M; — M; which is not an isomorphism, contradicting Lemma 2.2. Thus ¢
is an isomorphism. It follows that the ring End(M;) of endomorphisms of M; is a division ring,
and by [2] (Lemma 1), M; is M; = Mj-projective, a contradiction. Therefore, M has finite hollow
dimension.
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Corollary 2.2. Let R be a right perfect ring. Let M be a noncosingular lifting module which
does not have any relatively projective component. Then M satisfies ACC' equivalently, DCC' on
supplements.

Proof. By Theorem 2.1 and [1] (20.34).

Finally, we give the following:

Proposition 2.1. Let R be a right perfect ring and let M = Hil M;, where each M; is
hollow noncosingular. If, for each i, there is an epimorphism f;: M; 1 — M;, which is not an
isomorphism, then M is not lifting.

Proof. Assume that g;: P — M is a projective cover of M. Since P; is projective, there
exists a homomorphism gs: P; — M> such that f1g2 = g;. Clearly, g2 is epic. Then for each ¢, we
may define inductively, g;: P, — M; so that f;g;1+1 = ¢; and all g; are epic. Note that P; and all
M; are local and so cyclic. Now we have the strictly descending sequence since each f; is not monic
for each i:

Py D Kergs DKergs D....

Define the homomorphism x: P, — M by x(y) = (9i(y))ier (y € P1). Let Imy = K. Then
K is local and nonzero. Assume that K = xR for some nonzero element x € K. We can suppose
without loss of generality that z = (0,0,...,0,z,42, Zn+3,...) for some positive integer n. Then
reN= H:LQ M;. So K C N. Note that K is coclosed in M by [5] (Lemma 2.3(2)).

Now, let M = K & K’ for some submodule K’ of M and let y € Kerg,. Consider t =
= (0,0,...,0,904+1(¥), gnt2(y),...) € M = H:: M;. Then t = t1 + to for some t; € K and
to € K. Then t9 =t —t; € KNK =0.5t = t1 € K C N. Thusgn+1(y) = 0 and so
y € Kergn41. It follows that Kerg, = Kerg,4+1, a contradiction. Therefore K is not a direct
summand of M and M is not a lifting module.
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