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A STUDY ON TENSOR PRODUCT SURFACES
IN LOW-DIMENSIONAL EUCLIDEAN SPACES

JOCIIIZKEHHSA ITOBEPXOHDb TEH30PHOI'O JOBYTKY
B EBKJIIJIOBAX ITPOCTOPAX MAJIOI PO3MIPHOCTI

We consider a special case for curves in two-, three-, and four-dimensional Euclidean spaces and obtain a necessary and
sufficient condition for the tensor product surfaces of the planar unit circle centered at the origin and these curves to have
a harmonic Gauss map.

PosmisiHyTO CriemianbHUN BHIANOK JUIS KPUBHX y 1BO-, TPH- Ta YOTHPUBHMIPHHX €BKIITOBHX HPOCTOpPax i OTPUMAHO
HEoOXiHy Ta JOCTAaTHIO YMOBY, 3a SIKO1 OBEPXHI TEH30PHOTO JOOYTKY IJIOCKOTO OAMHUYHOTO KOJA 3 IEHTPOM y HOUYATKy
KOOPJMHAT Ta LIUX KPUBHUX MAIOTh FapMOHIUHE rayCccoBe 300pasKeHHsI.

1. Introduction. Tensor product of two immersions of a given Riemannian manifold is one of the
intersting topics in differential geometry. This notion is a generalization of the quadratic represen-
tation of a submanifold. In spatial case, a tensor product surface is obtained by taking the tensor
product of two curves. In [7], many properties such as minimality and totally reality are studied for
tensor product of two planar curves.

We also know that the Gauss map is one of the important topics in study of surfaces. In the other
hand harmonic functions have very properties in advanced analysis. Therefore we want search for
tensor product surfaces that have harmonic Gauss map in special cases. In this paper, since the case of
general dimension involves rather tedious calculations, we will restrict ourselves to low dimensions.

2. Preliminaries. In this section we recall some standard definitions and results from Riemannian
geometry. Let M be an n-dimensional Riemannian manifold, E” be an m-dimensional Euclidean
space and ¢: M — E™ be an isometric immersion. Let 5/ be the Levi-Civita connection of E™
and vy the induced connection on M. We denote the second fundamental form of M in E™ by I1,
normal connection in the normal bundle of M by 7= and the shape operator in the direction of
normal vector field n by A,,. It is well known that the two later notions are related by

<II(X7Y)>n>:<An XaY>7 (D

where X, Y are vector fields tangent to M. For an n-dimensional submanifold M in E™, M is
said to be totally geodesic if /I = 0. Furthermore, the Gaussian and Weingarten formula are given
respectively by

Vxn = —A, X + vxn. 3)

Let G(n,m) be the Grassmannian consisting of all oriented n-planes through the origin of E™ [1].
For an isometric immersion ¢: M — E™, the (generalized) Gauss map I': M — G(n,m) of ¢ is a
smooth map which carries p € M into the oriented n-plane in E™ which obtained from the parallel
translation of the tangent space of M at p in E™ [6]. It is well known that G(n, m) is canonically
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imbedded in A”E™, the vector space obtained by the exterior product of n vectors in E™. It must
. . m

be said that we can assume A"E™ as Euclidean space EVV, where N = ( ) . So the Gauss map at
n

p € M can be write as I'(p) = (e1 Aea A...Aey)(p), where {e1, ..., en,€nt1,...,en} is an adapted
local orthonormal frame field in E™ such that e, e, ..., e, are tangent to M and e, 1,..., e, are
normal to M [3].

We denote by C°°(T'M) the space of all sections of T'M. The (rough) Laplacian of f in
C>(TM) is defined by

Af == (VeVe = Vg, ef)- 4)

1

Note that in this paper smooth can be replace by second differentiability. We also assume that an
Euclidean smooth curve ¢: R — E™ with parametrization c(t) = (o1 (t), az(t), ..., an(t)) is called
i-th suitable and denoted by i-s, 1 < i < n, if o;(t) # 0 and o (t) # O for ¢ € R, where from now
on we use prime to denote the differential respect to ¢.

3. A tensor product surface in E4 with harmonic Gauss map. This section is similar to a
part of Section 3 in [2], but because of deficiency in essential assumptions for i-s curve and for
development of results to other dimensions in Sections 4 and 5, we state this section with another
discipline on normal vector basis.

Let c;: R — E2 be the unit planar circle centered at origin of E? with parametrization c1(t) =
= (cos s,sin s) and cp: R — [E? be a unit speed i-s smooth curve in E2 . Without loss of generality
let c2(t) = (a(t),B(t)) with a(t) # 0,&/(t) # 0 for t € R, ie., 1-s curve. The tensor product
surface M of two curves ¢ and ¢y is given by

:cl®02:R2—>E4,
f

f(s,t) = (a(t) cos s, B(t) cos s, a(t) sin s, B(t) sin s).
Assume that f(s,t) = c1(s) ® c2(t) defines an isometric immersion of R? into R*. It follows directly
that
1

— m( — at)sins, —5(t) sin s, a(t) cos s, B(t) cos s)

€1
and
ez = (a'(t) coss, B'(t) cos s, o/ (t) sin s, B'(t) sin s)

are form an orthonormal basis for tangent space to M. Moreover, an orthonormal basis for normal
space to M is given by

1

= el (B(t)sins, —a(t) sin s, —B(t) cos s, a(t) cos s)
2

€3

es = (B'(t) coss, —a/(t) cos s, B'(t)sins, —a/(t) sin s).
In this section, for simplification of relations, we have to introduce following abbreviations:
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a(t)a’(t) + B(t)6'(t)

le2]?

A=- b= a(t)ﬁl(t)\c_z!a/(tm(t)’ E=a"(t)B'(t) — o (£)8"(2).

9

Now covariant differentiation with respect to e and ey give us

Ve €1 = (A)€2 + <_> €4, ve €y = _A)el -+ <> es,
1 el e = el
(%)
— D _
Ve, €1 = (’C2H> es, Ve €2 = (E)ey
and
v6163 = (—> €9 + (_A)647 v6164 e <) el + (A)eg’
ez lea]
(6)
— D o
Ve, €3 = <_HC2|> €1, Ver€4 = (—E)ea.

The first result of above relations follows from (3) and (6) as follows.
Lemma 1. Let M be the tensor product surface f = c1 ® co of unite circle ¢ centered at
origin in Euclidean plane E? and a unite speed 1-s smooth curve c3(t) = (a(t), B(t)) in B2, then

D D
A, = ez 4, = |lleal °l. %
3 D Y 4
= 0 E
el

It must be said that in Lemma 1 the similar result is true, if we replace 1-s by 2-s. The same note
is correct for all future subjects about 1-s.

Theorem 1. Let M be a tensor product surface of Euclidean planar circle c¢1(s) = (cos s, sin s)
and a unit speed, 1-s smooth curve co(t) = (a(t), B(t)) in E?. The Gauss map of M is harmonic, if
and only if M is part of a plane.

Proof. If we apply (4) for the Gauss map I' = e; A eg, then by a direct calculation and use of
(5) and (6), we get the following expression for Laplacian of the Gauss map:

2
—Al' = dei (gezr) - gv%eir =
=1

2
= Ve, (Ve (€1 Ae2)) — gveiei(el Aeg) =

=1

2
= dei(geiel /\ 62 + €1 /\geiEQ) - (§Veiei€1 /\ 62) - (61 /\ §V6i6i62) =
i=1

__[31)2

a2 + E2] (e1 Nea) +[...] (e1 Aeq) —[...]J(ea Aeg) +...] (e3 Aes). )
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If the Gauss map of M is harmonic, i.e., AI' = 0, then (8) implies that

3D?
llea||?

Since all terms in the right — hand side of (10) are non-negative, so we have

+E?=0. )

D=F=0.

This implies that M is a totally geodesic surface in E* by (7), therefore M is part of a plane. The
converse is obvious.

Theorem 1 is proved.

4. A tensor product surface in E® with harmonic Gauss map. Let c¢;: R — E? be the unit
planar circle centered at origin of E? with parametrization c1(¢) = (cos s,sin s) and c2: R — E3 ba
a unit speed, i-s smooth curves in E* . Without loss of generality let co(t) = (a(t), B(t),7(t)) be
1-s, then the tensor product surface M of two curves c; and ¢y is given by

f201®621 R2 *)EG,
f(s,t) = (a(t) cos s, B(t) cos s, y(t) cos s, a(t) sin s, B(t) sin s, y(t) sin s) .

Assume that f(s,t) = c1(s) ® ca(t) defines an isometric immersion of R? into RS. It follows directly
that
1 . . .
er = Teal ( —a(t)sins, —f(t) sin s, —y(t) sin s, a(t) cos s, 5(t) cos s, y(t) cos s)
2

and
ey = (a/(t) cos s, 3 (t) cos s,7/(t) cos s, & (t) sin s, B'(t) sin 5,7/ (¢) sin s)

are form an orthonormal frame for tangent space to M. Moreover, an orthonormal basis for normal
space to M is given by

1 ( . .
e3 = ————| B(t)sins, —a(t) sins, 0, —3(t) cos s, a(t COSS,O),
e (0 0 (t) cos s, a(?)
_ 1 / / / . / .
€4 = W (5 (t)coss,—a'(t) cos s, 0, (t)sins, —a/(t) sin 3,0),
= ! t) si 0 t) si t 0, a(t
es = M(y( )sin s, 0, —a(t) sin s, —y(t) cos s, 0, a( )cos),
e = ¥< '(t) cos 5,0, —a/(t) cos s,7/(t) sin s, 0, —/(t) sins)
6 — o2 s 7/2 Y s Uy Y » Uy .

ISSN 1027-3190. Yxp. mam. xcypu., 2012, m. 64, Ne 12



1634 A. ETEMAD DEHKORDY

In this section, for simplification of relations, we have to introduce following abbreviations:

4 — o)) + B(1)B() +(1)y'(2) B — Bt +BH)F 1)
- =

BIE ’ a2(t) + B2(t)
B:_M)(ﬂ+%h%) o o/ (ha"(t) + F(B)8" (1)
2 Q2(t)+2(t) ' a2(1) + B2(t)
o, — QB0+ (") I%Zauau o/ (1)B(1)

a2(t) +92(t) o2(t) + p2(t)
b, = AWV -y " (®F ) — ()8
Va2t + 2t a2(t) + B2(t)
B, - OO -0 L B8 — a)F(®)

PO+M) @0+ 97(0)

_ o (t)(t) — ey (t) L= |20+ 5 )

FQ - 0/2(15) T V/Q(t) ’ - O[/Q(t) + ﬁ/Z(t)’
G — B(0)y/ () 5 B (1)
V(@2 (#) + B2()) (a”(8) + (1) V(@2(t) + 572(t)) (a2(t) +42(2))
s Bafiy + B)Y(1) VA 1 R u QL]0
V(@2 () + B2()) (a2(t) +7%(1) V(@2(8) + B2()) (a2(t) +~%(1)
Koy CQ,B/’)/ + ,Bl(t ’Y//( ) | ?23 _ CI,B/’)/ + ﬁ”(t)’y/(t)

VPO + BP0 @0+ 77(0) V@@ +B0) @0 +77(1)

So covariant differentiation with respect to e; and e give us

0 € Alleal])e2 + T | €6 1=\t )

(10)
Ve€2 = (— Allea|l)er + (D1)es + (Da)es, Ve,€2 = (B1)es + (Ea)eg
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and

Ve, €3 = (—D1)ea + (=L1Bi1)es + (Gaz)es,  Ve,€3 = ( H 2”) e1 + (Has)es,

Ve, €4 = <H ”> e1+ (BiLy)es + (Gag)es, Ve, 4 = (—E1)ea + (Ka3)es,
(11)

Ve, 65 = (—D2)ea + (—Gas)es + (—LaBa)es, Ven€5 = (H N ) e1 + (Haz)es,

Ve, €6 (” ”> e1 + (—Gas)es + (B2Lo)es, Ve, 6 = (—E2)ea + (Kas)es

The first result of above relations follows from (3) and (11) as follows.

Lemma 2. Let f = ¢1 ® co be the tensor product of unite circle with parametrization c¢; =
= (cos s,sin s) in Euclidean plane E? and a unite speed 1-s smooth curve cy(t) = (a(t), B(t),y(t))
in B3, then

0 D1 Fl 0
Ay = | Dy aE Ae, = | llezll ,
=] 0 En
(12)
0 D2 F2 0
T N R P
[zl 0 By

The following theorem states a necessary and sufficient condition for the Gauss map of a tensor
product surface with same conditions in Lemma 2 to be a harmonic function.

Theorem 2. Let M be a tensor product surface of Euclidean planar circle ci(s) = (cos s,sin s)
and unit speed, 1-s smooth curve c3(t) = (a(t), B(t),y(t)) in E3. The Gauss map of M is harmonic,
if and only if M is part of a plane.

Proof. Proof is exactly the same as proof of Theorem 1. If we apply (4), (10) and (11), then a
tedious computation implies that the A", (rough) Laplacian of the Gauss map, is given by

2
—Al' = dei (gelr) - gveieir) =

F?2 F2
- _ 1 + 2

lezll® fle2]l?

1
+ (D} + D3) <”62H2 + 1) + E? + Eg] (e1 A ea)+

—l—[. . .](61 VAN 64) + [ . .](61 VAN 66) + [ . .](62 VAN 63) + [ . .](62 AN 65) + [ . .](63 VAN 64)+
+[...J(esANeg) +[...]J(ea Aes) +[.. ] (es Aeg). (13)
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If the Gauss map of M is harmonic, i.e., AI' = 0, then (13) implies that
F? F}

i _ 2 .
leall®  leal|

+(D%+D§)< +1>+E§+E§:o. (14)

lle2l?

Since all terms in the right-hand side of (14) are non-negative, so we have,
Di=Dy=FEi=E,=F =F,=0.

This implies that M is a totally geodesic surface in ES by (12), therefore M is part of plane. The
converse is obvious.

Theorem 2 is proved.

5. A tensor product surface in E® with harmonic Gauss map. Let c¢;: R — [E? be the unit
planar circle centered at origin in £? with parametrization c; () = (cos s,sin s) and co: R — E* ba
a unit speed, i-s smooth curves in E* . Without loss of generality let ca(t) = (a(t), B(t),y(t),5(t))
with a(t) # 0,a/(t) # 0 for every t € R, then the tensor product surface M of two curves ¢; and ¢
is given by

f=c1®cy: R? 5 E8,
f(s,t) = (au(t) cos s, B(t) cos s, y(t) cos s, 8(t) cos s, a(t) sin s, B(t) sins,~(t) sin s, §(t) sin s).

Assume that f(s,t) = c1(s) ® c2(t) defines an isometric immersion of R? into R3. It follows directly
that

€1 =

1

le2]l

( —at)sins, —f5(t) sins, —y(t) sin s, —6(t) sin s, a(t) cos s, 5(t) cos s, (t) cos s, 6(t) cos s)
and
ey = (o/(t) cos s, 3 (t) cos s,7/(t) cos 5,8 (t) cos s, &/ (t) sin s, B () sin s,/ (t) sin s, &' () sin s)

are form an orthonormal basis for tangent space of M. Moreover, an orthonormal basis for normal
space to M is given by

1 ( . .
e3 = ———|( B(t)sins, —a(t)sins, 0,0, —5(t) cos s, a(t coss,O,O)7
= (o0 ® (t) cos s, ()
1 / / / . / .
e4 M(ﬁ (t) cos s, —a'(t) cos s, 0,0, 5 (t) sins, —a' (t) sin s,0,0),
= L t) si 0 t) si 0 t 0, a(t 0

%-M('y()sms, , —a(t)sins, 0, —y(t) cos s, 7a()cos), ,

_ 1 / ! / . / .
eg = m <7 (t) coss,0,—a’(t) coss,0,~'(t) sin s, 0, —a/(t) sin s,O),

ISSN 1027-3190. Ykp. mam. scyphu., 2012, m. 64, Ne 12



A STUDY ON TENSOR PRODUCT SURFACES IN LOW-DIMENSIONAL ...

er = \/04217—1—62 (5(t) sin s, 0,0, —a(t) sins, —0(t) cos s, 0,0, a(t) cos ) ,
eg = W (5’(75) cos 5,0,0, —a’(t) cos s,7/(t) sin s, 0,0, —/(t) sin s) .
In this section, for simplification of relations, we have to introduce following abbreviations:
4= () + B)E () + () (t) + 3(1)d'(¢) B, — o)) +BH)F()
feal? T a2(t) + B2(¢)
b a0V alhal() +05(0)
’ () +%e) (1) +82(1)
o, = _@0)a"(t) + B (t)5"(2) o, = )" (t) +7(8)7"(2)
1 o (t) + (1) : a’() + (1)
0. = Y 0a"(t) + 5 ()8" (1) D, = AE () — a(£)B(2)
’ o2(t) + 0%(t) ' o2(t) + ()
Dy — a(t)y'(t) — /(D) () Dy — a(t)d'(t) — o' (t)é(t)
a?(t) +72(t) a?(t) + 6%(t)
5, ' OF0 — 30 _ a7 (1) — (0" ()
a?(t) + B2(t) a2(t) +2(t)
b 0T ) D5 e ()
3 ) 1 ;
720 + 020 20 + 520
Py — o/ (t)y(t) — a(t)y'(t) _ o/ (t)o(t) — a(t)d'(t)
o2(t) +2(t) a2(t) +02(t)
o By (1) G (1
V(@2 () + 82(1)) (a2(t) +772(8) V(@2 () + B72(6)(2() +72(1)
. 5131 . (03t
V(@2(t) + 62(6) (2() + 67(1)) V(@2(t) + 8(1)(a2(t) + 6%(1))
o (03 (1) . /(030
V(Q2() + 72 () (1) + 67(1)) V(@2(t) + 72 (1)(0?(t) + 82())
Hyy = B2BOY(®) + BY(1) Ty — BB () + 5 (1) (1)
V(2(t) + B2(1)) (@(t) +12(1)) V(Q2() + B2(1)) (0*(t) +¥2())
d — BaBS@) + A0 (0 = Bif0i() + B ()0

VI(@2(t) + B2()(a?(t) + 6%(2))
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L BaWiO @I g B + /0o
V(@2 () +2())(a?(8) + 0%(t)) V(@2 () +2()) (a?(t) + 0%(t))
Ko — Cof'(t)y' () + B/ ()" (2) Ty — C1B8'(t)y' () + 8" ()Y (#)
V(@2(t) + B2(1) ((t) +72(t)) V(@?(t) + 52 (1) (@(t) +v2(t)
o GBI + B0 OO + W)
V(2(t) + B72()) (2(t) + 62(t)) V(@2(t) + B72()) (2(t) + 52(t))
Koy — Cs7y/(1)d'(t) ++'(t)0" (t) Koy = 02’7'(75)5 (t) +9"()d'(t)
V(@2(8) +72()) (@2(t) + 67(t)) V(a2(t) t))(a(t) + 0" (t
L [ewsrn, _ [e0+ () +
L= m’ 2= a’Q(t) + ,7/2 0/2 t) + 5/2

Now covariant differentiation with respect to e; and eg give us,

Teer = (e + (s + (i) oo+ () e
— Dy D Ds
Ve2€1:<)€3+< ) 5—|—( >

2] lea] lez]

geleQ = (—AHCzH)€1 + (D1)es + (D2)es + (D3)er,

(15)

66262 = (E1)64 + (Eg)ee + (Eg)eg,
and

V€38 = (=D1)ez + (—Bi1L1)es + (Gaz)es + (Gaa)es,
Ve, €3 = < || 2||) e1 + (Has)es + (Haa)er

Ve €4 = <H ”> e1 + (BiLi)es + (Gas)es + (Gaa)er,

Ve, €4 = (—FE1)ea + (Kaz)es + (Kaa)es,

66165 = (—D2)€2 + (—523)64 + (_L2B2)66 + (G34)68,

_ D -
Ve, €5 = ( ||62|T> e1 + (Haz)es + (Hszg)er,
(16)
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Ve €6 = (—E2)ea + (Kaz)eq + (K34)es,

Ve, 67 = (—D3)ea + (—Gas)eq + (—Gsa)es + (—BsLs)es,

Ve, €7 = < Toal ) e1 + (Hag)ez + (Hza)es,

561 <|| ||> €1 + ( G24)63 + (G34)65 + (B3L3)677

Ve,€8 = (—F3)ea + (Kaa)es + (Kaa)eg

The first result of above relations yields from (3) and (16) as follows.
Lemma 3. Let f = c¢1 ® ¢y be the tensor product surface of unite circle c1(s) = (cos s,sin s)
in Euclidean plane B? and a unite speed, 1-s smooth curve c3(t) = (a(t), 8(t), v(t)d(t)) in B*, then

0 Dl- i Fl
Ay = | Dy at Ae, = | llezll ,
| [le2]] i | 0 oy
[0 D, | 2 o_
As = | p, N Agy = |llea , (17)
el L 0 By
[0 D5 ] a 1
A= | p, N Ag = |lle2 .
ol | 0 B

Let ¢1(s) = (coss,sins) and c(t) = (a(t), B(t),¥(t),d(t)) be the unit circle in E? and a unit
speed, 1-s smooth curve in E* respectively, then following theorem, gives us similar result to the
Theorems 1 and 2 in E8.

Theorem 3. Let M be the tensor product surface f = c1 ® co, The Gauss map of M is
harmonic, if and only if M is part of a plane.

Proof. Similar to proof of Theorems 1 and 2, we apply (4), (15) and (16), then a tedious
computation implies that the AT, (rough) Laplacian of the Gauss map, is given by

2
_AF = del (§elr) - §V8ieir) =

[ R R R s oy a1 L
=~ el + e + SE + (D} + D2 + D3) Teal? +1) +E24+ B2+ E2|(eg Aea)+

+..Jler ANea)+ .. Jer ANeg) + [ . J(er Aes) + .. J(ea Aes) +[.. . J(ea Aes) + [.. ] (e2 Aer)+
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1640 A. ETEMAD DEHKORDY
+[..J(esNeq)+[...]J(esNeg)+[...]J(esNes)+[...](ea Nes) +[...](ea Ner) +[...](es Aeg)+

—|—[ . .](65 VAN 68) + [ . .](66 VAN 67) + [ . .](67 AN 68). (18)

If the Gauss map of M is harmonic, then (18) implies that

iy + £y + I + (D} + D3 + D3) ) BB E =0 (19)
llezll?  lleall®  fleal® T e e

Since all terms in the right-hand side of (19) are non-negative, so we have
DlEDQEDgEElEEQEESEFlEFQEFgEO.

This implies that M is a totally geodesic surface in E® by (17), therefore M is part of a plane. The
converse is obvious.
Theorem 3 is proved.
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