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TRIGONOMETRIC APPROXIMATION
OF FUNCTIONS IN GENERALIZED LEBESGUE SPACES
WITH VARIABLE EXPONENT

TPUTOHOMETPUYHE HABJIWXEHHS ®YHKIIN
B Y3ATAJIBHEHUX ITPOCTOPAX JIEBETA
31 SMIHHOIO EKCITOHEHTOIO

We investigate the approximation properties of the trigonometric system in ngr'). We consider the fractional
order moduli of smoothness and obtain direct, converse approximation theorems together with a constructive
characterization of a Lipschitz-type class.

JlocipkeHO BIIACTHBOCTI HAOJMMKEHHS TPUTOHOMETPUYHOI CUCTEMHU B Lg;' ), PosmisiHyTO MOIY i IagKoCTi
JIpoGOBOTO MOPSAKY Ta OTPHMAHO IPSMY 1 00EpHEHY TEOPEMH HAOIMKECHHS Pa30oM i3 KOHCTPYKTHBHOIO Xapak-
Tepu3anicto kacy Taiy Jlinmmus.

1. Introduction. Generalized Lebesgue spaces LP(*) with variable exponent and cor-
responding Sobolev-type spaces have waste applications in elasticity theory, fluid me-
chanics, differential operators [31, 10], nonlinear Dirichlet boundary-value problems
[24], nonstandard growth and variational calculus [33].

These spaces appeared first in [28] as an example of modular spaces [14, 26] and
Sharapudinov [36] has been obtained topological properties of LP(*). Furthermore if
p* 1= esssup,r p(x) < 00, then LP(®) is a particular case of Musielak - Orlicz spaces
[26]. Later various mathematicians investigated the main properties of these spaces
[36, 24, 32, 12]. In LP(®) there is a rich theory of boundedness of integral transforms of
various type [22, 33, 9, 37].

For p(z) :=p, 1 < p < oo, LP(®) is coincide with Lebesgue space L? and basic
problems of trigonometric approximation in LP are investigated by several mathemati-
cians (among others [39, 19, 30, 40, 6, 4], ...). Approximation by algebraic polynomials
and rational functions in Lebesgue spaces, Orlicz spaces, symmetric spaces and their
weighted versions on sufficiently smooth complex domains and curves was investigated
in [1-3, 15, 18, 16]. For a complete treatise of polynomial approximation we refer to
the books [5, 8, 41, 29, 35, 23].

In harmonic and Fourier analysis some of operators (for example partial sum oper-
ator of Fourier series, conjugate operator, differentiation operator, shift operator f —
— f(-+h), h € R) have been extensively used to prove direct and converse type
approximation inequalities. Unfortunately the space LP(*) is not p(-)-continuous and not
translation invariant [24]. Under various assumptions (including translation invariance)
on modular space Musielak [27] obtained some approximation theorems in modular
spaces with respect to the usual moduli of smoothness. Since LP(*) is not translation
invariant using Butzer — Wehrens type moduli of smoothness (see [7, 13]) Israfilov et all.
[17] obtained direct and converse trigonometric approximation theorems in LP(*)
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4 R. AKGUN

In the present paper we investigate the approximation properties of the trigonometric
system in ngr'). We consider the fractional order moduli of smoothness and obtain
direct, converse approximation theorems together with a constructive characterization of
a Lipschitz-type class.

Let T := [—7, w] and P be the class of 27-periodic, Lebesgue measurable functions
p = plx): T — (1,00) such that p* < co. We define class L) := B0 (T') of
2m-periodic measurable functions f defined on T satisfying

/|f(x)|p($) dz < .
T

The class ngr' ) is a Banach space [24] with norms

p(z)

@) |dx| <1
a

17 @)y = 1 @)l = inf { @ > 0 / ‘
T

and

1£ @)l = sup /If(w)g(x)\ d: g e L’zﬂf'),/lg(w)lp e <1
T T

having the property!
1Al = M F e (1

where p'(x) := p(z)/ (p (z) — 1) is the conjugate exponent of p(x).
The variable exponent p(x) which is defined on T is said to be satisfy Dini—
Lipschitz property DL., of order v on T if

1 Y
sup {|p(m1)—p(:1c2)|: |x1—x2|§(5} (lné) <¢ 0<o<l

z1,22€T

Let f € Lg('), p € Psatisfy DL;, 0 < h <1 and let

i
z+h/2

onfla) =3 / f(0dt, zeT,

x—h/2

be Steklov’s mean operator. In this case the operator o, is bounded [37] in ng ), Using
these facts and setting x, ¢t € T', 0 < o < 1 we define

opf(@) = (I —on)" fz) =

oo h/2 h/2
1
:Z(—l)k (2) " / / fx+u+ ... +ug)duy ... dug, )
k=0 —hj2 —hJ2

1X = Y means that there exist constants C, ¢ > 0 such that cY < X < CY hold. Throughout this
work by ¢, C, c1, ca, ..., we denote the constants which are different in different places. X,, = O (Yn),
n =1,2,..., means that there exists a constant C' > 0 such that X,, < CY}, holds forn =1,2,....
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TRIGONOMETRIC APPROXIMATION IN LP(x) 5

o) (@) _ala—=1)...(a—k+1) a\ a)
where f € L7, (k:) = X for k > 1, )= ly) = 1
and [ is the identity operator.

Since the Binomial coefficients <Z> satisfy [34, p. 14]

k ka+1’
we get
o
C(a) = ];) (k)’ < 00

and therefore
HUZLJCH;,L7T < C”pr,w < 00 3)

provided f € Lgfr'), p € P satisfy DL, and 0 < h < 1.
ForO0 < a < landr =1,2,3,... we define the fractional modulus of smoothness
of index r + « for f € ng), p € P, satisfy DLy and 0 < h < 1 as

T

[[T-on)ont

i=1

Urim (10 =, 200,

p,T
and
Qq (f,0 := sup |lof .
for (f )p(.) OShI;ts H hf”p,ﬂ—

We have by (3) that
Qr+oz (f7 5);0(.) <c Hf”p’ﬂ'

where f € Lg,(;), p € P satisfy DLq, 0 < h <1 and the constant ¢ > 0 dependent only
on «, r and p.

Remark 1. The modulus of smoothness Qo (f,d),(.), @ € R*, has the follow-
ing properties for p € P satisfying DL1: (i) Q4 (f, 5)1)(.) is non-negative and non-
decreasing function of § > 0, (ii) Q, (f1 + fa, ~)p(,) < Q. (f1, ~)p(,) + Qq (f2, ~)p(,) ,
(i) limQa (f,0)p() = 0.

Let

En(f)p() = Tlé17f'n ”f_THpm—v 77,:0,1,2,...,

be the approximation error of function f € Lg;’ ) where T. is the class of trigonometric
polynomials of degree not greater than n.
For a given f € L', assuming

/f@ﬂx:a 4
T

we define a-th fractional (o € RY) integral of f as [42, v.2, p. 134]

I (z, f) == Z e (ik) ™ ek,

kez*

where ¢y, := / f(x)e*dy for k € Z* := {#1,42,43,...} and
T
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(ik) ™ 1= |k| e~ 1/D)miasignk

as principal value.
Let o € Rt be given. We define fiactional derivative of a function f € L', satisfy-

ing (4), as
(@) dlel+1
/ (ZE) = dlal+1 Il+[oz]—a($v f)

provided the right-hand side exists, where [x] denotes the integer part of a real number z.

Let W;(,), p € P, a > 0, be the class of functions f € ngr') such that f(®) ¢ L12’7(r').

W;"(_) becomes a Banach space with the norm

1w =1l + (£,

Main results of this work are following.

Theorem 1. Let f € Wpa(_), a € RY, and p € P satisfy DL., with v > 1, then

for every natural n there exists a constant ¢ > 0 independent of n such that

c
E, 3 < ———— B, (f),.
Ny < (n+ 1)@ (L)
holds.
Corollary 1. Under the conditions of Theorem 1
c
E, V< — || fl@
(f>P() — (n+1)a|‘f Hp,ﬂ'

with a constant ¢ > 0 independent of n = 0,1,2,3,....
Theorem 2. [fa € RT, p € P satisfy DL, withy > 1and f € L2Y) then there

21

exists a constant ¢ > 0 dependent only on o and p such that forn =0,1,2,3,...

2T
< et
En(f)p(.) = (f’ n+ 1)p(~)

holds.

The following converse theorem of trigonometric approximation holds.

Theorem 3. Ifa € RY, p € P satisfy DL, with~y > 1 and f € ng), then for
n=20,1,2,3,...

n

™ & a—1
Qo (ﬂn‘f‘l)p(.) < WZ(V+ D™ Eu(f)pe)

v=0

hold where the constant ¢ > 0 dependent only on « and p.
Corollary 2. Let « € RY, p € P satisfy DL, with~y > 1 and f € LZQ’ET'). If

En(f)pey =0 (n™7), c>0, n=1,2,...,

then
0(47), a > o,
Qa (f,6),) = O (07 [log (1/9)]), a=o,
O(0%), a <o,

hold.
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TRIGONOMETRIC APPROXIMATION IN LP(x) 7

Definition 1. For 0 < o < o we set
Lipo (. p() == { £ € L5 Qa (£,0),) = O(67), § > 0}.

Corollary 3. Let 0 < 0 < o, p € P satisfy DL, with v > 1 and f € ng) be
fulfilled. Then the following conditions are equivalent:

(@) f € Lipo(a.p(),
() En(f)py =0 (), n=1,2,....

Theorem 4. Letp € P satisfy DL~ withy > 1 and f € Lg;'). If B € (0,00) and
z:yﬁ_lE,,(f)p,,r < 00
v=1

B
then f € Wp(.) and

En(fP)yy < ((n+ DPE.(fpy+ >, V7B, (f)p(.)>

v=n-+1

hold where the constant ¢ > 0 dependent only on 3 and p.
Corollary 4. Let p € P satisfy DL, with v > 1, f € Lgfr'), B € (0,00) and

oo

Z l/ailEV(f)p(.) < o0
v=1
for some o« > 0. In this case forn = 0,1,2,... there exists a constant ¢ > 0 dependent
only on «, 8 and p such that
a ’/T c = a+pB—-1 - a—1
Qﬁ<f< ), ) < v+ D) B () e v B ()
170 (”+1)5VZB v V:Znﬂ )

hold.

The following simultaneous approximation theorem holds.

Theorem 5. Let 3 € [0,00), p € P satisfy DL, withy > 1 and f € ng). Then
there exist a T € T, and a constant ¢ > 0 depending only on o and p such that

Hf(ﬂ) _ T(B)Hp,'rr < cE, (f(B))p(')

holds.

Definition 2 (Hardy space of variable exponent H”(") on the unit disc D with the
boundary T := 0D) [21]. Let p(z): T —(1, 00), be measurable function. We say that a
complex valued analytic function ® in D belongs to the Hardy space HP() if

2m
sup / |<I) (Tem) |p(19) dy < 400
0<r<1 5

where p(¥) :=p (6“9), ¥ € [0,27] (and therefore p (V) is 2m-periodic function). Let
p:=inf.er p(2) and p := sup,cpp(z). If p > 0, then it is obvious that HP C HP") C

C HP. Therefore if f € HP") and p > 0, then there exist nontangential boundary-values
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8 R. AKGUN

f(e) ae.onTand f (") € L‘;g) (T) . Under the conditions 1 < p and p < oo, HP()
becomes a Banach space with the norm

p(0)

0
1l oy == || f (ele)Hme =inf<{ A > 0: / @ g <1

T

Theorem 6. Ifp € P satisfy DL, with v > 1, f belongs to Hardy space HP()
on D and r € RT, then there exists a constant ¢ > 0 independent of n such that

Hf(z) fZak(f)zk < cQT(f (ew)’n—ll—l) (), n=0,1,2,...,
e

k=0

Hp()

where ai(f), k =0,1,2,3,..., are the Taylor coefficients of f at the origin.
2. Some auxiliary results. We begin with the following lemma.
Lemma A [20]. Forr € RT we suppose that
() ag+as+...+ap+...,
(i) a1 +2"as+...+n"a, + ...

be two series in a Banach space (B, ||-||). Let

£ () )

k=1
and
n k T
(ry* — _ r
R{M* Z(l <n+1>>kak
k=1
forn=1,2,.... Then
HRﬁﬁ* <ec, n=12...,

for some c > 0 if and only if there exists a R € B such that
o - <
n’l"

where ¢ and C' are constants depending only on one another.
Lemma B [38]. If p € P satisfy DL, with v > 1 and f € ng) then there are
constants c, C > 0 such that

[ ——rey 2 - (5)

pr =
and

[Su( A S CUFllym 6)

P =
hold form =1,2,....

Remark 2. Under the conditions of Lemma B

(i) It can be easily seen from (5) and (6) that there exists constant ¢ > 0 such that

17 =80 Co ) [l < BnlDay = En(F)
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TRIGONOMETRIC APPROXIMATION IN LP(x) 9

(i1)) From generalized Holder inequality [24] (Theorem 2.1) we have

29 c
For a given f € L' let
f(x) %0 + i (ak cos kx + by sin kx) = i cpe*® Rl
k=1 k=—oo
and _
JF(fU) A Z (ay sin kx — by, cos kx)
k=1

be the Fourier and the conjugate Fourier series of f, respectively. Putting Ay (x) :=

= ¢,e"* in (7) we define

n

Su(f) = Sul, f) =Y (Au(z) + A_g(2)) =

k=0

= %—i—zmkcosk‘x—i—bksinkx), n=20,1,2,...,

k=1
n ]{} [0
(ar) = 1— A A_
R )= 3 (1= () ) (et + Ao
and
el .— ! R — ! R for m=1,2,3,.... (8)

" m+1Y\ " (2m+1Y .
2m +1 m+1
Under the conditions of Lemma B using (6) and Abel’s transformation we get

IR (f2)|| . <cllfl,.. n=123,..., zeT, feIb’, ()

b, —

and therefore from (8) and (9)
|05 (£ 2) ||, <clfllynr m=1,23,..., zeT, fel.
From the property [25] ((16))

O (f)(z) =

2m

= ! Z [(k+1)" —k"|Sg(z, f), zeT, felL',

2m
Zk:mﬂ [(k +1)" - kr] k=m+1

it is known [25] ((18)) that

O (Tr) = T, (10)
for T, € T, m=1,2,3,....
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10 R. AKGUN

Lemma 1. Let T, € T,, p € P satisfy DL., with v > 1 and r € R*. Then there
exists a constant ¢ > 0 independent of n such that

780l < e 1T,

holds.
Proof. Without loss of generality one can assume that ||7,,|, . = 1. Since

n

To = (A(x) + Ay (x))

k=0
we get i
o3 [ (Akte) — Ast@) /]
k=1
and -
1;:; = Sk (Aele) — Ai(a)) /7).
k=1

In this case we have by (9) and (5) that

R ﬂ
n nr

and hence applying Lemma A (with R = 0) to the series

c

C ~ C
< |l e < = Tl =

p,T

Z{(Ak(x)—A_k(x))/nr] +0404...40+...,

k=1

SOk [(Ar(@) = A (@) /7] +0+0+ . 40+,
k=1

we find

<c

)

5 1 () Yl

k=1

p,

namely,

o (T
R ( - )

Z_j (1- (n_";l)) E [ (An(e) = Ap(@) /]

p,m

k=1 o
[ )l <

Since R\ (cf) = R (f) for every real ¢ we obtain from (10) and the last inequality
that

:nT

b,

I, . = H ol (T£r>> LT@m (Tém)

n n

p,T
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TRIGONOMETRIC APPROXIMATION IN LP(x) 11

(r)
T,
(7‘ in

General case follows immediately from this.

<cn” =cn” ||Tull, . -

p,

Lemma 2. Ifp € P satisfy DL, withy > 1, f € WPQ(,) andr =1,2,3,..., then
Q- (f, 5);;(-) < e6?Q,_q (f”,é)p(,) , 62>0,

with some constant ¢ > 0.
Proof. Putting

r

gl@) =T —on) flw)

i=2
we have .
(I - O-hl)g(‘r) = H (I - Uhi) f(LL')
i=1
and
. ha /2
1
[-oni@=5 [ o) -g@+v)d=
=1 —h1/2
) hi/2 2t u/2
= g" (z + s) dsdudt.
]

Therefore from (1)

[[U-o)f@)| <
i=1 P
1 2 2t u/2
§—sup / // / " (x + s) dsdudt||go (x)| dx:
2hy
T 0 —u/2

st and [ g de <1<

hi/2 2t u/2
Sqi | [l [ oreen mrs
,u/z P
hi/2 2t
i / /u”gﬂnm dudt = ch? ||g" |, . -
0 0

Since
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12 R. AKGUN

we obtain that

H (I —on,) f//(aj)

(1)) < sup_chillg”ll, . = cd” sup

i=1,2,,r im2, L 11=2 o
-1
= ¢6? ] " _ QQ "
=co® swp |[[(1—on) f"@)| =i (1".0),,-
0<h; <6 =1
j=2,.r-1 o

Lemma 2 is proved.

Corollary 5. Ifr =1,2,3,..., p € P satisfy DL, with v > 1 and f € WI?(T.),
then
el >0,

p, -

Q, (f, 5)p(.) < %"

with some constant ¢ > 0.
Lemma 3. Let o € RY, p € P satisfy DL, with v > 1, n = 0,1,2,... and

T, € Tn. Then

()

n

Qa (Tru 7T> S ;
n+ 1 p() (’IL+ 1)0‘ p,T
hold where the constant ¢ > 0 dependent only on « and p.

Proof. Firstly we prove that if 0 < a < 3, o, 3 € RT then

Qﬁ (fv ')p(.) <cQq (fa ')p(.) . (11)
It is easily seen that if « < 8, a, 8 € Z™T, then
Qg (f, ')p(.) <c(a,B8,p) Q (f, ')p(.) : (12)

Now, we assume that 0 < o < 3 < 1. In this case putting ®(x) := o} f(z) we have
- h/2 h/2
—a j ﬂ —a) 1
05 @(x):Z(—l)]< j 77 Q(x+ur +...uj)du; ...du; =
3=0 —hj2 —hJ2
- h/2 h/2 h/2
N gy (B L IYCANS
=2 (1 ( j >hj [ ] e <k)hk /-
=0 “hj2 —hj2 |F=0 —h/2
h/2
. / f(x+u1+...uj—|—uj+1—|—...uj+k)du1...dujduj+1...duj+k =
—h/2

§=0 k=0
h/2 h/2
1
TR / / floe4+ur + . ujpp)dur . dujpg | =
—h/2 —h/2
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TRIGONOMETRIC APPROXIMATION IN LP(x) 13

- h/2 h/2
:Z(—Dv (g) ;Tlu / / flx+ur+...uy)duy ... du, za,ff(x) a.e.
v=0 ~hj2  —h/2
Then
[oir@] = |ei 2@ _<elops@l,.

and
Qﬁ(fv ) ()SCQ (fﬂ.)p(‘)' (13)

We note that if 71,79 € Z1, oy, 81 € (0,1) taking o := 71 + a1, 8 := ro + (31 for the
remaining cases 1, = 1o, a3 < Sy orry < 1o, a1 = 1 orry < ro, a3 < [p it can
easily be obtained from (12) and (13) that the required inequality (11) holds.

Using (11), Corollary 5 and Lemma 1 we get

2([c]
™ T T
Qo (Tm ) < CQ[Q] <Tn, ) <c < ) ‘ 7 (2[a]) <
ntl/,0 n+1/,0 n+1 " p.r
¢ c
< - 1)led—(a—[a]) HT(Q) _ e
> (n + 1)2[a] (TL + ) n o (’I’L T 1)a n .

the required result.
Definition 3. Forp € P, f € ngr ,0>0andr =1,2,3,... the Peetre K-
functional is defined as
} . (14)

Theorem 7. If p € P satisfy DL, with v > 1 and [ € Lg;), then the K-
functional K((SQT f; L27‘r ,WQT ) in (14) and the modulus Q. (f, ) ,r=1,23,.

are equivalent.

Proof. It h € W;{ ) then we have by Corollary 5 and (14) that

K (5,520 W3 ) =t {|f ol + 3o

Q. (£,8),0) < ellf = hll, , +es? ||

<cK(52T £L w2 )

p,T

We estimate the reverse of the last inequality. The operator Ls defined by

§/2 2t u/2
(Lsf) (x) :== 363 // / r+s)dsdudt, zeT,
0 —u/2
is bounded in Z2) because
6/2 2t

ILsf, <3678 / / allowfl,  dudt < c|fll, .-
0 0

We prove
2

Tolal =55 (I—03)f
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with a real constant c. Since

6/2 2t u/2
(Lsf) (x) =36~ 3/// f(x+s)dsdudt =
0 —u/2
6/2 2t | z+u/2 z—u/2

=3(5_3// /f(s)ds— / f(s)ds| dudt
0 0 0 0

using Lebesgue Differentiation Theorem

6/2 2t ztu/2 z—u/2

R. AKGUN

dd (Lsf)( _353// /f ds—— / f(s)ds| dudt =

§/2 2t

:36_3//{f(x—i—u/Q)—f(ac—u/Q)]dudt:

0 0

3/2T o+t xz—t
:66_3/ [/f(u)du—f—/f(u)du]dt a.e.

0 T

Using Lebesgue Differentiation Theorem once more

L LD @) = / [ 7tf du+ & / f(u du] dt =

5/2
=657 [ @+ 0)= @)+ (@ 1) = f(o) di =

0

5/2 5/2

6
== | [ f@+t)ydt+ [ fx—t)dt—6f(a)| =
5 / 0/

0

5/2 0
=5 %/f(xﬂ)dw%/f(x+t)dt—f(x) -
0 ~5/2
X 5/2
—5 |5 [ Herni-s@]| -
~5/2

5/2

92 ]

—5/2

The last equality implies by induction on r that

:_—6 f(:r)—l/f(x—ﬁ—t)dt :;S(I—ag)f(x) a.e.
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TRIGONOMETRIC APPROXIMATION IN LP(x)

d2r

d.’IJ27 5f7627~( 705)70.}03 T':]-,Q,?),... a.c.

Indeed, for r = 2
a d? d? d2 d?
7d1}4 ngf = 7d$2 ( 5 5f> (dng L5 (L(;f =: U)) =

d? [ &> a2 /-6
=@ (dmZL‘Su> =W (52 “‘"é”) =
—6 (& —6 [ d?
=5 (de (I—Ja)u) =5 (daj2 (I—J§)L5f> a.e.
2

2

. d d
Since ) (Lsf) = (d 2L5f> we get

d? d? d?
gz L —os) Lsf = o5 Lsf — - 505 (Lsf) =
d? d? d?
d 2L5f (d 2L5f) ( —05) [d 2L5f:| a.c.

and therefore

d4 6 [ d? 6 d?
Cit = 2 (as (= o) Lof ) = 53 (T=o3) [ 45141 =

S0 | R U0 | = 5T e
Now let be d;(zr_—lj) D - 62(5—1) (I- 05)(T_1) f a.e. Then
%Lgf:iz {%L(r 1)(L fo= u)] :jTjZ {%Ly—l)u} _
e = s [ - 1] -
:52(7“7071)(]_06)(7*71) [fLﬁf} 6;( —o5)" f ae.
Letting A} := I — (I — L%)" we prove that dt AL f o < el 2; Lt f . and
5f € Wiy Forr =1 we have Aj f ::I—(I—Léf) = L}f and HMA}SJ‘ . -

i(I—O'g)f we get Ajf € W7 . For r

d2
. Si —Lsf =
ince g2 le f 52

H oy
=2,3,. usmg

|
—

r

T T r—j r r(r—j
Be=T—(I—-Ly) =) (-1 (j>L5( 2

J

I
=

we obtain
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16 R. AKGUN
e <« (r L)
H dx2r Agf S Z ( ) ‘ 3727 f
Jj= pm
We estimate Lrr= f as the followin,
dx2r 0 £
p, ™
d2r (r—j 2r
L77 ])f H L (L(7 ])fi u) _
2r 6 2r 70
‘ dzr - dzx oo
d?r c
[ -l -
_ € r | (r—3) _ ¢ r |7 (r=3)
=g @ =oor [1571]|| =g |- ow (2670 <

< C
—52'r

>

=0

()l

b,

Since o5 (Lsf) = Ls (05f) we have o [Lgr_j)f} = Lgr_j) (0% f) and hence

d27'
H dz 27"

C
- 52

C
- I

From the last inequality

Therefore we find

Since

d27

x2r

5f

d2r d2r

d$27‘ Agf

<c

p,

o5)" fllyn =

dl’2T

S 527“

2

L0 LTO (—1) (7;) ogf]

Lsf

=c sz’r‘

c

> v (7) b [2671] H <

=0

¥ (5) 6 @)

b,

S () (1) o

=0

C
S 627“

p,m

p,m
2r

C r -
o L —05) f WLaf

(527'

=1
b,

b,

d27'

rf and  Ajf € W2,

p,m

c T
= o 1= 05) Ty < 525810,

b,

I—Ly=(-Ly)Y ILj

we get

I = L§) gl < el ~ Lo) gl <
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TRIGONOMETRIC APPROXIMATION IN LP(x) 17

/2 2t
< 3c63 / /u (I = 0ou) gll, ,dudt < cosup (I —0ou)gll, .-

Taking into account
1f = A5 fllpe = 1T = L5)" fll,n

by a recursive procedure we obtain

17 = 45l < sup (T =00) (7= L))" ]
<t1<§ p,

<...

p,

<c s swp ||[(1-0n) (T— o) (I~ 157 f
0<t1<d 0<t2<d

r

H(I—atz)f(x)

i=1

.<c sup

0<t; <o
1=1,2,..., T

=cQ (f,0),,) -

P,

Theorem 7 is proved.
3. Proofs of the main results. Proof of Theorem 1. We set Ay (x, f) := ay, cos kx+
+ by sin kx. Since the set of trigonometric polynomials is dense [22] in ng) for given

fe L‘gg) we have E,(f)p.) — 0 as n — oo. From the first inequality in Remark 2,
we have f(z) = Zk:o Ag(z, f) in [|-||, , norm. For k = 1,2,3, ... we can find

Ag(x, f)—akcosk(x—i—% Zz)—i—bksmk(x—i—% %) =
—Ak<x+ ,]")(:057+A,y€<x+Zk,f)sma?7T
and
A, £ @) =k A (z+ 3. 1).
Therefore
ZAk($7f) =
k=0
= Ay(z, f) —l—COSO;?T;Ak(x—l— %,f) —l—sina;;Ak(x—&— %,f) =
_ L @) 4 sin T S o 4, (. F©
= Ao(z, f) + cos 5 ;k Ak<x,f )+bln 5 ;k Ak(x,f( ))
and hence
f(z) — Sp(z, ):cosoiT Z %Ak<x,f(o‘))+sm— Z 1@Ak(x,f(a))
k::n+1k k=n+1
Since
3 k= Ay (a, f@)) =
2 )
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- i o [(Sk (.’f(a)) _ f(a)(.)) _ (Skq (.7f(a)) _ f(a)(.))} -

k=n-+1

= i (k= = (k+ 1)) <5k (.J(a)) _ f(d)(.)) _
k=n+1
—(n+1) (Sn (.’f(a)) _ f(a)(.))
and
i k™" Ak (x,f(a)) = i (k7% = (k+1)7°) <5k (wf(a)) - f(a)(')> -
k=n+1 k=n+1
—(n+1)@ (Sn (.’Jaa)) _ f(a)(.))
we obtain
15O = Su Gl € 30 (7= e 172) |80 () = ) o
k=n+1 ;
+(n+1)"|[S, (-,f@) — F@() Tt
+ i (k™ = (k+1)7%) || Sk (-,f@) — @) ot
k=n-+1 ’
o )| () = FO0)|| <
<e Lil (k—a — (k+ 1)*“) By (f@)p(_) +(n+1)""E, (f@)p(_)] +
+e k_i; (k*a — (k+ 1>—a) Ex (f““))p(_) +(n+1)"°E, (ﬂa))p(_)] .

Consequently from equivalence in Remark 2 (i) we have

1£(@) — S, Dl <
{Ek (f(a)>p(~) B (f(a))p(-)} =

<e k§+1 (k= + 1))+ (n+ 1)
< B, (f(“))p(_) [ fj (k= = (k+1)7%) +(n+1>“] < (nfnaE" (f(a))p(.)-

k=n-+1

Theorem 1 is proved.
Proof of Theorem 2. Weputr —1 < a <r,r € ZT. Forg € ij{_) we have by

<
P

ISSN 1027-3190. Vkp. mam. sxcypH., 2011, m. 63, Ne 1

Corollary 1, (14) and Theorem 7 that

Ea(Dpt) < Ba (f = 90y + En (9),0 < [nf = Gl + ()72 [0
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_ 1
S CK ((n "‘ 1)72T7f7L12)7(T)7WP2(T)> S CQT ('f7 TH—].) ()
(-

as required for r € Z™*. Therefore by the last inequality
En(f)pey <cQp (f,1/(n+ 1))p(,) <cQ (f,2r/(n+ 1))p(,) , n=0,1,2,3,...,
and by (11) we get
En(fpey < e (f, 20/ (n+ 1)),y < cQa (f, 21/ (n+ 1)),y

and the assertion follows.
Proof of Theorem 3. Let T,, € T, be the best approximating polynomial of f €
€ I and let m € Z+. Then by Remark 1 (ii)

Qo (f;m/n+1),0) < Qa (f = Tom, 7/ (n+ 1)),y + Qo (Tom, 7/ (n 4 1)) ) <
< cEon (f)p() + Qa (Tom, m/(n+ 1)),y -
Since

10(@) = T (@) + Y {1 (@) - T )}

we get by Lemma 3 that

QO( (TQWL,T(/(TL + 1))p() S —_— {HTfa‘)

m—1
¢ (@) ()
o + Z HTZ"+1 - TQ”
(n + 1) P, =0

PﬂT}

Lemma 1 gives

HT$+)1 ~T0| <@ [Ty = Tovl,, < 2% B (fy

p,T™
||| = -1 < eBof.
P, P,
Hence
c m—1
Qa (TQM,T('/(TL + 1))17() S m {Eo(f)p() + Z 2(V+1)04E2u (f)p()}
v=0
Using
ov
2(V+1)aE2V (f)p() < c* Z /LailEﬂ(f)p(‘)’ V= ]-7 27 33 B}
p=2v-141
we obtain
Qo (Tom, 7w/ (n 4 1)), <
c m 2Y
< m EO(f)p(') + 2OéEl(f)p(-) + CZ Z NailEu(f)p(-) <

v=1 #:2”*1{»1
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20 R. AKGUN

2m—1

om
< ﬁ {Eo(f)p() + ;Ma_lEM(f)p(.)} < ﬁ Z (l/ + 1)071 Ey(f)p()

v=0

If we choose 2™ < n + 1 < 2™*1 then

n

O (T, /(14 Dyt < e 2 4D ot
v=0

Ean (Dot € Banes iy < Gy 25 0 7 B (-

Last two inequalities complete the proof.
Proof of Theorem 4. For the polynomial 77, of the best approximation to f we have
by Lemma 1 that

HTg(ﬁr)l - TQ(?)

< C(8)20VP | Tyis — Ty

p,

o < 20(8)20F P By (f)(.)-

Hence

Z [ Tyivs — Ty

W ZHTé{’Ql TQ(?)H + 5 [ Tes = Tl
pmi=

SchB 1E p()

Therefore
|| T21‘,+ 1 — T2i

W —0 as 17— oo.
»(-)

This means that {T5: } is a Cauchy sequence in Lp( ). Since Ty — fin Lp( ) and Wpﬂ(_)

is a Banach space we obtain f € Wpﬁ(_).

On the other hand since

<

p,T

wa) _ Sn(fw))’

> [ S (1) = S ()
k=m+2

< |[Somra (£ = (59

b, b,

we have for 2™ < n < 2mt!

[Sares (1) = 508D < 2D (£, < 0+ 1)° En( £y

p,T

On the other hand we find

<c Z 2("'+1)5E2k(f)p(,) <

k=m+2

S22 (£P) = 830 (59
k=m+2

b,

00 2k
Z Z “ﬁ_lEu(f)p(-) =
2k‘ 1

k=m 2# +1
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=c > VTE(Dyyse 3 VB
p=om+14] v=n-+1

Theorem 4 is proved.
1 2n
Proof of Theorem 5. We set W,,(f) := Wy, (z, f) :== o] Zy:n Sy(z, f), n =

=0,1,2,.... Since

Wn('v f(a)) = Wrga)('ﬂ f)

we have

+

b,

|76 =T )|

O =W )

+ ’
p,m

T (W) = T4 f)|

e T wan)

=L + 1+ 1.

We denote by T¥(x, f) the best approximating polynomial of degree at most n to f
in Lg;). In this case, from the boundedness of the operator .S, in ngr' ) we obtain the
boundedness of operator W, in LSET') and there holds

<

p,T

1< £ =T £

+ ’
p,T

T3 1) = W, £)

< By (£ + [ Wl TR(F) = FO)| < Ba(FD)y.

)

From Lemma 1 we get
Iy < en® | T (s Wi () = To (s Pl 2
and
I3 < c(20)" [Wa (- f) = Tu (G Wal )l e < €(20) B (Walf)) ) -
Now we have
1T (s Wi (f)) = Tu (s Pl e <

S ||TTL() Wn(f)) - W7 (af) P, + HWH(7f) - f(')”p,n— + Hf() - Tn('vf)”p,‘n’ S
<cE, (Wn(f))p(.) =+ CEn(f)p(') + CEn(f)p(')'

Since
E, (Wn(f))p(.) < cEn(f)p()

we get

|70 = T )

o < CE(f')p) + en®Ey (Wa(f))pey +

+cnaEn(f)p(-) +c (2n)a E, (Wn(f))p(.) < CEn(f(a))p(J + CnaEn(f)p(-)'

Since by Theorem 1
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C «
~En(f“)p)

En(f)p(~) < m

we obtain

| =T g

Theorem 5 is proved.

Proof of Theorem 6. Let f ¢ HP()(D). First of all if p(x), defined on T, satisfy
Dini— Lipschitz property DL, for v > 1 on T, then p (e”) , x € T, defined on T,
satisfy Dini— Lipschitz property DL., for v > 1 on T. Since H?) ¢ H' (D) for 1 < D,

let Zm Bre™*® be the Fourier series of the function f (), and S,(f,0) :=
=—00

= Z:_, Bre*? be its nth partial sum. From f (e”’) € H' (D), we have [11, p.38]

< CEn(f(a))p(.).

p,

0, for k£ <O0;
Br =
ap(f), for k>0.
Therefore
f@ =Y aHF| =1 =S (f )l (15)
k=0 Hp()
If ¢ is the best approximating trigonometric polynomial for f(e’) in Lgi ), then from
(6), (15) and Theorem 2 we get
F2) = ar()2F <|1F () =t O, . + 150 (F = 15, 0], <
k=0 HP()

< B (f (ew))p(_) <cQ, (f (), n—lkl> , )

Theorem 6 is proved.
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