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THE RATE OF POINTWISE APPROXIMATION
OF POSITIVE LINEAR OPERATORS BASED ON g-INTEGER

HBUIAKICTb HIOTOYKOBOI'O HABJIM’KEHHA JOOJATHUX
JIHIMHUAX OMEPATOPIB, IO BA3YIOThCA HA q-IIIJIOMY

This paper is concerned with positive linear operators based on a g-integer. The rate of covergence of these
operators are established. For these operators, we give Voronovskaya-type theorems and apply them to g-
Bernstein polynomials and g-Stancu operators.

PosmisiHyTO MoAaTHI NiHIKHI onepaTtopy, o 0a3yroThCs Ha g-1iIoMy. BCTaHOBIEHO MIBHAKICTH 301KHOCTI LIUX
omeparopiB. Teopemu Ty BOpOHOBCHKOI HaBEJEHO Ul LIUX ONEPATOPIB Ta 3aCTOCOBAHO JIO @-TIOJIHOMIB
Bepumrreiina Ta g-oneparopis CTaHKy.

1. Introduction. First formulate in what we know about g-calculus, which was initiatd by
Euler in the eighteenth century. Many remarkable results were obtained in the nineteenth
century. In 1910, Jackson [9] introduced the notion of the definite ¢g-integral. He also was
the first to develop g-calculus in a systematic way. In the second half of the twentieth
century there was a significant increase of activity in the area of the g-calculus due to
applications of the g-calculus in mathematics and physics.

We now present definitions and facts from the g-calculus necessary for understanding
of this paper. We follow the terminology and notations from the recent book [10] (see
also [11]).

Definition 1.1. For an arbitrary function f(x), the q-differential is defined by
(dg f)(t) := f(qt) — f(t). In particular d,t = (q—1)t. The q-derivative of a function f
is defined by

and high q-derivatives are
D)f = f, D} f:=Dg(Dp~'f), n=123,....

Clearly, if f(x) is differentiable, then lim,_,1 (D, f)(z) = df (x)/dz.
Definition 1.2. Suppose a < b and 0 < b. In q-analysis, q-integral is defined as

O/bf (1 —Q)biq-jf(qu%
and

b b a

a/f(t) O/f t)d t—/ (t)dgt.
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Notice that hmqﬂl/ ft)d t—/ f(t)dt.

For any fixed real number ¢ > 0 and for nonnegative integer r, the g-integers of the
number [r], is defined by

[rlg=00-¢")/(1—gq), for q#1, [rlq=7r, for ¢=1

Also [0]; = 0.
The g-factorial [r],!, for r € Ny = {0,1,2,...} is defined in the following

g = [Wgl2g--- [y r=1,2,...,  [0]!=1

For the integers n, k, n > k > 0, the g-binomial or the Gaussian coefficients is defined
by (see [10, p. 12])

W,

For f € C[0;1], 6 > 0, we define the modulus of continuity w(f; ) and the second
g-modulus of smoothness wq 2(f;9) as follows:

W(f;6) = sup {zemax F(+h) —f(x)|},

|h|<6§ [051—|R]]

wg,2(f;0) := sup {Ie[orlrlggc]th] |f(@ + [2]gh) — [2]¢f(z + h) + qf(:v)l}.

|n|<6
It is clear that, if f € C]0; 1], then
wg,2(f;9) =0 for 6—=0

and

;Ln% we,2(f30) = wa(f;0),

where wo(f; ) is a second modulus of smoothness. In the note, we obtain the estimates
for the rate of convergence for g-Bernstein—Stancu polynomials for 0 < ¢ < 1, o >
> 0 in terms of w(f;-) and wq 2(f;-). Results are also new theorems for ¢g-Bernstein
polynomials. In theorems and proofs we are using the g-differential and the g-integral.

In tis paper we present a few approximation theorems concerning with positive
operators based on g-integer. Typical examples these operators are: g-Bernstein operators
introduced by Phillips [15], generalized g-Bernstein operators introduced by Nowak
[13] and other. In third section we present these theorems for generalized g-Bernstein
operators. Now we are defining these operators.

For f € C[0;1], ¢ > 0, « > 0 and each positive integer n we introduce (see [13])
the following generalized g-Bernstein operators:

ank (k]q>, (1.1)

where
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k—1 n—1—k
x + afilq 1—-¢°z+ als],
: k], Hz‘:o (1+ afi]y)

Note, that an empty product in (1.2) denotes 1. In the case, where o = 0, BL*(f; x)
reduces to the well-known g-Bernstein polynomials introduced by Phillips [15] in 1997

Bo(fi2) = kZ_O [}jxk T g (1), (13

=0

In the case, where ¢ = 1, B&*( f; x) reduces to Bernstein — Stancu polynomials, introduced
by Stancu [26] in 1968

k—1

> 11,

n—k—1
(x + «at) (1—2z+ sa)
o, )
Hi:o (1+ia)

When ¢ = 1 and a = 0 we obtain the classical Bernstein polynomial defined by

B =3 (3) et —ar s (£).

k=0

Sufir) =Y @

k=0

n

Basic facts on Bernstein polynomials, their generalizations and applications, can be found
e.g. in [12, 22 -24]. In recent years, the g-Bernstein polynomials have attracted much
interest, and a great number of interesting results related to the B, 4(f) polynomials
have been obtained (see [6, 8, 15—-21, 27-30]). Some approximation properties of the
Stancu operators are presented in [3 -5, 26].

Throughout, the symbols K, K7, Ko, ... will mean some positive absolute constants,
not necessarily the same at each occurence.

2. Main result. Let (L,),>1 be a sequence of positive linear operators on C[0, 1].

We introduce the standard notation for r € Ng = {0,1,...}, n € N,

Wrn(x) = Ly f(x), where f(z)=({t—2x)",

Theorem 2.1. Let (L,),>1 be a sequence of linear positive operators, satisfying
pon(x) =1 and pyn(xz) = 0. Suppose that f € C[0,1]. Then there exist § € (0;1)
such that for all ¢ € (g;1) and alln € N

|Ln(f;2) = f(2)| < 26,w(Dgf;6n),

where 0y, = 0 (z) = \/pho.n ().

Proof. By the g-mean value theorem [25], there exists § € (0;1) such that Vq €
€ (g;1) 3K € (t;2):
f(t) = f(x) = (t = 2)Dg f(§)-

As the operators L,, are linear and positive and on the fact that p () = 1, 1 n(x) =0
it follows immediately the equality

Lu(fi2) = f(2) = Lu((er = 2) Dgf (10); %) =
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= Lyu((e1 — 2)(Dy f(&t,2) — Dof(2));2),

where &, € (u,v), v = min{z;¢}, v = max{x;t}. Using the property of modulus of
continuity (see [12]), we get

Dy f(Ets) = Dof ()| < w(Dyf léra — 2l) <
< (1+6, [érw — 2[)w(Dgf;0n) < (1+ 68, |t — 2w (D f;0n),
where §,, > 0. Consequently,
|La(f32) = f(@)] < w(Dof;6n) La(ler — @[(1 + 65 er — ).

The known Schwarz inequality and d,, = 0, () = \/p2.n(2) lead to theorem.
Theorem 2.2. Let f € C[0;1] and L, (f;x) be as in above theorem. Then there
exist § € (0;1) such that for all q € (g; 1) the following inequality holds:

|Ln(f;2) = f(2)| < K[ pan(2)|DF 1], 2.1

foralln € N, where K = K(n,z,q) = ﬁ ( pon(x)+ (11— q))
q

Proof. Using the g-Taylor formula [2] we write

f@) = f(2) + Dy f(2)(t = 2) + Rfq2(1),

where
t

Ry qa(t) = /(t — qv)Dgf(v)dqv.
It is shown in [25] that there exist § € (0;1) such that for all ¢ € (g;1), {2 € (u,v),
u = min{z;t}, v = max{x;t}, which satisfies

D31 (&) D3 f(6t.)
Ry qu(t) =~ (t — 2)(t — qz) = —17—
b 2l 21!
Schwarz’s inequality yields inequality (2.1) immediately.
Theorem 2.3. Let (Ly)n>1 be a sequence of linear positive operators satisfying
pon(x) =1, p1n(x) =0 and pan(z) # 0. Suppose that f € C[0,1]. Then there exist
G € (0;1) such that for all q € (g;1) and all n € N

((t=2)*+ (1 =)t — ).

. D} f(x) 2
Ln(fv x) - f(x) - WMQ,R(J:) < K(”? Zz, q):uQ,n(x)w(quv 571)7 (22)
where
= T) = max { su M4,n($) ; L
0n = 0n(q, ) { 1p ( S ) [n]q}
and

1 €T
K0 =g, (” [nwm)
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Proof. By the g-Taylor formula [25], there exists § € (0;1) such that Vg € (g;1)
3¢, € (t;x), such that

D3 f(x)

f(t) :f(x)+qu($)(t_x)+ F2]q!

(t —2)(t = qz) +75.0.0(1),

where ) )

D3 f(§a) — Dy f(x)
[2],!

The property pio n(z) = 1 and py ,(z) = 0, give us

D2 f(x
Ln(f7 (E) - f(l‘) - 11[5]5 >ﬂ2,n(x) = Ln(rf,q,z; {,C)

Tf.a0(t) = (t —x)(t = gx).

Using the property of modulus of continuity (see [12]), we get
|DGf(&) = Dgf(@)] < (1467t — 2w (D f3 ),
where 6 > 0. By te inequality 1/(1 — ¢) < 1/[n], and simple calculation, we have

| Ln(rf,,257)] <

w(D7 f;9)

z T -1 ,U4,n(-r) T
< o, f2,n( ){1 + EANEWE) +6 ( o (2) + [n]q>}'

n 1 . . .
Choosing J,, = max < sup,, Han (@) ; —— » we get estimate (2.2) immediately.
pzn(z) | [n]q

Theorem 2.4. Let (L,),>1 be a sequence of linear positive operators satisfying
pon(x) = 0 and py ,(x) = 0. Suppose that f € C[0,1]. Then there exist ¢ € (0;1)
such that for all q € (g; 1) the following inequality holds:

ILof - fIl < gwq,z(f; 52)

Sor alln € N, where §, = 6,,(q,x) = \/p2.n(x) max{\/,ugvn(z); 1- q} .

1
Proof. For 0 < h < — min{x;1 — x} we define

2,
h/2 h/2

gun@) = =5 [ [ { Ittt vt - Fat Rl + 2t Jdatidyte
—h/2 —h/2

It is easy to check that

Consequently

1

D3 (9q,n(2))] = qﬁ‘(f(x + [2Igh) = [2]of (z + h) + ¢f (x))+
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Hf o = Rlah) = Bl e = 1)+ S @)] £ Zgaf:9).

/_ h(t)dyt

| (x) = ggn(@)] =

By definition of g-integral

< 2a8UPye(_q;q) [7(u)]. Therefore

h/2 h/2
= % / / (f(z+ [2q(ts +t2)) = 2o f(x +t1 + t2) + qf (2))dgtrdgta| <
1 —h/2—h/2
1
< 5wq,2(f;5)'

Using these inequalities and (2.1) we have

[Lnf = FI < En(f = ggm)ll + 1 Lngg.n — ga.nll + I1f = ggnll <

<2|f = gaanll + (p2in(@) + (1 = @)/ 2,0 (2)) 1D gq.ull-

Choosing 6, = /2. (x) max{\/p2»(x); 1 — ¢} we get the desired estimate.
3. g-Stancu polynomial. The generalized g-Bernstein polynomial defined by (1.1)
can be simply expressed in terms of g-differences. For any functions f we define

0
Agfi=1i
for j =0,1,...,n and, recursively,
ASPLf = AL i — ¢F AL S,

for k=0,1,...,n—j— 1, where f; = f([j]/[n]). It is easily established by induction
that g-differences satisfy the relation

k
Mﬁ=2hwwHWF}mkb 3.1)
q

i
i=0
Lemma 3.1 [13]. Let 0 < g < 1, a > 0. The generalized q-Bernstein polynomial
may be expressed in the form
k-1

n k z + alilg
|:k:|quf0i1:[OHa[i]q7 (32)

Bro(fim) =Y
k=

0

Sforalln € N and z € [0;1].
Let0 < g <1, a>0.From (3.1) and (3.2) by a simple calculation [13], we have

B (Liz) =1, (3.3)
Br*(t;x) =, (3.4)
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BL1(t* 1) = 1 i - (x(x +a)+ x(lnizx)) (3.5)
i () =0, (3.6)

,Q _ x(l B l‘) i
Mg,n('r) - 1 +a <Oé + [n]q>7 (37)

for all n € N and z € [0;1].
Lemma 3.2. Let0<qg<1,a>0.Then

2
1 —
By (tha) = ————— ) o Wilg.a,2), (3.8)

v 1 1
Bn’ (t ﬂx) = —.Ziwk(Q7aax)v (39)

where
WO(qa a, (E) = £L'(IC + a)(m + [2}1105)7

Wilg @, x) = 2(1 — ) (x + @) (2 +q),
Wa(g, . @) = 2(1 - 2)(1 - [2]g2),
Wo(g, o, ) = z(x + o) (z + [2]q0) (x + [3]qc),
Wi(g, o, @) = 2(1 — 2)(z + a)(z + [2]40) (g2 + 2¢ + 3),

Wa(q, a0, z) = 2(1 — ) (z + a) x
x{(q2 +3q+3)z(r +a) — [2]3(95 +a—[2]z(1 + [3]qa)},

Wilg.0,2) = 2(1 - 2){[2,a(Blx — g~ 2) + 1 - ga)

foralln € N and x € [0;1].

Proof. The g-difference of the monomial x* of order greater than k are zero.
Consequently, we see from (3.2) that for all n > k, B&(z*;z) is a polynomial of
degree k.

We deduce from (3.2) that

4 k—1
. z + ali
Byo(tha) = 3 [ZLAgfo [T o
From (3.1), for f(z) = x*, we have
AYfo=fo=0,  Ayfo=fi—fo=1/[nl,
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[2]q4q

AngZfQ_(1+q)fl+qf0: 4(q2+3q+3)7
[n]g
3
Alfo=fs—[Blofo+alBlofr — @ fo = [Q]T[?nz}f(l(qg +2q + 3),
q
[2]11 [S]q [4]qq6 )

Abfo = fo— Wofs + a1+ ) Blofe — Pllofr + ¢ fo = o
q

Thanks to obvious equality ¢"[n — 1]y = [n]q — [r]q, for r = 1,2,3, we have

—1
BIO(thz) = — + Il (¢° +3q+ 3)I(I + )

mE T P T+ta |

([nlg = 1)([n]y — [2]2) z(z + o) (z + [2]40)

(@ 4204 )= 50T Bla)

+

+

([nlg = D([nlg — [2l¢)([n]q — [3]q) > + [i]q
+ ]2 11 1+ [0

By simple calulation we obtain (3.9). On the same way we can prove (3.8).
Lemma 3.3. Letq € (0;1), a > 0. Then for every n € N and x € [0;1]

g, Kz(l-2z) 1 (1 N
Han(®) < =g mq([n]q* )

Proof. In view of (3.3)-(3.9)

pin(r) = B (tY 1) — 4 B2 (t3; 2) + 622 B2 (t%; x) — 32t =

n

where

z(x + ) (z + [2lge)( + [3]4a)

Volg, ) = (I+a)(1+ [Q}qa)(l + [3]qa) _
_dn@+a)(@ +[2g) | 627z ta) o4
(1+ ) (1 +[2]40) 1+a ’
B x(l_z)(;p+a)($+[2}qo‘) 2 _
Vl(q,a,m) = (1 T Oé)(l + [2]qa)(1 ¥ [3]qa) (q + 2q+3)
42°(1 — 2)(z + @) 623(1 — )
TTrat+ B Ot e

B z(1—2z)(z + )
Valg,a, ) = (I+a)(1+ [Q}qa)(l + [3]qa) X
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<{(@ + 3¢+ 3)(x + a)a — 2 (e + @) — [2ya(1 + [8)y) | -

42201 - 2)(1 — Plya)
1+ a)(14[24a)

z(l—x)
(1+a)(1 +[2]ga)(1 + [Blqe

For0<z<1,0<¢g<1,a>0,wehave a/(1+[2];o) < 1,1—¢ < 1/[n],. Thanks
to that it is easy to see that

Va(g, o, x) = ){[Q]qx([S]qx—q—2)+1—qa}.

(1 —2)a(l —q)? < z(l-z) 1
(I+a)(1+2]qa)1+[8lqe) = 14+a [n)2’

VO(Qv Q, l‘) =

x(1—z) (1
““%“x>§Ki1+a(mg+a)

z(1—x)
\% < Kog———=
‘ 2(Q7a7x)‘ =~ 2 ].+Oé

9

Valg o) < K L2
Collecting the results we get estimate (3.6) immediately.
In next theorems we assume that (¢,,) and (a,) denotes a sequence such that 0 <
< gn <1, ap >0and BL?(f;x) is defined by (1.1) with ¢ = ¢, and o = .
Theorem 3.1. Suppose that f € C[0,1]. Then there exist G € (0;1) such that for
all q € (g;1)

x(1—x)

[BE (i) — F@)] <2y [

5nw(qu§ 571)7
where 6, = (1/[n],, + a,)'/? and n € N.

Theorem 3.2. Let f:[0,1] — R. Then there exist ¢ € (0;1) such that for all
q € (g; 1) the following inequality holds:

o/ —2)(1 — gua) (an .

|Bgman(‘f;x) *f(l')’ = [Z]q(1+an)

o Ll

foralln € N.
Theorem 3.3. At assumptions from the previous theorem we have

Dif(x) el - a) <O‘" N [nllqn)’ -

B (fi@) = 1@ = g am

< Kzvl—=zx <ozn+ 1) w(DZf;én),

(1],
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It is easy to check that limg_1 (D32 f)(x) = df”(x)/dx. Therefore, we have the

following corollary.
Corollary 3.1. If f € C?(0;1] and q,, — 1, a,, — 0 as n — oo, then

i (o) e B — pan = L@
i ([n]qﬁ ) (1 + an) (BEo (i) — f(2)} (1-2)

n— o0 2

uniformly on [0;1].

It will be noted that, for « = 0, thit is corollary obtain by Videnskii [27] for

q-Bernstein polynomial defined by (1.3).
Remark 3.1. For the function f(t) = ¢ takes place the exact equality

L « - « nsOn (12 00) — 22 :(xz)/,z —x
(o) an{Brein - = 5 e o)

without passing to the limit.

Theorem 3.4. [f f is continuous on [0, 1], then there exist G € (0; 1) such that for

all g, € (g; 1) the following inequality holds:
Gns0tn 9
”Bn f - f” < quq,Z(f;én)a

where 6, = max { (o, + 1/[n],,)"/% 1 —q}.
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