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A GENERALIZED MIXED TYPE OF QUARTIC, CUBIC,
QUADRATIC AND ADDITIVE FUNCTIONAL EQUATION

V3ATAJIbHEHUI MIIIIAHUM TUITI KBAPTUYHOTI' O,
KYBIYHOI'O, KBAAPATHUYHOI'O TA 1OJATKOBOI'O
OYHKIHIOHAJIBHOT'O PIBHAHHSA

We determine the general solution of the functional equation f(x+ky)+ f(x —ky) = gz +y)+g(xz—y)+
+h(z)+h(y) for fixed integers k with k # 0, +1 without assuming any regularity condition on the unknown
functions f, g, h, h. The method used for solving these functional equations is elementary but exploits an
important result due to Hosszt. The solution of this functional equation can also be determined in certain type
of groups using two important results due to Székelyhidi.

BusnaueHo 3aranbHuil po3s’si3ok dyHKiioHaNbHOTO piBHsAHHA f(z + ky) + flx — ky) = gz +y) +
+ g(z — y) + h(z) + h(y) ans dikcoBanux winux k npu k # 0, +1 Ge3 NpUyLIEHHs HAsBHOCTI Oyab-sIKOT
YMOBH PEryIsipHOCTI uisi HeBimomux OGyHKWid f, g, h, h. Meroxn, mwo BHUKOPUCTAHO JUI PO3B’A3KY LHUX
(YHKLIOHAIBHUX PIBHSHB, CJIEMEHTApHUI, ayie 0a3yeThcs Ha BOKIMBOMY pe3ynbrari Xo3y. Po3B’s30k 1boro
(GyHKIIOHATIBEHOTO PIBHSIHHS MOXKe OyTH BU3HAYCHHUH Y NMEBHOMY THIII IPYIl 3 BAKOPUCTAHHSM JJBOX BaXKIMBHX
pe3ynbraTiB Yekemixizi.

1. Introduction and preliminaries. J. M. Rassias [11] (in 2001) introduced the first
cubic functional equation

flx+2y) = 3f(x+y) +3f(x) — flx —y) =6f(y) (1.1)

and established the solution of the Ulam —Hyers stability problem for this cubic functi-
onal equation. Since the function f(x) = 2 satisfies the functional equation (1.1),
this equation is called cubic functional equation. Every solution of the cubic functional
equation is said to be a cubic function.

J. M. Rassias [12] (in 1999) introduced the first quartic functional equation

flx+2y) + f(z —2y) +6f(x) =4[f(x +y) — flz —y) +6f(y)]. (1.2)

and established the solution of the Ulam — Hyers stability problem for the quartic functi-
onal equation. Since the function f(x) = z* satisfies the functional equation (1.2),
this equation is called quartic functional equation. J. K. Chung and P. K. Sahoo [2]
determined the general solution of the functional equation (1.2).

M. Eshaghi Gordji and H. Khodaei [5] (in 2009) introduced the following generalized
mixed type of cubic, quadratic and additive functional equation

fla+ky) + flx—ky) = f(@+y) + Eflz —y) +2(1 - k*) f(y) (1.3)

and established the general solution and the generalized Ulam - Hyers stability for the
functional equation (1.3). They proved that a function f with f(0) = O between real
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vector spaces X and Y is a solution of (1.3) if and only if there exist functions C': X3 —
— Y and B: X2 Y and A: X — Y, such that f(z) = C(z,z,2) + B(z,z) + A(z)
for all z € X, where the function C' is symmetric for each fixed variable and is additive
for fixed two variables and B is symmetric bi-additive and A is additive. In this paper,
we determine the general solution of the functional equation (1.3) using an elementary
technique but without assuming f(0) = 0.

M. Eshaghi Gordji, S. Kaboli-Gharetapeh, C. Park, and S. Zolfaghari [7] introduced
an additive-cubic-quartic functional equation

H[f(x+2y) + f(x —2y)] =

= 4[f(z +y) + flz—y)| +12f(3y) — 48/ (2y) + 60 (y) — 66 (x) (1.4)

and established the general solution and the generalized Ulam—Hyers stability for the
functional equation (1.4). In [8], M. Eshaghi Gordji, H. Khodaei and Th. M. Rassias
introduced a generalized mixed type of quartic, cubic, quadratic and additive functional
equation

fl@+ky) + fz—ky) = f(x +y) + K flz —y)+

K2(k2 — 1)

+2(1 — k) f(z) + B

[f(2y) — 4f(y)], (1.5)
where f(y) = f(y) + f(—y) for all y € X. They proved that a function f between real
vector spaces X and Y is a solution of (1.5) if and only if there exist a symmetric multi-
additive function M : X* — Y, a function C': X3 — Y, a symmetric bi-additive function
B: X? — Y and an additive function A: X — Y, such that f(z) = M(z,x,z,z) +
+C(z,z,x2)+ B(x,x)+ A(x) for all x € X, where the function C' is symmetric for each
fixed variable and is additive for two fixed variables. In this paper, we also determine
the general solution of the functional equation (1.5) using an elementary technique.

Let k£ be a fixed integer with & # 0,£1, X and Y are real vector spaces. Equati-
ons (1.2)—(1.5) can be generalized to

fl@+ky) + flz—ky) = g(z +y) + g(z — y) + h(z) + h(y) (1.6)

forall z, y € X, where f, g, h, h: X — Y are unknown functions to be determined. In
this paper, we determine the general solution of the functional equation (1.6) and some
other related functional equations. We will first solve these functional equations using
an elementary technique [2, 14, 15, 22, 23] but without using any regularity condition
on the unknown functions. The motivation for studying these functional equations came
from the fact that recently polynomial equations have found applications in approximate
checking, self-testing, and self-correcting of computer programs that compute polynomi-
als. The interested reader should refer to [4] and [13] and references therein (see also
[17-21)).

A function A: X — Y is said to be additive if A(z +y) = A(x) + A(y) for all
z,y € X. It is easy to see that A(rz) = rA(x) forall z € X and all r € Q (the set of
rational numbers).

Let n € N (the set of natural numbers). A function A,,: X™ — Y is called n-
additive if it is additive in each of its variables. A function A, is called symmetric if
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An(z1,02,...,80) = Ap(Tra), Tr2),--.,Tr(ny) for every permutation {m(1),
7(2),...,m(n)} of {1,2,...,n}. If A, (x1,22,...,2,) is an n-additive symmetric
map, then A™(x) will denote the diagonal A, (z,x,...,z) for z € X and note that
A™(rx) = r"A™(x) whenever € X and r € Q. Such a function A™(z) will be called
a monomial function of degree n (assuming A™ % 0). Furthermore the resulting function
after substitution 1 = 2o = ... = 2y = z and 241 = X4 = ... =, = Yy In
A, (z1,29,...,1,) will be denoted by AL"~!(z, y).

A function p: X — Y is called a generalized polynomial (GP) function of degree
n € N provided that there exist A°(z) = A° € Y and i-additive symmetric functions
A;: X' 5 Y (for 1 < i < n) such that

n
p(z) = ZAi(x), forall ze€X
i=0
and A™ Z£ 0.
For f: X =Y, let /\;, be the difference operator defined as follows:

Anf(x) = flz +h) = f(z)

for h € X. Furthermore, let A f(z) = f(z), A} f(z) = Apf(x) and Ay o AT f(z) =
= AP f(x) foralln € Nand all h € X. Here A, 0 A denotes the composition of the
operators A\, and A} For any given n € N, the functional equation A} f(z) = 0 for
all z, h € X is well studied. In explicit form the last functional equation can be written

as
n+1

D) = 3 (1 (”j 1) Fa+ jh) =0,

=0

The following theorem was proved by Mazur and Orlicz, and in greater generality
by Djokovi¢ (see [3]).

Theorem 1.1. Let X and Y be real vector spaces, n € N and f: X — Y, then
the following are equivalent:

(1) AP f(x) =0forall x, h e X.

Q) Dyownin f(wo) =0 for all xg, x1,...,2n41 € X.

(3) f(z) = A"(x) + A" Y(z) + A%(z) + A(z) + A%(z) for all x € X, where
A%(z) = AY is an arbitrary element of Y and A*(x),i =1,2,...,n, is the diagonal of
an i-additive symmetric function A;: X' —Y.

2. Solution of equation (1.6) on real vector spaces. In this section, we determine
the general solution of the functional equation (1.6) and some other related equations
without assuming any regularity condition on the unknown functions.

Theorem 2.1. Let X andY be real vector spaces. If the functions f, g, h, h: X —
— Y satisfy the functional equation

flx+ky)+ fla—ky) =gl +y) +g(x—y) + h(x) + h(y), forall z,yeX
2.1)

for fixed integers k with k # 0,%1, then f is a solution of the Fréchet functional
equation Ny, 5y va.4.251 (To) = 0 for all xg, x1, 22, 3,24, x5 € X.
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. . 1 1
Proof. Replacing = + ky by xg and = — ky by 11 (that is, t = %0 + —y1 and

2
1 . .
in (2.1), respectively, we get

Y= ﬁﬁo - %yl

f(xo) + flyr) =9 (k;klmo + ]{;2;1%) +

k—1 k+1 1 1 - (1 1
i Sxo+ = — 20— —y1 ). 2.2
—I—g( o xo + o y1) +h (2330 + 2y1) +h (Qkxo Qkyl) ( )

Replacing zy by z¢ + x1 in (2.2), we have

f(zo+ 1)+ f(y1) ZQ(kil(%Jﬂl)ﬂL kQ_kl?h) +

o (P oo+ EE L) o (ot o)+ R ) +
g 2% To T T ok n 2$0 T 2y1

- (1 1
+h <2k (w0 +21) — 2kyl)' (2.3)

Subtracting (2.2) from (2.3), we get

flrzo+z1)— f(zo) =g <k2—;1($0+$1) + kz_kl.%) +

S E e VY SO WY L SRR e SR O
g ok Ty T 21 ok n g ok Zo o hn
k—1 k+1 1 1 1 1
—3g <2k-’170 + Qkyl) +h (2(1’0 +$1) + le) —h (21’0 + 2y1> +

- /1 1 - (1 1
+h <2k(l‘0 + .Tl) — %yl) —h (%xo — %yl) (24)

1 1
Letting yo = %0 + Su (that is, y; = 2ys — xg) in (2.4), we have

1 k+1 k—1
f(l‘o +5€1) — f(xo) =g <k1130 + le + A yz) +

b (—taor Bt p BN Y (L L) -
g L 0 ok 1 L Y2 g A 0 k Y2
1 k+1 1

~ (1 1 1 - (1 1
—h(y2) +h <kxo + Py k:Uz) —h (kxo - ky2>' (2.5
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Replacing z¢ by ¢ + x2 in (2.5), we get

1 k+1 k—1
f(.’to +x1) — f(xo) =g (k(l'() +$2) + Wl'l + L y2> +

B T+ e Y2

k—1 k+1 B
k

1
+g (—(370 +x2) +

oot o)+ 1 Doota)+ T ) wn (Lo
g kao Z2 2 Y2 g kﬂvo Z2 2 Y2 2331 Y2

~ (1 1 1 ~ (1 1
—h(y2) + h (k(xo +x2) + EyS k:yZ) —h (k(xo +x9) — k?/z)- (2.6)

Subtracting (2.5) from (2.6), we get

f(xo + 21+ 22) — f(20 + 71) — f(2T0 + T2) + f(T0) =

(Lo P e o B )
=g 5o o ‘1T T2 k Y2

PO S S SRS S
g kxo o T1 kxz % Y2

o1, kel 1o kgl
I \proTpme T TR ) T I\ TR T T T

1 k+1 k-1 1 k-1 k+1
g\ 7To+ — 11+ Y2 | — 9 *E9€0+7$1+ Y2 | +

k 2k k 2k k
to(Lao+ By ) bg (e B 4
g kxo 2 Y2 g kfﬂo L Y2

S LS U SO W 36 SRS N |
kxo 2k$1 k$2 kyQ kﬂﬁo kxz ky2
- (1 1 1 - (1 1
—h <k1‘0 + ﬁﬂh — ky2> +h </€x0 — ky2>. 2.7

1 1
Letting y3 = 70~ Y2 (that is, yo = xo — kys) in (2.7), we have

f(xo + 21+ 22) — f(20 + 21) — f(2T0 + 22) + f(20) =

1 1

k+
:9<$0+2kl‘1+k1‘2—(k_1)y3>+

k—1 1 1
+g <$0+ o7 Il—k$2—(k+1)ys) —9<I0+k502—(/€—1)y3) -
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1 k+1
-9 (xo—k$2—(k+1)y3) —g($0+ T —(/f—l)ys) -

—g ( k2761x1 - (k’ + 1)y3) + g(xo — (k — 1)y3) + g(IO _ (k + 1)y3)+

-~ (1 1 ~ (1 - /1 -
+h <2k$1 + 72 +y3> —h <k$2 +y3> - <2k$1 +y3> + h(ys3). (2.8)

Again replacing xg by zo+z3 in (2.8) and subtracting (2.8) from the resulting expression,
we get

flxo + 1+ 22 + 23) — f(xo + 21 + 22) — f(x0 + 21 + 23)—

—f(zo + 22 +x3) + f(wo + 23) + fw0 + 21) + f(W0 + 22) — f(W0) =

k+1 1
9($o+2k$1+k1’2+x3(1€1)y3)+

k— 1
+g (IEO + Wﬁfl - EiCQ + x3 — (k“r 1)y3> -

1 1
—g (xo—l- %1‘24-1‘3 — (k- 1)y3> —g (xo — E.’B2+LL‘3 —(k+ 1)y3> —

2k

k+1
—9(3504- 2% I1+$3—(’€—1)Z/3)—9<3«"0+ $1+1‘3—(k+1)y3>+
+9(zo + 23 — (k — 1)y3) + g(xo + 73 — (K + 1)y3)—
k+1 1 1
—g<$0+2k$1+k$2—( —1y3> g<$0+ k$2—(k+1)y3>+
1
+9($0+k332—( —11/3> 9(560—562— k+1)y3>+

E+1
g<xo+ TR —1y3> g (k+1)y3)
—g(@o = (k = 1)ys) + g(xo — (k + 1)ys). (2.9)
. . 1 1 .
Putting y4 = o — (k — 1)ys3 <that i8, Y3 = 3—7 %0 ~ kly4> in (2.9), we get

f(xo + 21 + 20 + 23) — f20 + 21 + 22)—
—flzo+ o1 +x3) — flwo + 22 + 23)+
+f(wo +x3) + f(wo + 1) + f(20 + 22) — f(20) =
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=g ok Z1 kIQ T3 T Y4

Y e R Sl ORI OIS fe sl S
g k_ll’o o z1 kl’Q T3 k—1y4

(M) (2 L kLY
gkz 3T Y4 gk—lo k2 3 k—1y4

Y (L SR I i S ek AL
I\ 9 M1 3T Y4 I\ 170 ok 1 3 Ya

—2 k+1
+g(@s +ya) + g —g@ot @t — v | -

EAES SRS SR U A I S SR SUR S S
92k1k2 Ya gk—lo 2k1k;2k:—1y4

+ lx—i— - ix —laz +E + k+1x+ -
g\ pr2 Ty g\ P~ gl I\ g 1Y

-2 k-1 k+1 -2 k+1
_ - — ——ys ). (2.10
9<k13€o+ 5% x1+kly4> 9(y4)+9(k1$0+k1y4) (2.10)
Replacing zg by xg + x4 in (2.10) to get
f(zo+m1 + 22+ 23 +74) — fT0 + 21 + T2 + 24)—
—f(xo+ 21 + 23+ 24) — f(20 + 24) — f(T0 + T2 + T3 + 74)+

+f(xo+ a3+ xa) + flwo+ 21 +24) + flwo+ 22+ 24) =

= kil -l—l + x3 + +
=g ok z1 k$2 T3 T Y4

Y (N RS S ek A S
) k_ll‘o T4 ok T1 k$2 T3 k—1y4

_ l(E + x5+ _ i(x +x)flx +x +k+1 _
AW 37T Y4 I\ g1\ 4) T e 3T L™

_ k—l—lx Yozt _ -2 (2 +x)+k_1m +x+kz+1 n
g ok 1 3T Y4 g F—1 0 4 o 1 3 k—1y4

-2 kE+1 E+1 1
+g(z3 +ya) +g k_1($0+$4)+$3+my4 -9 Wx1+gx2+y4 -

72( n )+k71 1 +k+1 n
g k—lxo T4 ok T kilfz k:—ly4
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1 -2 1 k+1
+g|-z2+va) —g (xo+@4) — 22+ ——ya | +

k k—1 k k—1
k+1 -2 k—1 k+1
+g o T1+ys) —g k_1($o+x4)+7m+my4 -
-2 k+1
—g(y4)+g(k_1(xo+x4)+ k_1y4>. (2.11)

Subtract (2.10) from (2.11), we get

f(wo+ 21 + 22 + w3+ 24) — f(W0 + 71 + 22 + 73)—
—f(xo + 21 + 22 + 224) — f20 + 21 + 23 + 24)—
—f(xo + 22 + 23 + 24) + f(20 + 21 + 22) + f(T0 + 21 + 23)+
+f(xo + 22+ x3) + f(x0 + T3 + 4) + fT0 + 71 + 4) + fT0 + T2 + T4)—

—f(zo +x1) = f(wo + 22) — f(w0 + 23) — f(20 + 74) + f(20) =

=g k:—lxo T4 ok x1 k332 z3 k—1y4

- —2 (z +x)flx +x +k+1 -
I\ %o 4) T e 3T L%

_ —2( n )+k_1 n +k—&-l n
g To T+ T4 ok T+ X3 k—1y4

n —2( b))+ +k—f—l
g\ g g\WoTTa) T3+ s

2k k

_ _2( + ),l +@ _
g Lo T X4 kffz k:—ly4

72( n )+k71 1 +k+1
g k—lxo T4 . L1 T2 7k_1y4

_ _2( + )+E _;’_E + _2( + )+k+1 _
g k_liﬂo Ty ok T k—1y4 g k_liUo Ty k—1y4

S A Sl SV SOV b s SO B
g k_ll"o o T1 kxz z3 k—1y4

n —2 1 " +k+1 n
g\ %o~ preT ¥ V4
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O e S el SO e 2 e L YL
g k—lxo ok 1+ T3 k—1y4 g k_ll‘o z3 k—1y4

O R ek SV DL 2 VR WD e SO SRS 2 S O
g k—lxo ok z1 kirz k—1y4 g k_lﬂﬂo T2 Ya

k k—1
—2 k—1 k+1 —2 k+1
—gl— — Yy . 2.12
+9<k_1$0+ % x1+k_1y4) g<k_1xo+k_1y4> (2.12)
-2 1 2 k—1
Setting y5:mz0—|—k_ly4 (that is, y4—k+1z0—|—k+1y5) in (2.12), we have

flzo+x1 + 22+ 23 +74) — fT0 + 71 + T2 + 23)—
—f(xo+ 21 + 22+ 24) — f(@0 + 21 + 23 + 24) — fW0 + T2 + T3 + T4)+
+f(zo + 14 22) + f(wo + 21 + 23) + fxo + 22 + 23) + f(T0 + 23 + 74)+
+f(xo + 21 + 24) + f(20 + T2 + 74) — f(20 + 71)—

—f(wo + w2) — f(wo + x3) — f(20 + 24) + f(20) =

O T S SN SR 2
=g k_1x4 ok x1 kiL“z T3 T Ys g k_1$4 kxz T3 T Ys

-2 k-1 -2
—g<k_1$4+Qk$1+$3+y5>+g<k_1$4+$3+y5)—

-2 +k—1 1 n -2 1 n
I\ 1™ op 1T 2T s I\ P~ z%2 7Y

et T ) oy ) g St
I\ 1™ op 1Y I\ %™ G\ ~pT2 T3 TYs

k—1 1 k-1
—g Ty — 22+ x3+Ys | +g ry+x3+ys) —g(rs+ys | +

2k k 2k
k-1 1 1 k-1
+g W.’ﬂl_ E$2+y5 +g _E:CQ"_Z/S +g 2k T +y5 _g(y5)

(2.13)
Replacing zg by xg + x5 in (2.13) to get

f(wo+21 + 22+ 23+ 24 +25) — f(x0+ 21 + 72 + T3+ 25)—
—flzo+ 21+ 22+ 24 +25) — f(wo+ 21 + 23+ 74 +25)—
—f(xo+ 22 + 23+ 24 +25) + f(w0 + 21 + 22 + 75)+
+f(zo + 1 + 23+ 25) + f(T0 + T2 + T3 + 25) + f(T0 + T3 + T4 + T5)+
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+f(ro+x1 +2a+x5) + f(wo+ 22 + 24+ 25) — f(20+ 21 + 25)—
—f(xo + 22 +x5) — f(w0 + 23+ 25) — f(20 + T4 + 75) + f(20 + 75) =

co( e e v mts) o[ m tea sty ) -
=9 k—1x4 ok T kirz T3 TYs g k_1934 kxz T3 T Ys

(= e Y o (T ) —
I\ g™ or 3TYs I\ g 1™ 31T Ys

-2 +k—1 1 n -2 1 n
I\ 1™ op 1T T2 T s I\ gt~ z%2 7Y

-2 k—1 -2 1
-9 <k_1$4+2k371 +y5> +9<k_1$4+y5> +g(—k$2+$3+y5) -

(e v m s )t (B et s ) — g us)t
g o z1 kfvz T3 TYs g o0 T1 T I3TYs g\r3 T Ys

k—1 1 1 k-1
+g le_%xQ‘i_ys +g —E$2+y5 +g 2 x1+y5 _g(y5)
(2.14)

Subtract (2.13) from (2.14), we get
f(1'0+$1 +$2+$3+J34+$5) —f(mo—|—x1—|—x2—|—a:3+x4)—

—f(ro+ 21 + a2+ 23 +25) — f(X0 + 21 + 22+ T4 + 5)—
—flxo+ 21 + a3+ x4 +5) — f(20 + 22 + 3 + 24 + T5)+
+f(wo + 1 + @2 + 23) + f(20 + 21 + 22+ 2a) + f(20 + @1 + T3 + T4)+
+f(wo + 22 + 23+ 14) + f(20 + 21 + 22 + 25) + f(w0 + 21 + 23+ 75)+
+f(wo+ 22 + 23+ 25) + f(20 + 23 + 24 + 25) + f(W0 + 21 + 24 + 75)+
+f(wo + 22 + 24 + 75) — f(20 + 71 + 25) — fW0 + T2 + 25)—
—f(zo+ a3+ 25) — f(20 + 24 + 25) — f20 + 71 + 22)—

—f(wo + @1 +3) — f(wo + 22 +23) — f(wo + 23 + 24)—
—f(zo + 21 + 34) — fl20 + 22 + 24) + f(2T0 + 25)+

+f(xo +x1) + f(xo +22) + f(2o +23) + f(20 +24) — f(20) =0

which is Ay, z0.25,24.05f (®0) = 0 for all g, x1, x2, T3, 24,75 € X.
Theorem 2.1 is proved.
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As an application of Theorem 2.1, we can get the following theorem which is a
further improvement of the Theorem 2.3 in [5].

Theorem 2.2. Let X and Y be real vector spaces, then the function f: X — Y
satisfies the functional equation (1.3) for all x,y € X if and only if f is of the form
f(x) = A3(z) + A%(z) + Al (x) + A%(z) (Vo € X), where A°(x) = AV is an arbitrary
element of Y, A'(z) is the diagonal of the i-additive symmetric map A;: X' —'Y for
i=1,2,3.

Proof. By Theorems 2.1 and 1.1, we have

f(x) = A% (z) + A3(2) + A%(x) + Al (z) + A%x), 2 € X, (2.15)

where A%(z) = A is an arbitrary element of Y, and A’(x) is the diagonal of the i-
additive symmetric map A;: X* — Y for i = 1,2, 3, 4. Putting (2.15) into (1.3), and
noting that

Az +y) + Atz — y) = 24%(z) + 24% (y) + 12422 (2, y),
A3(x +y) + A3(x — y) = 243(z) + 6AM2 (x, y),
A%(z 4 y) + A%(z — y) = 24%(z) 4+ 24%(y),

and A%2(z, ky) = k2A%2%(z,y), AV (z, ky) = k2AY2(z,y), we conclude that A*(y) =
= 0 for all y € X. Therefore

fla) = A%(2) + A%(2) + Al (z) + A% (2)

for all x € X. The converse is easily verified.

Theorem 2.2 is proved.

Using the techniques are similar to that of Theorem 2.2, we have the following results
(Theorems 2.3 -2.6).

Theorem 2.3 ([6], Theorem 2.1). Let X and Y be real vector spaces, then the
function f: X — 'Y satisfies the functional equation

3[f(x+2y) + flz —2y)] =

= 12[f(z +y) + f(z—y)]| +4fBy) — 18/ (2y) + 36/ (y) — 18/ (x) (2.16)

for all x,y € X if and only if f is of the form f(x) = A*(x) + A3(x) + A%(x)
(Vz € X), where A'(x) is the diagonal of the i-additive symmetric map A;: X' —'Y
fori=234

Theorem 2.4 ([7], Theorem 2.4). Let X and Y be real vector spaces, then the
function f: X — Y satisfies the functional equation (1.4) for all x,y € X if and only if
f is of the form f(x) = A*(x)+ A3(x) + Al (x) (Vo € X), where A'(z) is the diagonal
of the i-additive symmetric map A;: X* —'Y fori=1,3,4.

Theorem 2.5 ([2], Theorem 3.1). Let X and Y be real vector spaces, then the
function f: X — Y satisfies the functional equation (1.2) for all x,y € X if and only if
f is of the form f(z) = A*(z) (Vz € X), where A*(z) is the diagonal of the 4-additive
symmetric map Ay : X* =Y.
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Theorem 2.6 ([8], Theorem 2.3). Let X and Y be real vector spaces, then the
function f: X — Y satisfies the functional equation (1.5) for all y € X if and only if f
is of the form f(z) = A*(x) + A3(z) + A%(x) + AY(z) (Vz € X), where A'(z) is the
diagonal of the i-additive symmetric map A;: X* =Y fori=1,2,3,4.

Theorem 2.7. Let X and Y be real vector spaces, then the functions f, g, h, h :
X — Y satisfy the functional equation (1.6) for all x,y € X if and only if

fla) = A¥(x) + A(x) + A%(2) + A (2) + A%(2),
g(z) = kA% (x) + k*A%(2) + B*(z) + B%(z) + C'(2) + D°(x),
h(z) = (2 — 2k*) A% (z) + (2 — 2k2) A% (2) + 24%(z) + 24" (2) + 2A%(2)—  (2.17)
—2B?(x) — 20 (x) — 2B%(x),

h(z) = (2k* — 2k2)A* () + 2k2A%(z) — 2B?(z) — 2D°(x),
where A%(x) = A%, B%(x) = B° and D°(x) = D° are arbitrary elements of Y, and
A¥(x), Bi(z), C%(x) are the diagonal of the i-additive symmetric maps A;, B;, C;: X' —
— Y, respectively, for i = 1,2, 3,4.

Proof. Assume that f, g, h, h satisfy the functional equation (1.6). By Theorem 2.1

we see that f is a solution of the Fréchet functional equation Ay, 2, 2o 2425 f(20) =0
for all xg, x1, x2, 3, x4, v5 € X. Hence from Theorem 1.1 we have

f(z) = A*(z) + A*(z) + A%*(2) + A'(2) + A%z), forall =€ X, (2.18)
where A%(z) = A is an arbitrary element of Y, and A(x) is the diagonal of the i-
additive symmetric map A;: X* — Y for i = 1,2, 3, 4. Putting (2.18) into (1.6), and
noting that

AYx +y) + Atz — y) = 24%(x) + 24% (y) + 124%2(z, y),
A5 +y) + A3z — y) = 24%(x) + 64 2(z, y),
2 2 — o542 2
A% (z+y) + A%(z — y) = 2A4%(x) + 24%(y),
and A%2(x, ky) = k?A%2(x,y), AV2(x, ky) = k2 AL2(x,7), we conclude that
gz +y) +g(z —y) + h(z) + hly) =
= 2A%(z) + 2k A% (y) + 12k2 A% (2, y) + 243 (z) + 6K% AV (2, y)+
+2A%(z) + 2k2 A% (y) + 24" (z) + 2A°.

Therefore

gz +y)+g(—y)+h()+h(y) =
=AYz +y) + KAz —y) + KA (2 +y) + K2 AP (2 — y)+
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+(2 — 2k A (2) + (2 — 2k%) AP (2)+

+24%(z) + 241 (z) + 2A° + (2k* — 2k*) A% (y) + 2k A%(y). (2.19)
Letting
G(z) = g(z) — kK*A'(z) — k*A%(2),
(2.20)
H(z) = —h(z) + (2k* — 2k?) A* () + 2K> A% ()
and

H(z) = —h(z) + (2 — 2k*) A% (z) + (2 — 2k%) A3 (z) + 24%(z) + 24 (z) + 2A°.
(2.21)

From (2.19) we have
Gz +y)+ Gz —y)=H(z)+ H(y). (2.22)

Let G satisfies (2.22). We decompose G into the even part and odd part by putting

Gelw) = 5(G@) +G(-2),  Gola) = 3(G(x) ~ G(~2)

Go
for all x € X. It is clear that G(x) = G.(x) + Go(z) for all z € X. Similarly, we have
H(z) = H.(x) + H,(z) and H(z) = H.(z) + H,(z). Thus

Ge(z+y)+ Ge(xz —y) :He(x)—i—ﬁe(y), (2.23)
and
Go(z +y) + Go(x —y) = Ho(x) + Ho(y). (2.24)

Letting y = 0 in (2.23), we have H,(z) = 2G.(z) — H,(0). Setting = = 0 in (2.23) to
get Ho(y) = 2G.(y) — H.(0). Hence

Ge(l‘ + y) + Ge(x - y) = QGe(x) + QGe(y) - 2Ge(0) (2.25)
for all z,y € X. Setting M (z) = Ge(x) — G.(0), we get
M(z+vy)+ Mz —y) =2M(x)+ 2M(y) (2.26)

which is the quadratic functional equation and its solution is given by M (z) = B?(x) for
all z € X, where B?(x) is the diagonal of the 2-additive symmetric map By: X2 — Y.
In this case, we obtain

G.(z) = B*(x) + G(0), H,(z) = 2B*(z) 4+ H.(0),
(2.27)
H.(x) = 2B*(z) + H.(0).

Similarly, letting y = 0 in (2.24), we have H,(z) = 2G,(z). Setting = 0 in (2.24) to
get Hy(y) = 0. Then from (2.24) we have

Go(x + y) + Go(l' - y) = QGO({E), (2.28)
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which is the Jensen functional equation and its solution is given by G,(z) = C*(z),
where C': X — Y is an additive function. Thus

G(z) = Ge(w) + Go(x) = B*(2) + B%(z) + D°(x) + C'(x),
H(z) = H.(z) + H,(z) = 2B*(x) 4+ 2C*(z) + 2B°(z), (2.29)

H(z) = Ho(zx) + Hy(zx) = 2B*(z) + 2D°(z),

where BY(z) = BY (that is, H.(0) = 2B%(z) = 2B") and D°(z) = D" (that is,
H,(0) = 2D%(z) = 2D°) are arbitrary elements of Y. Therefore from (2.20), (2.21),
(2.29), we obtain the asserted solution (2.17). The converse is easily verified.

Theorem 2.7 is proved.

3. Solution of equation (1.6) on commutative groups. In this section, we solve the
functional equation (1.6) on commutative groups with some additional requirements.

A group G is said to be divisible if for every element b € G and every n € N, there
exists an element a € G such that na = b. If this element «a is unique, then G is said to be

uniquely divisible. In a uniquely divisible group, this unique element a is denoted by E
That the equation na = b has a solution is equivalent to saying that the multiplication gy
n is surjective. Similarly, that the equation na = b has a unique solution is equivalent to
saying that the multiplication by n is bijective. Hence the notions of n-divisibility and n-
unique divisibility refer, respectively, to surjectivity and bijectivity of the multiplication
by n.

Lemma 3.1 (Hosszt [9]). Let n > 0 be an integer, G and S be abelian groups.
Furthermore let S be uniquely divisible. The map F from G into S satisfies the functional
equation Ny, ..z, F(xo) = 0 for all xo,x1,..., 2,41 € G if and only if F is given
by F(z) = A"(z) + ...+ Al(z) + A%(x) for all x € G, where A°(z) = A is an
arbitrary element of S and A™(x) is the diagonal of an n-additive symmetric function
A, :G"— 8.

Using Lemma 3.1, one can prove the similar results (Theorems 2.2 —2.7) for unknown
functions map a commutative uniquely divisible group into another one. Also, Theorems
2.2-2.7 can be further strengthened using two important results due to Székelyhidi
[16]. By the use of the two important results, the proofs become even shorter but not
so elementary any more. The results needed for this improvement are the following
(see [16]).

Theorem 3.1. Let G be a commutative semigroup with identity, S a commutative
group and n a nonnegative integer. Let the multiplication by n! be bijective in S. The
function f: G — S is a solution of Fréchet functional equation

Arl,...,rn,+1f(I0) =0 (31)

forall xg,x1,...,xn41 € G if and only if f is a polynomial of degree at most n.

Theorem 3.2. Let G and S be commutative groups, n a nonnegative integer, ©;,
W; additive functions from G into G and p;(G) C ¥;(G), i = 1,2,...,n+ 1. If the
functions f, fi: G — S, 1=1,2,....,n+ 1, satisfy

n+1

fl@) + Z filpi(z) + ¥i(y)) = 0, (3.2)
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then f satisfies Fréchet functional equation Ny, .. ..., f(xo) = 0.

Using these two theorems, Theorems 2.2 —2.7 can be further improved.

Theorem 3.3. Let G and S be commutative groups. Let the multiplication by 6
and 2(k* — 1) be bijective in S, respectively. Then the function f: G — S satisfies
the functional equation (1.3) for all x,y € G if and only if [ is of the form f(x) =
= A3(x) + A%(x) + Al(x) + A%(2) for all z € G, where A°(x) = A® is an arbitrary
element of S, A'(z) is the diagonal of the i-additive symmetric map G;: X* — S for
i=1,2,3.

Proof. Assume that f satisfies the functional equation (1.3). Using the unique
divisibility of S by 2(k% — 1), we can rewrite the functional equation (1.3) in the form

1 1
flz) + mf(kl“ +y)+ mf(—]m —y)-
k2 k2
—mf(ﬁ'H'W - mf(—17+y) = 0.

Thus by Theorem 3.2, f satisfies the Fréchet functional equation (3.1). By Theorem 3.1,
f is a generalized polynomial function of degree at most 3, that is f is of the form
f(z) = A%(z) + A%(2) + Al (x) + A°(x), where A°(x) = A° is an arbitrary element
of S, and A’(x) is the diagonal of the i-additive symmetric map A;: G — S for
i = 1,2, 3. The remaining assertion goes through by the similar way to corresponding
part of Theorem 2.2.

Theorem 3.3 is proved.

Using the techniques are similar to that of Theorem 3.3, we have the following
results.

Theorem 3.4. Let G and S be commutative groups. Let the multiplication by 2 be
surjective in G and let the multiplication by 24 and 18 be bijective in S, respectively.
Then the function f: G — S satisfies the functional equation (2.16) for all x,y € G if
and only if f is of the form f(x) = A*(z) + A3(z) + A?(x) for all x € G, where A'(x)
is the diagonal of the i-additive symmetric map A;: G' = S fori = 2,3, 4.

Theorem 3.5. Let G and S be commutative groups. Let the multiplication by 2 be
surjective in G and let the multiplication by 24 and 66 be bijective in S, respectively.
Then the function f: G — S satisfies the functional equation (1.4) for all x,y € G if
and only if f is of the form f(x) = A*(z) + A3(z) + A'(x) for all x € G, where A*(z)
is the diagonal of the i-additive symmetric map A;: G* — S fori = 1,3, 4.

Theorem 3.6. Let G and S be commutative groups. Let the multiplication by 2
be surjective in G and let the multiplication by 24 be bijective in S. Then the function
f: G — S satisfies the functional equation (1.2) for all x,y € G if and only if f is of
the form f(z) = A*(z) for all x € G, where A*(z) is the diagonal of the 4-additive
symmetric map Ay : G* — S.

Theorem 3.7. Let G and S be commutative groups. Let the multiplication by k
be surjective in G and let the multiplication by 24 and 12(k® — 1) be bijective in S,
respectively. Then the function f: G — S satisfies the functional equation (1.5) for all
x,y € G ifand only if f is of the form f(z) = A*(x) + A3(z) + A%(z) + A'(x) for all
x € G, where A'(x) is the diagonal of the i-additive symmetric map A;: G* — S for
i=1,2,3,4.
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Theorem 3.8. Let G and S be commutative groups. Let the multiplication by
2k (k% — 1) be surjective in G and let the multiplication by 24 be bijective in S. Then the
function f: G — S satisfies the functional equation (1.6) for all x,y € G if and only if

fla) = A¥(x) + A(x) + A(2) + A (2) + A%(2),
g(x) = K2 A% (2) + k*A3(z) + B%*(x) + B%(z) + C*(x) + D°(x),
h(z) = (2 — 2k%)A*(z) + (2 — 2k?) A3 (x) + 2A4%(z) + 2A% (2) + 2A4°(x)—

—2B*(z) — 2C*(z) — 2B°(x),

h(z) = (2k* — 2k*)A*(x) 4 2k* A%(z) — 2B*(x) — 2D°(),

where A%(x) = A, B%(x) = BY and D°(x) = DO are arbitrary elements of S, and
Al(z), B(z), C(x) are the diagonal of the i-additive symmetric maps A;, B;, C;: G* —
— S, respectively, for i =1,2,3,4.

Proof. Assume that f satisfies the functional equation (1.6). Using the multiplication
by 2k(k? — 1) be surjective in G, we can rewrite the functional equation (1.6) in the
form

f(@) + fx —2ky) — f(z+ (1= k)y) — f(z — (1+ k)y) — h(z — ky) — h(y) = 0.

Thus by Theorem 3.2, f satisfies the Fréchet functional equation (3.1). By Theorem 3.1,
f is a generalized polynomial function of degree at most 4, that is f is of the form
f(z) = A%(z) + A3(z) + A%(x) + Al(x) + A°(x), where A°(x) = AC is an arbitrary
element of S, and A’(z) is the diagonal of the i-additive symmetric map A;: G* — S for
i = 1,2, 3,4. The remaining assertion goes through by the similar way to corresponding
part of Theorem 2.7.

Theorem 3.8 is proved.
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