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ON UNIQUENESS THEOREMS FOR HOLOMORPHIC CURVES
SHARING HYPERSURFACES

WITHOUT COUNTING MULTIPLICITY*

ITPO TEOPEMU €IMHOCTI 1JIA 'OJIOMOPOHUX KPUBUX,
10 PO3ALIAIOTDH I'NMEPIIJIOIIMHHA
BE3 BPAXYBAHHSA KPATHOCTI

We prove some uniqueness theorems for algebraically nondegenerate holomorphic curves sharing hyper-
surfaces ignoring multiplicity.

[oBeneHo AesKi TeOpeMH €AUHOCTI AJ1s1 anredpaiuHo HEBUPOAXKEHUX MOJIOMOPPHUX KPUBHX, 1110 PO3-
AIISI0TD TiNepn/IoInHY 6e3 BpaxyBaHHsI KPaTHOCTI.

1. Introduction. In 1926, R. Nevanlinna proved that two non-constant meromorphic
maps f,g: C — P'(C) satisfying f~'(a;) = g7'(a)), for ay,..., as € P(C) dis-
tinct, we must have f=g. In 1975, H. Fujimoto [5] generalized Nevanlinna’s result to

the case of meromorphic mappings of C™ into P"(C). Since that time, this problem

has been studied intensively. In this paper we give some uniqueness results for algeb-
raically nondegenerate holomorphic curves sharing sufficiently many nonlinear hyper-
surfaces in a projective space. To state our results, we first introduce some notations.

Let f: C — P"(C) be a holomorphic map, let D be a hypersurface in P"(C) of
degree d and Q be the homogeneous polynomial of degree d in n + 1 variables
with coefficients in C defining D, we define

Ef(D) = {z € (C|Qof(z) =0 ignoring multiplicity} ,

E;(D) := {(z, m) e C X N|Q0f(z) =0 and ordg,((z) = m},

where ordy(z) is the order of holomorphic functions v at z. Let D = {Dl, e Dq}
be a collection of hypersurfaces, we define
ExD) := |J Ef(D) and E;D) := |J Ef(D).
DeD DeD

In 1975, H. Fujimoto [5] proved the following theorem.
Theorem A. Let H={H), ..., H3,.2} be a collection of 3n+ 2 hyperplanes in

general position in P"(C), and f,g: C" — P"(C) be meromorphic maps such that
f(C"Yz H and g(C")Ygz H forany HeH. If
Ef(Hj) = Eg(H;) forany H;jeH

then f=g.

By Theorem A, the linearly nondegenerate meromorphic maps are uniquely deter-
mined by 3n + 2 hyperplanes in general position. In the last years, many uniqueness
theorems for holomorphic maps with hyperplanes have been established. For the case
hypersurfaces, in 2008, by using the second main theorem with ramification of An-
Phuong [1], H. T. Phuong [7], M. Dulock and M. Ru [4] proved some uniqueness
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theorems for algebraically nondegenerate holomorphic curves. Recently, G. Dethloff
and T. V. Tan [3] proved one uniqueness theorem for meromorphic maps in the case
moving hypersurfaces. Our contribution is to give some unicity results for algedraical-
ly nondegenerate holomorphic curves sharing sufficiently many hypersurfaces in gene-
ral position for Veronese embedding.

Now let D; be a hypersurface of degree d in P"(C), which is defined by a ho-

mogeneous polynomial Q; of degree d. Then

ng . .
Qj(ZO’ cee s Zn) = 2 akzé)ko Z;,k” )
k=0
n+d
where iy +...+ iy, =d for k=0,1,..., n; and ny = — 1. We denote by
n
a= (agp, ..., a,,) the vector associated with D; (or with Q;).

Let D= {Dl, cees Dq} be a collection of arbitrary hypersurfaces and Q; be the
homogeneous polynomial in C|Zo, T | of degree d; defining D; for j=
=1,...,q. We define the minimal index of degrees of D by

op := min{dl, e, dq}.

Let mp be the least common multiple of the d; for j=1,..., g and denote

n+ mp
np = - 1.
n

mp /dj
J
The collection D is said to be in general position for Veronese embedding if q > np

For j=1,...,q, weset Qj = Q andlet a; be the vector associated with Q; .

and for any distinct iy, ..., iy,41 € {L ..., g}, the vectors aj ..., a;  are linearly
n’D+
independent.
Recall that the collection D = {D], cees Dq} is said to be in N-subgeneral position

if ¢> N and for any distinct iy, ..., iy, € {l, ..., q}

N+1

ﬂ Dik = 9,
k=1

where N be a positive integer such that N > n. It is seen that, for hyperplanes, general
position for Veronese embedding is equivalent to the usual concept of hyperplanes in
general position (namely n-subgeneral position). For hypersurfaces, general position
for Veronese embedding implies 7np -subgeneral position.

The following results we obtained in this paper.

Theorem 1.1. Let f and g be algebraically nondegenerate holomorphic curves

from C into P"(C). Let D = {Dl, s Dq} be a collection of q =2 np + 2 +

+ 27112)/6@ hypersurfaces in general position for Veronese embedding in P"(C)
such that f(z) = g(z) forall z e Ef(D) U Eg(D). Then f=g.

Theorem 1.2. Let f and g be algebraically nondegenerate holomorphic curves
from C into P"(C). Let D = {Dl, s Dq} be a collection of q =2 np + 2 +
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+ 2np/dp hypersurfaces in general position for Veronese embedding in P"(C)
such that

(a) f(z) = g(z) forall ze Ex(D)U E4(D),

(b) Ef(D)N Ef(Dj) =D and E D;) N Eg(D;) =D for all i#je
e{l,...,q}.

Then f=g.

Theorems 1.1 and 1.2 are uniqueness theorems for algebraically nondegenerate me-
romorphic curves in the case hypersurface, they have shown the sufficient conditions
for two algebraically nondegenerate meromorphic curves being equivalent. Note that,
if n =1, hypersurfaces are distinct points, Theorem 1.2 becomes Nevanlinna’s five
theorem. And in Theorem 1.2 too, if mp =1, dp =1, np =n and the number of

hyperplanes is 3n + 2 as in Fujimoto’s result. Furthermore, the number of hypersurfa-
ces in our results is smaller that in Dulock — Ru’s result.

2. Preliminaries from Nevanlinna — Cartan theory. In this section, we introduce
some notations in Nevanlinna — Cartan theory and recall some results, which are
necessary for proofs of our main results.

Let f: C — P"(C) be a holomorphic map and f= (fy, ..., f,) be a reduced rep-
resentative of f. The Nevanlinna — Cartan characteristic function 77(r) is defined by

1 2n o
Ti(r) = o Z)[log“f(re’ )”de,

where | f(z)| = max{| fo(z)[,.... | fu(z)|}. The above definition is independent, up
to an additive constant, of the choice of the reduced representation of f.

Let D be a hypersurface in P"(C) of degree d. Let Q be the homogeneous po-
lynomial of degree d defining D. The proximity function of f is defined by

mg(r, D) = _[ log “ re,e H do.
|00 (=)
Let ng(r, D) be the number of zeros of Qo f in the disk |z| < r, counting multi-
plicity. For any positive integer k, let ng(r, D, <k) be the number of zeros having
multiplicity <k of Qo f in the disk |z| < r, counting multiplicity and let
n¢(r, D, >k) be the number of zeros having multiplicity >k of Qo f in the disk

| z| < r, counting multiplicity. The integrated counting functions are defined by

. nf(t, D) — nf(O, D)

N(r,D) = | t dt + np(0, D) logr,
0
“np(t, D, <k)— np(0, D, <k
Ny<x(r, D) = j"f( ) = ny( D it + np(0, D, <k) logr,
t
0
Cnp(t, D, > k) — np(0, D, >k
Npor(r, Dy = [P )= Ldt + ny0. D.> k) logr |
t
0

For any positive integers A, k, let n?(r, D) be the number of zeros of Qo f in the
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disk | Z | < r, where any zero is counted with multiplicity if its multiplicity is less than
orequal to A, and A times otherwise. Let n?(r, D, <k) (resp. n?(r, D, >k)) be
the number of zeros having multiplicity <k (resp. >k) of Qo f in the disk |z| <r,

where any zero is counted if its multiplicity is less than or equal to A, and A times
otherwise, too. The integrates truncated counting functions are defined by

©nf(t, D) - n(0, D)

N?(i’, D) = J. ; dr + n?(O, D) logr,
0
" n(t, D, <k) — n?0, D, <k
N <i(r. D) = | il ) t r¢ D it + (0, D, <k) logr,
0
" nlt, D, >k) — n?0, D, >k
N8 Dy = [ )=y Dat + 020, D, > k) logr.

0 t

Next, we will recall the following lemma which show properties of integrated coun-
ting functions. The proof can be found in [7].

Lemma 2.1. With the above notations we have

1) Ny(r, D) = Ny <i(r, D) + Nysi(r, D),

2) N{(r, D) = Nf<(r, D) + N7 5 (r, D),

3) Nf(r, D) < Ns(r, D),

4) N§(r, D) < N7(r, D) < AN} (r, D),

5) Nj<x(r, D) < Nf<(r, D) < ANy (r, D),
6) Njsi(r, D) < Nfsi(r, D) < AN (r, D),

1 A A A
7) ——N , D)+ N , D) < N¢(r, D).
) 1 r.<k(r, D) f>k(r, D) 1 r(r, D)
First main theorem. Ler f: C — P"(C) be a holomorphic map, and D be a hy-

persurface in P"(C) of degree d. If f(C)& D, then for every real number r with
0<r<oo,

ms(r, D) + Ny(r, D) = dTs(r) + O(1),

where O(l) is a constant independent of r.
In 1933, H. Cartan [2] proved the following theorem.

Theorem 2.1. Let f: C — P"(C) be a linearly nondegenerate holomorphic map,

andlet H;,1<j<gq, be hyperplanes in P"(C) in general position. Then
q
(g-(m+1) - S)Tf(r) < ZNJ”c(r, H;) + S¢(r),
j=1

where S¢(r) = O(Tf(l’)) and inequality holds for all large r outside a set of finite

Lebesgue measure.
3. Proofs of Theorems 1.1 and 1.2. To prove our theorems we need the following
lemma.

Lemma 3.1. Let f: C — P"(C) be an algebraically nondegenerate holomorphic
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map and Dy, ..., D, be hypersurfaces in P"(C) of degree di,j=1,...,q, such
that the collection D = {Dl, vy Dq} is in general position for Veronese embedding

in P"(C). Then for every £>0,

q
1
(9=np =1-€)Tp(r) < X — NP D)) + 70,
j=1¢j

where inequality holds for all large r outside a set of finite Lebesgue measure.
Proof. Let f= (fy, ..., f,) be areduced representative of f, where fy,..., f,
are entire functions on C without common zeros, and Q;,j <1 < g, be the
homogeneous polynomials in C[z, ..., z,] of degree d; defining D;. Of course
we may assume that ¢ > np + 1.
We first claim that it suffices to prove the lemma in the case that all of the d; are

equal to mp. Indeed, if we have the lemma in that case, then we know that for € >0
as in statement of the lemma that
d mp /d;

1
(g—np —1-e)Tp(r) < Y, — NP Q7)) + Sp(r).
j=t"D

Note thatif z € C is the zero of Q;o f with multiplicity a then z is the zero of
Q;"D/ S f with multiplicity arZ—D. This implies that
J

d; m
N;D(r, o/ f) < d—?N;ZD(r, Q).
J

Hence
S np mp [d;
(g—np —1=e)Tp(r) < X —NPr Q") + S;(r) <
j=1"MD
1
< ZZN;}D(;’, Q) + Sp(r).
j=14j
Therefore, without loss of generality, we can assume that Dy, ..., D, have a same

degree of mp.
We recall the lexicographic ordering on the n-tuples of natural numbers: let J =

={j1s..vs jut> I={it,..., i,} € N, J< I if and only if for some be {l,..., n}
we have j; =i; for [<b and j, < i,. Withthe n-tuples I= {ij,..., i,} of non-
negative integers, we denote &(I) := zjij .

Let (zp:...:z,) be a homogeneous coordinates in P"(C) and let
{IO, ey I,,D} be asetof (n + 1)-tuples such that o(/;) = mp,j=0,..., np, and
I; <1I; fori<je e {0,...,np}. For z=(z9 :... 1 z,) € P"(C), we write z' as
Zéo ...z where I= {igs .., in} € {IO, e I,,D}. Then we may write the set of mo-
nomials of degree mp as {zl", e, zI”D }

Denote
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omp : P"(C) —» P"(C)
be the Veronese embedding of degree mp. Let (wg :...:w, ) be ahomogeneous

coordinate in P"?(C). Then g, is given by

I .
Omp (2) = (wo(z):...:wmp(z)), where w;i(z)=2",j=0,..., np.
Now we set

F=(UFy:..:Fy) = oupof,

then F; = £l ,j=0,..., np. Then F is a holomorphic map from C to P"?(C)
and F = (Fy, ..., F,,) isareduced representative of F. We know from the assump-
tion that f is algebraically nondegenerate hence F is linearly nondegenerate.

For any hypersurface D; € (Dy, ..., D,), let a; = (ajo, ..., aj,,,) be the vec-
tor associated with D i, we set

L; = ajowp + ...+ GippWy, -
Then L; isalinear formin P"?(C). Let H; be a hyperplane in P"?(C), which
is made by L;, we say that the hyperplane H; associated with D;. Hence for the
collection of hypersurfaces (Dy, ..., D,) in P"(C), we have the collection of hy-
perplanes (Hj, ..., H,) of associate hyperplanes in P"?(C). By the assumption
that (Dy,..., D,) isin general position for Veronese embedding in P"(C), we have

that (Hy,..., H,) isin general positionin P"?(C).
By the definition of F we have forany j=1,...,gq,

np
a;.F := Y a;.F, = D;(f).
k=0

So
Ny(r, D;) = Np(r, Hj) and N;D(r, D;) = NpP(r, Hj). (3.1)
Furthermore by the first main theorem,
Tp(r) = mpTe(r) + O(), Sp(r) = Sp(r). (3.2)

With the assumption of Lemma 3.1, applying Theorem 2.1 to holomorphic map
F:C— P"P(C) and the hyperplanes H;,j=1,...,q, wehave

q
(g-—np —1-)Tr(r) < D NP(r, H;) + Sp(r) (3.3)
j=1

holds for all large r outside a set of finite Lebesgue measure.
Combining with (3.1), (3.2) and (3.3) together, we have

q
(g—np—1—e)ympTy(r) < D NP(r, D)) + S;(r).
j=1

This concludes the proof of the lemma.
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Proof of Theorem 1.1. Assume for the sake contradiction that f=g. Then there
are two numbers, o, B € {0,..., n}, o # B such that fogp #F fpga- Let k bea

sufficiently large positive integer, which will be chosen later, and € be a real number
such that 0 <e< 1. Forany D; € D, forall large r outside a set of finite Lebesgue
measure, by the first main theorem we have

k
= o Vi Dy + o= Nyt Dj) + Ng2,(r. D)) <
LN”D D n_DNl' D Nl D <
S 7 Vi D) + == Npk(rn D)) + np Njoi(r, D)) <
k np np
< _k 1 N}r‘l,DSk(r, DJ') + m Nf’gk(r, Dj) + m Nf,>k(r, Dj) <
< k_Nn'D (r D)+n—DN(r D) <
- k+l f,Sk ’ J k+1 s j >
k an
< — N r’D.+]_Tr+01,
k+1 fzx(r> Dj) 11 r(r) )

where d; isdegree of D;. So

k
— N (r, D)) < ————N}2,(r, D)) +

7 D T(r) + O().

np
k+1
It implies that

k
k+14d; k

4,1
gd— ;D(r, D]) <

Tf(r) + 0. 34

From Lemma 3.1, the inequality (3.4) becomes

k gnp
- -1-8)T¢ < N2 (r, D;) + T + S <
(¢ = np )Ty (r) k+1]§ P D) + SZETy() + S,
< Lizv"@ r, D) + L2 T(r) + Sp(r)
T Spk+ D& T T FE

This is equivalent to

_Am T, k5
(q Pt e)Tf(r)_SD(k ZNf<k(rD)+Sf(r)

So

(qtk +1=np) = (np + 1+ &) (k + D) Ty(r) <
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k q
< g;N;%k(r, D)) + S;(r) <
=
npk d 1
< N Nici(r, D)) + Sp(r). (3.5)
Assume that zp € C isazeroof Djo f with multiplicity less than or equal to k,
then zo € Ep(D) U E,(D). This implies that g(z9) = f(z9), so0 % =
B(20

= go‘(ZO), namely zy is a zero of the function Jo _ 8o
gp(z0) B &

thesis D is in general position for Veronese embedding then there exist at most np
in D suchthat Djo f(zp) = 0. This implies that

. Note that by the hypo-

hypersurfaces D)

q

1
-ziNf,Sk(V’ Dj) < npNfyify - gargp (1)
=

Therefore, by properties of counting function, (3.5) becomes

(g + 1= np)— (np + 1+ &) (k + D) T;(r) <
n%k n%k
< S—Nﬂx//ﬁ_ga/gﬁ(r)+5f(r) < S_(Tf(r) + Tg(r)) + Sf(r) (36)
D D

Similarly for the holomorphic map g, we have

(qtk +1=np) = (np + 1+ &) (k + D) T,(r) <

2
k
< ’;ip(rf(rn To(r) + So(r). (3.7)

Adding the inequalities (3.6) and (3.7), we have
(qtk + 1= np) — (np + 1+ &) (k + D) (Tr(r) + T,(r) <

2
< ngk (Tr(r) + To(r) + Sp(r) + 8,0,
D

This concludes that

2 nhk o Sp) + S
dp  Tr(r) + T,(r)

gk+1—-—np) — (np+1+e)k+1) -

holds for all large r. Let r — oo, we have

2 nkk

D

qgqk+1—-—np) — (nmp+1+e)k+1 - < 0.

This is equivalent to
k(qSD —(np+1+8€)dp — Zn%) +(q—gnp—(np+1+¢€)8p <0. (3.8)

If we take
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(gnp —qg+np +1+¢€)dp

k> 7
51) — (np +1+8)8D - 2np
. . 2 n% .
then since the hypothesis that g = np + 2 + oo we have a contradiction. Hence
D

figj = fig forany i#je {0,..., n}, namely f=g. This is the conclusion of the
proof of Theorem 1.1.

Proof of Theorem 1.2. Assume for the sake contradiction that f#g. Then there
are two numbers o, B e {0, ..., n},a# B suchthat fugs # fpgo- Let k be a suf-
ficiently large positive integer, which will be chosen later, and € be a real number such

that 0 < & < 1. With the hypothesis in Theorem 1.2 and the proof of Theorem 1.1, we
have

(qk +1—np)— (np + 1+ &)(k + l))Tf(r) <

npk <
< 22N Nia(r, D)) + Sp(r). (3.9)
dp o
We know that, if zg € C isazeroof D;o f with multiplicity less than or equal
to k, then z will be a zero of the function ;—‘X _ o By the hypothesis we have
B 8B

Eq(D;) N Ex(Dj) = QD

for any pair i#je {l,..., q}. Soif zy isazeroof Djof then z, will be nota
zeroof Djof forall i#je {l,..., q}. Hence

<

Y Ni«(r, D)) < Nfulfy)-(eatg)() < Tr(r) + To(r) + O().
j=1

Therefore, (3.9) becomes

(gtk + 1= np) — (np + 1 + &) (k + D) Ty(r) <
< %(Tf(r) + T,(r) + Sp(r). (3.10)
Similarly for the holomorphic map g, we have
(qtk +1=np) = (np + 1+ &) (k + D) T,(r) <
< "g;k (Tr(r) + To(r) + Se(r). G.11)

Since the inequalities (3.10) and (3.11), we have
(qtk +1=np) — (np + 1 + &) (k + D)(Tr(r) + To(r)) <

< 2gpk(Tf(r)Jr T,(r) + S;(r) + Sg(r).
D

Hence
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o S+ 5,0

Op(k +1— -9 1 k+1) — 2npk
qop(k + np) —opnp +1+¢€&)(k+1) np T,() + T,(r)

holds for all large r. Let r — oo, we have

k(qS'D —(I’ZD +1+£)8'D —ZI’ZD) + (q—nD —(I/l'D +1+8))8D <0.

If we take
k> (ql’lp—q+l’lp+1+8)5'p
qSD —(np +1+ 8)61) - an’
2
then since the hypothesis that ¢ = np + 2 + %, we have a contradiction. Hence
D

figj = figi forany i#je {0,..., n}, namely f=g. This is the conclusion of the

proof of Theorem 1.2.
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