UDC 512.5
C. Nebiyev, A. Pancar (Ondokuz Mayis Univ., Turkey)

ON STRONGLY )-SUPPLEMENTED MODULES
IMPO CUWJIBHO -AOMMOBHEHI MOAYJII

In this work, strongly @-supplemented and strongly cofinitely é-supplemented modules are defined and some
properties of strongly é-supplemented and strongly cofinitely é-supplemented modules are investigated. Let
R be aring. Then every R-module is strongly @-supplemented if and only if R is perfect. Finite direct sum of
@-supplemented modules is @-supplemented. But this is not true for strongly é-supplemented modules. Any
direct sum of cofinitely @-supplemented modules is cofinitely ®-supplemented but this is not true for strongly
cofinitely @-supplemented modules. We also prove that a supplemented module is strongly é-supplemented
if and only if every supplement submodule lies above a direct summand.

BusHaueHO cuiibHO B-IONOBHEHI Ta CHIIBHO KO(QIHITHO B-10MOBHEHI MOIYII 1 TOCHIKEHO AEsKI BIaCTHBOCTI
CHJIBHO D-I0NOBHEHUX Ta CHIIBHO KO(iHITHO P-T0NOBHEHUX MOAyMiB. [Ipumyctumo, mo R — kinbue. Y nsoMy
BHIAJKy KOXKEH R-MOJYIb € CHIBHO -JOMOBHEHUM TOJI 1 TUIBKH TOi, KoM R € jmockoHanuM. CKiHYeHHA
npsiMa cyma O-I0MOBHEHUX MOYJIIB € (B-I0MOBHEHOI0. AJle 11¢ HE CIIPABIKYETHCS ISl CHIIBHO (D-I0MOBHEHHX
Mony:iB. Byap-sika npsiMa cyma KO(iHITHO é5-I0MOBHEHUX MOIYJIB € KODIHITHO G-I0MOBHEHOMO, alle Lie He
CIPaBKYETHCS JUISl CHIBHO KOQIHITHO é5-TOMOBHEHUX MOIYIIB. JIOBEACHO TaKOX, 110 JOTIOBHEHUIT MOIYJIb €
CHIIBHO @-HOHOBHCHHM MOOYJIEM TOI[i 1 TUIBKH T(),[[i7 KOJIM KOXXCH Hi[[MO[IyHI;-[[OHOBHeHHSI pOBTaH_IOBaHI/[ﬁ HaJg
NPpAMUM JOOAHKOM.

1. Introduction. In this work R will denote an arbitrary ring with unity and M will
state for an unitary left R-module. Let M be an R-module. N < M will mean N is
a submodule of M. Let K < M. If L = M for every submodule L of M such that
K + L = M then K is called a small submodule of M and written by K < M. Let
U< Mand V < M. If V is minimal with respect to M = U + V then V is called a
supplement of U in M. This equivalentto M =U +V and UNV <« V. M is called
supplemented if every submodule of M has a supplement in M. M is called finitely
supplemented if every finitely generated submodule of M has a supplement in M. M
is called @-supplemented if every submodule of M has a supplement that is a direct
summand of M. M is called completely @-supplemented if every direct summand
of M is @-supplemented. A submodule U of M is called cofinite if M /U is finitely
generated. M is called cofinitely supplemented if every cofinite submodule of M has a
supplement in M. We say a submodule U of the R-module M has ample supplements
in M if for every V. < M with U + V = M, there exists a supplement V' of U with
V'’ < V. If every submodule of M has ample supplements in M, then we call M is
amply supplemented.

M 1is called a projective cover of N, if M is a projective module and there exists
an epimorphism f: M — N such that Ke f < M. A module M is called semiperfect
if every factor module of M has a projective cover. M is called w-projective module
if there exists an endomorphism f of M such that Im f < U, Im(1 — f) <V for every
submodules U, V of M such that M = U + V.

Let V < M. V is called lies above a direct summand of M if there exist submod-
ules M7 and My of M such that M = My & My, M, <V, VN My < Ms.

In this work JacR will denote intersection of all maximal left ideals of R.

Let M be an R-module. We consider the following conditions.

(D) Every submodule of M lies above a direct summand of M.

(D3) If My and My are direct summands of M with M = M; + Ma, then My N M,
is also a direct summand of M.
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Lemma 1.1 (Modular law). Let M be an R-module, K, N and H are submodules
of M and H< N.Then NN(H+ K)=H+ NNK (see[1]).

Lemma 1.2. Let V be a supplement of U in M, K and T be submodules of V.
Then T is a supplement of K in 'V if and only if T is a supplement of U + K in M.

Proof. (=) Let T be a supplement of K in V. Let U+ K + L = M for a submodule
L < T.In this case K + L < V and because V is a supplement of U, K + L = V.
Since L < T and T is a supplement of K in V, L = T and then T is a supplement of
U+ KinM.

(<) Let T be a supplement of U + K in M. This can be found that because of
U+ K+T=Mand K+ T <V, then we can have K +T = V. Since K NT <
SU+K)NT<T, KNT < T and then T is a supplement of K in V.

2. Strongly @-supplemented modules.

Definition 2.1. Let M be a supplemented module. If every supplement submodule
of M is a direct summand of M then M is called a strongly @®-supplemented module.

Corollary 2.1. Strongly ®-supplemented modules are ®-supplemented.

Lemma 2.1. Let M be supplemented and m-projective module. Then M is a
strongly @-supplemented module.

Proof. See [21].

Lemma 2.2. Let M be a strongly ®-supplemented module. Then every direct
summand of M is strongly &-supplemented.

Proof. Let L be a direct summand of M and M = L & T. Let K be a supplement
of U in L. By Lemma 1.2 K is a supplement of U & T in M. Because M is strongly
@-supplemented, K is a direct summand of M. Let M = K & P. By Modular law
L=LNM=LN(K®P)=K® (LNP). Thus K is a direct summand of L and L
is strongly @-supplemented.

Corollary 2.2. Strongly ®-supplemented modules are completely ®-supplemented.

Theorem 2.1. FEvery (D1) module is strongly ®-supplemented.

Proof. See [21].

Theorem 2.2. Let R be a Priifer ring. Then every finitely generated torsion free
supplemented R-module is strongly ®-supplemented.

Proof. Because R is a Priifer ring, then every finitely generated torsion free R-
module is projective (see [21]). Because every projective module is m-projective, by
Lemma 2.1 every finitely generated torsion free supplemented R-module is strongly
@-supplemented.

Theorem 2.3. Let M;, 1 < i < n, are projective modules. Then ®}_, M; is
strongly ®-supplemented if and only if every M; is strongly @-supplemented.

Proof. (=) Because every M; is direct summand of &} ; M;, by Lemma 2.2 every
M; is strongly @-supplemented.

< Because every M; is supplemented by [21], ®}_,M; is supplemented. Be-
cause every M; is projective modules by [21], ®]_,M; is projective module. Thus
by Lemma 2.1 ®j*_; M; is strongly @-supplemented.

Lemma 2.3. Let M be a projective module. Then the followings are equivalent.

(1) M is semiperfect.

(i) M is supplemented.

(i) M is ®-supplemented.

(iv) M is strongly &-supplemented.
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Proof. (i) & (ii) & (iil) are proved in [10]. (ii)) = (iv) Because M is a pro-
jective module, M is a w-projective module. Thus by Lemma 2.1 M is strongly &¢-
supplemented.

(iv) < (ii) Clear.

Theorem 2.4. For every ring R, the following statements are equivalent.

(1) R is semiperfect.

(ii) Every finitely generated free R-module is ©-supplemented.

(1) Every finitely generated free R-module is strongly @&-supplemented.

(iv) rR is ®-supplemented.

(v) rR is strongly ®&-supplemented.

(vi) For every left ideal A of R, there exists an idempotent ¢ € R\ A such that
ANeR C JacR.

Proof. (1) & (ii) < (iv) < (vi) are proved in [11].

Because g R is a projective module, (ii) < (iii) < (iv) < (v) are hold.

Theorem 2.5. A commutative ring R is semiperfect if and only if every m-projective
cyclic R-module is strongly ©-supplemented.

Proof. (=) Let R be semiperfect. By [11] every cyclic R-module is &-supplemented.
Thus by Lemma 2.1 every w-projective cyclic R-module is strongly &-supplemented.

(<) Since g R is cyclic and 7-projective, by hypothesis g R is strongly ©-supplemen-
ted. By Lemma 2.3 p R is semiperfect.

Theorem 2.6. Let M be a finitely generated strongly ®-supplemented R-module.
Then M is direct sum of cyclic submodules.

Proof. Since M is a strongly @-supplemented module, by Corollary 2.2 M is com-
pletely @-supplemented. In case by [11] M is direct sum of cyclic submodules.

Theorem 2.7. For any ring R, the following statements are equivalent.

(i) R is perfect.

(i) RN is @-supplemented.

(iii) R™N) is strongly @-supplemented.

(iv) Every countable generated free R-module is @®-supplemented.

(v) Every countable generated free R-module is strongly ®-supplemented.

(vi) Every free R-module is ®-supplemented.

(vii) Every free R-module is strongly @®-supplemented.

Proof. (1) < (ii) < (iv) < (vi) are proved in [11].

Since p R is a projective module, every free R-module is projective. Thus every free
R-module is m-projective. By Lemma 2.1 (iv) < (v) < (vi) < (vii) are hold.

Theorem 2.8. For a supplemented module M, the following statements are equi-
valent.

(1) M is strongly ®-supplemented.

(i1) Every supplement submodule of M lies above a direct summand.

(iii) (a) Every non zero supplement submodule of M contains a non zero direct
summand of M.

(b) Every supplement submodule of M contains a maximal direct summand of M.

Proof. (1) = (ii) Clear from definitions.

(i) = (i) Let V be any supplement submodule of M. Let V' is a supplement of U
in M. By hypothesis there exist M; < M and Ms < M such that M = M; & M,
M; <Vand VNM;, < My. Inthiscase V =V NM = M; &V N M, and by
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VAMy< M, M=U+V=U+VNMs+ M; =U + M. Since V is supplement
of Uy, V.= M;. Thus M =V & M, and V is a direct summand of M. That is M is
strongly -supplemented.

(i) = (iii) Clear from definitions.

(iii) = (i) Let V be a supplement of U in M and assume X to be a maximal direct
summand of M with X <V and M = X @Y. ThenV = X &V NY and by Lemma
1.2V NY is asupplement of U + X in M. If V NY is not zero then by (iii, a) there
exists a non zero direct summand N of M such that N < V NY. In this case X & N
is a direct summand of M and X & N < V. This contradicts the choice of X. Thus
VNY =0and V = X. In this case V is direct summand of M and M is a strongly
@-supplemented module.

Let M be an R-module. If rM = M for every » € R which not zero divisor, then
M is called a divisible R-module. Let R be a domain. If every submodule of left
R-module pR is projective, then R is called a Dedekind domain. Let R be a principal
ideal domain. If R has the unique prime element (up to unit), then R is called a discrete
valuation ring.

Remark 2.1. Let R be a discrete valuation ring and p be the unique prime element
of R. Then every ideal of R is of the form Rp* which k € Z. If we take these ideals to
be neighborhoods of 0 in R, we define a topology in R, making R a topological ring. If
R is complete in this topology, we call it a complete discrete valuation ring.

Example 2.1. Let R be a discrete valuation ring which not complete and K be a
quotient field of R. Then M = K? is strongly ®-supplemented but not amply supple-
mented.

Proof. By [21] Theorem 2.2, M is supplemented but not amply supplemented. Let
V be a supplement submodule in M. Assume that V' is a supplement of U in M. Since
M is divisible, then M = rM = rU 4+ rV = U 4+ rV for every v € R which r # 0.
Since V is a supplement of U in M, V' = rV and then V is divisible. Since R is a
Dedekind domain, V is injective (see [19], 40.5) and a direct summand of M. Thus M
is strongly @-supplemented.

Example 2.2. Let R be a discrete valuation ring with quotient field K, let p be
the unique prime element and let N = Rp. Then M = K/R ® R/N is completely
@-supplemented but is not strongly G-supplemented.

Proof. By [10] Example 2.1, M is completely ®-supplemented but not (D). More-
over M satisfies (D3). Let L = R(p™2 + R,1 + N) < M. Then we can prove
K/R+L = M. Let x € (K/R) N L. Then x = (rp~2 + R,7 + N) for some
r € R. Since (rp~2 + R,r + N) € K/R, r + N = 0 and then there exists 7’ € R
with 7 = r'p. Then x = (r'pp=2 + R,0) = (r'p~ 1 + R,0) € R(p~! + R,0). Since
R(p™'+R,0) < (K/R)NL, K/RNL=R(p~*+R,0). Let R(p~ ' + R,0)+ T =L
with T < L. Then there exists s € R such that s(p™2+ R, 1+ N) € T and s + N # 0.
Since s+ N # 0, s ¢ N. Since p is the unique prime element of R, s is invertible in R,
i.e., there exists s’ € R with s's = 1. Then (p 2+ R,1+N) = s's(p 2+ R,1+N) € T
and then L = R(p™?>+ R, 1+ N) <T.Thus T = L, R(p~' + R,0) < L and L is
a supplement of K/R in M. If L is a direct summand of M, by M = K/R + L and
M satisfying (D3), (K/R) N L = R(p~! + R,0) is also direct summand of M. This
contradicts R(p~! + R,0) < M. Hence L is not a direct summand of M and M is not
strongly &-supplemented.
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Remark 2.2. In Example 2.2 K/R is hollow and strongly é-supplemented. Since
R/N is simple, it is strongly @-supplemented. But the direct sum of K/R and R/N
is not strongly @-supplemented. Zoschinger has proved that if R is a Dedekind domain
then an R-module M is supplemented if and only if M is ®-supplemented. But this not
true for strongly ®-supplemented by Example 2.2.

Definition 2.2. Let M be an R-module. If M is cofinitely supplemented and every
supplement of cofinite submodules of M is a direct summand of M then M is called a
strongly cofinitely ©-supplemented module.

Corollary 2.3. Every strongly cofinitely ®-supplemented module is cofinitely sup-
plemented.

Theorem 2.9. Let M be a strongly cofinitely ®-supplemented module. Then every
direct summand of M is strongly cofinitely ®-supplemented.

Proof. Let N be a direct summand of M and let M = N @7T. Since M is cofinitely
supplemented, N = M /T is also cofinitely supplemented. Let U be a cofinite submod-
ule of V and V be a supplement of U in N. Then by Lemma 1.2 V is a supplement of
U®T in M. Since U @ T is a cofinite submodule of M and M is strongly cofinitely
@-supplemented, V' is a direct summand of M. Let M = V & X. Then by Modular
law N =V @ (N N X) and then V is a direct summand of N. Hence N is strongly
cofinitely @-supplemented.

Theorem 2.10. Let M be a w-projective and finitely supplemented R-module. If
M is cofinitely supplemented then M is strongly cofinitely ©-supplemented.

Proof. Let U be a cofinite submodule of M and V' be a supplement of U in M. Then
V is finitely generated. Since M is finitely supplemented, V' has a supplement X in M.
Since M is m-projective, there exists f € End(M) such the Im f < U, Im(1 — f) < V.
Then we can prove (1 — f)(U) < U and f(V) <V.Then M = f(M)+(1— f)(M) =
=f(V)+f(X)+V =V+f(X). Letv € VN f(X). Then there exists © € X with v =
= f(z).Sincex—v =x—f(z) = (1—f)(x) € V,z € V.Hence v = f(x) € f(VNX).
Since VNX <« X, fVNX)< f(X)and VN f(X) < f(VNX) < f(X). Hence
f(X) is a supplement of V in M. Since f(X) < U, then V is a supplement of f(X) in
M. Hence V and f(X) are mutual supplements in M. Since M is w-projective, then by
[191 M =V @ f(X) and V is a direct summand of M. Thus M is strongly cofinitely
@-supplemented.

Theorem 2.11. If M is cofinitely supplemented, then M /Rad (M) is strongly
cofinitely ®-supplemented.

Proof. Since M is cofinitely supplemented, M/ Rad(M) is also cofinitely supple-
mented. Let U/ Rad(M) be a cofinite submodule of M/ Rad(M) and V/Rad(M) be
a supplement of U/ Rad(M) in M/ Rad(M). Since

U/Rad(M)NV/Rad(M) < M/Rad(M),
U/Rad(M)NV/Rad(M) < Rad(M/Rad(M)) =0
and then M/Rad(M) = U/Rad(M) & V/Rad(M). Hence V/Rad(M) is a direct
summand of M/ Rad(M) and M/ Rad(M) is strongly cofinitely @-supplemented.
Example 2.3. Let M be a direct sum of an infinite number of copies of the

Priiferp-group Zp--. Then M is strongly cofinitely ©®-supplemented but not strongly
@-supplemented.
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Proof. By [10] M is not supplemented, i.e., not strongly é-supplemented. By [2]
M is cofinitely supplemented. Let L be a supplement submodule of M and L be a
supplement of K in M. We can prove that M is a divisible Z-module. Let n € Z. Since
nM =M, M =nM =nK +nL = K +nL. Since L is a supplement of K in M,
nL = L and L is divisible. Since Z is a Dedekind domain, L is injective ([19], 40.5)
and a direct summand of M. Hence M is strongly cofinitely ®-supplemented.

Remark 2.3. In Example 2.2 M = K/R @ R/N is cofinitely supplemented but
not strongly cofinitely @-supplemented. Also in Example 2.2 K/R and R/N is strongly
cofinitely @-supplemented but the direct sum of K /R and R/N is not strongly cofinitely
@-supplemented.
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