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ON THE ENERGY AND PSEUDO-ANGLE
OF FRENET VECTOR FIELDS IN R}

IMPO EHEPITIO TA IICEBJOKYT
BEKTOPHOTI'O 110JI51 ®PEHE B R

In this paper, we compute the energy of a Frenet vector field and the pseudo-angle between Frenet vectors
for a given non-null curve C' in semi-Euclidean space of signature (n,v). It is shown that the energy and
pseudo-angle can be expressed in terms of the curvature functions of C.

OO04uCIeHO eHeprilo BeKTOpHOro nossi OpeHe Ta ICeBIOKYT MK BekTopamu OpeHe 1ist 3alaHoi HEHYIbOBOT
kpuBoi C'y HariBeBKIIZI0BOMY MPOCTOPi curHarypu (n, v). [TokazaHo, 10 eHepris Ta IICEBIOKYT MOXYTh Oy TH
BupaxkeHi yepes dynkuii kpusuuu C.

1. Introduction. It is well known that the studies on the energy of a unit vector
field on a compact oriented m-dimensional Riemannian manifold M basically consider
the equality M = S?"*! (see [1-3]). Let C be a curve with a pair (I, ) of para-
metric unit speed in R™. Let us take an initial point @ € I and the Frenet frames
{M(a(a)),...,Vi(a(a))} and {Vi(a(s)),..., Vi(a(s))} at the points a(a) and «a(s),
respectively. In [4], we calculated the energy of a Frenet vector field and the angle
between each vector V;(«(a)) and V;(«(s)) where 1 < i < r. Further, we observed
that the energy and angle may be expressed in terms of the curvature functions of the
given curve C'. In this paper, we consider the Frenet frame at the point a(a) for a given
non-null curve C' in semi-Euclidean space

R} = <R", fidxi + i d:ci>.
i=1

i=v+1

Note that the Frenet vectors may not be the same type here, i.c., both of the spacelike
and timelike vectors are contained in the collection of Frenet vectors. It is \gvell known
i
d
]
is called the pseudo-angle between timelike vectors V;(«(a)) and V;(«(s)). Recall that

that the angle between timelike vectors is not defined. In [5], the integral

du
arbitrary vectors V;(a(a)) and Vi(a(s))awill be called pseudo-angle.

Definition 1.1 [6]. Let a: I C R — R} be a regular curve in R}. Then o is
called spacelike (timelike, null) if for all t € I the velocity vector o' (t) is spacelike
(timelike, null). If (¢/(t), o/ (t)) = 1 or —1, then « is called a unit speed curve where
(,) denotes the scalar product of R}

Definition 1.2. Let « be a regular curve in R} and p = {d/(t),a”(t),...,a" ()}
be a linear independent and non-null system. Further, let «™(t) € Spy for all a™(t)
where m > r > 2. Then the orthonormal system {Vi(t),Va(t),...,V.(t)} obtained
from 1 is called r-Frenet frame at the point a(t).

In this paper, curve means that {o/, a’, ..., a"} is a set of derivatives of « such that
ot is non-null for 1 <1 < r.

Lemma 1.1 [8]. For a curve «in R}, r-Frenet frame exists if and only if the space
Sp{d/(t),...,a"(t)} is non-degenerated for k = 1,...,r.

the angle between spacelike vectors is / du [4]. In this work, the angle between
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Definition 1.3. Let o be a regular curve in RY and {V1(t), Va(t),...,Vi(t)} be
the Frenet frame at the point o(t). If €;(t) = (Vi(¢t), Vi(t)) = 1 or —1, then the function
k;: I — R defined by

ki(t) = eit)ein (VI (1), Vi (1), 1<i<r—1, (M

is called curvature function on «. Moreover, the real number k;(t) is called the ith
curvature on « at the point a(t).

Theorem 1.1 [8]. Let « be a unit speed curve in R} and k;(t) be the i th curvature.
If {(Vi(t), Va(t),...,V.(t)} is the Frenet frame at the point a(t), then the following
equalities hold:

Vi(t) = e1(t)k1(t)Va(t), 2
Vi(t) = —ei®kio1(t)Vi1 (t) + ei(Wki()Vipa (), 1 <i<rm, 3)
Vi(t) = —er(O)kr—1 () Vi1 (t). 4)

Definition 1.4. The energy of a differentiable map f: (M, (,)) — (N, h) between
Riemannian manifolds is given by

&) =3 [ Y h(atea).drten)e, )

M a=1

where v is the canonical volume form in M and {e,} is a local basis of the tangent
space (see for example [1, 3]).

The energy of a unit vector field X is defined to be the energy of the section
X: M — T'M, where T' M is the unit tangent bundle equipped with the restriction
of the Sasaki metric on T'M. Now let 7: T*M — M be the bundle projection, and
let T(T*M) = V @ H denote the vertical/horizontal splitting induced by the Levi-
Civita connection. Further, let us write TM = F®G where F denotes the line bundle
generated by X, and G is the orthogonal complement [3].

Proposition 1.1 [9]. The connection map K : T(T*M) — T*M verifies the fol-
lowing conditions:

1) moK = modrm and oK = mwox, where w: T(T*M) — T'M is the tangent
bundle projection;
2) for w € TyM and a section £: M — T'M, we have

K(d§(w)) = V.,

where V is the Levi-Civita covariant derivative.
Definition 1.5 [9]. For n1,m2 € Te(T' M) define

gs(m,n2) = (dm(m),dmr(n2)) + (K(m), K(n2)). (6)

This gives a Riemannian metric on T M. Recall that gs is called the Sasaki metric. The
metric gs makes the projection w: T*M — M a Riemannian submersion.
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2. The energy and pseudo-angle of a Frenet vector field in R]}.
Definition 2.1. Let C be a non-null curve where with a pair (I, ) of parametric
unit speeds in a space R at a initial point a € I. Further, let

{Vi(a(a)),...,Vi(ala))} and {Vi(a(s))...,Vi.(a(s))}

%

du

du

S
be the Frenet frames at the points a(a) and a(s), respectively. The integral /
a

is called the pseudo-angle between the vectors Vi(a(a)) and V;(a(s)).
Theorem 2.1. Let C be a spacelike curve. Then we have the following conditions.
(i) Ifthe energy of V; is E(Vi(s)), i.e., let the function E(V;) be defined as

EV): I-R, 1<i<r.

Then the following relations are valid:

S

EVi)(s) = %/ezkf(a(u))du + %(s _a),

E(Vi)(s) = %/(gi,lkg,lm(u)) + ek (a(u))) du + %(s —a), 2<i<r—1,

a

1

W) =5 [ ekt () dut 5(s - a).

a

(ii) If the pseudo-angle between vectors Vi(a(a)) and Vi(a(s)) is 0;(s), i.e., let the
function 0; be defined as

Gi:I—>R, 1< <.

Then the following relations are valid:

:(5) = [ m(a(w) du

0;(s) = / \/|5i,1kf_1(a(u)) + ik (a(u))|du, 2<i<r—1,

0,(s) = / Iy 1 (0r(w)) | .

Proof. Note that by Lemma 1.1, the definitions of the energy and Sasaki metric in
R} can be defined in the same manner in Riemannian manifolds.

(1) Let T'C be the tangent bundle and let {V3, V5,...,V,.} be the Frenet vector field
of the curve C. Then we have Vy: C — TC = |J,c; To)C. Let m: TC — C be the
bundle projection and T(7T'C) = V @ H be the vertical/horizontal splitting induced by
the Levi-Civita connection. Let us write TC = F @ G where F denotes the line bundle
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generated by V;. Consider the Levi-Civita connection map K : T(T'C) — TC. By using

equation (5), we obtain that the energy of V; is

E0A)(s) = 5 [ as(dVa(Vilau)),dVa(Via(u))du.

a

where du is an arc length element. From (6) we have

gs (dV1 (V1)7 dVl (Vl)) =

= (dr(Vi(V1)), dr(V1(V1))) + (K (Vi(V1)), K (Vi(V1)))-

Since V; is a section, then we obtain
d(m)od(V2) = d(roVi) = dlide) = idrc-

On the other hand, by Proposition 1.1, we may write that

K(Vi(Wy)) =Vy, Vi =V/.
Then we obtain

9s(dVi(V1),dVi(V1)) = (Vi, Vi) + (V{, V7).
Since C' is a spacelike curve, from (2) we get
95(dVi(V1),dVi(V1)) = 1 + eak?

putting (8) in (7), and this yields that

S

EWV(s)) = %/52.%:%(@(11)) du + %(s —a).

a

(7

®)

Let N;C be the ith normal bundle. Thus we have V;: C — N,C where N;C =
= User Nia@)C. Here Nio(1)C is generated by V;. Now let 7;: N;C' — C' be the ith
bundle projection and T'(IV;C) = V; ® H,; be the vertical/horizontal splitting induced by
the Levi-Civita connection. Take the Levi-Civita connection map K;: T'(N;C) — N;C.

By using equation (5), we obtain that the energy of V; is

S

EWe) = 5 [ as@ViVilau),dVi(Viau))du.

a

where 2 < ¢ < r. From (6) we have

9s(dVi(V1),dVi(V1)) =

= (dm;(Vi(V1)), dmi(Vi (V1)) + (K (Vi(V1)), K (Vi(V1))) =

= (d(m;0V;)(V1), d(mioVi) (V1)) + (VW Vi, Vi, Vi) =
= <V1’Vl> + < i/’Vi/> :

By (3) we obtain

)
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9s(dV;(V1),dV;(Vh)) =1+ Eiflk‘?,l + €i+1ki2-

Using (9), we have

W) = 5 [ (mkt s(alw)) +eaki(a(w)) du+ 5(s - a)

a
2<:<r—1.
So, (4) gives us that
95(dVe(V1),dV,(V1)) = 1+ er 1k} .
Then (9) yields that

L]

EV,)(s) = 3 /s,,_lkf_l(oz(u)) du + %(s —a).

a

This completes the proof of (i).
(i) From Definition 2.1 we have

s d{/l

Since « is spacelike, by using (2), we obtain

0.1(s) = [ 1/leak?(a(u))du = [ Ei(a(w)) du.
/v

du.

From (3) we have

0;(s) = / VIeoh? (@) + ek (a(w)| du, 2<i<r—1.

a

By (4) we find

6,(s) :/\/|sr_1k3,1(a(u))|du:/|kr_1(a(u))|du.

Theorem 2.2. Let C be a timelike curve.
(1) The energy of V; may be given by the following equalities:

E0A)(s) = 5 [ cakblau)du - 5(s - a)

a

S

E(Vi)(s) = %/ (si1k?y (o(u) +eir1ki(a(u))) du— %(s —a), 2<i<r-—1,

S

eV = 5 [ ik s(atu) du = 5(s - a).

a
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(ii) The pseudo-angle between vectors Vi(a(a)) and Vi(a(s)) are

01(s) :/|k1(a(u))| du,

0:(s) :/\/yai_lk;.{l(a(u))+5i+1k3(a(u))ydu, 2<i<r_1,

0,(s) :/|k,«,1(a(u))}du.

Proof. (i) As in the proof of Theorem 2.1, we may write that
95(dVi(V1),dVi(V1)) = (Vi, V1) + (V{, Vi) .
Since C is a timelike curve, from (2) we get

9s(dVi(V1),dVi(V1)) = —1 + egk?

and

EWi(s)) = %/82]@%((1(’[1,)) du — %(s —a).

a

By using (6) and (3) we have
95(aVi(V1),dV;(V1)) = =1 +&i1ki | + €1 ki

From (9), we obtain
S

W) =5 [ (5oak (@) + k() du— 55—

a

2<i<r—1.

Therefore, (4) and (9) gives us that

1

awxgzﬁfaAﬁqmmDM—éw—@.

a

(i1) From Definition 2.1 we have

s av,

du.

Using (2), we obtain

61(s) = |2k (a(u))|du = [ |k1(c(w))|du.
/¥

(10)
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From (3) we have

0i(s) = /\/\ei_lki{l(a(u)) G ernik2(a(w)|du, 2<i<r—1.

By (4) we obtain

0,(s) :/\/far_lkf_l(a(u))‘duz/‘kr_l(a(u)ﬂdu.
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