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ON MINIMAL NON-M S P-GROUPS®
IMPO MIHIMAJIBHI HE M S P-T'PYIIN

A finite group G is called an M S P-group if all maximal subgroups of the Sylow subgroups of G are S-
quasinormal in G. In this paper, wc give a complete classification of those groups which are not M .S P-groups
but whose proper subgroups are all M S P-groups.

Ckinuenny rpyny G Hasusarots M S P-rpymnoro, sIKIo Bci MaKCHMaJbHI MiArPYNH CHIOBCHKUX miarpyn G e
S-xBasiHopmansHEMH B G. HaBeneno noBHy kinacudikaniro rpym, ski He € M .S P-rpynamu, ane Bci ix BiacHi
nigrpynu € M S P-rpynaMu.

1. Introduction. In this paper, only finite groups are considered and our notation is
standard.

Two subgroups H and K of a group G are said to permute if HK = KH. A
subgroup H of G is called quasinormal in G if it permutes with every subgroup of G.
Kegel [9] called a subgroup H of G S-quasinormal in G if it permutes with every Sylow
subgroup of G. Srinivasan [14] studied groups in which all maximal subgroups of the
Sylow subgroups are S-quasinormal subgroups and we call such groups M .S P-groups.

The study of the structure of groups which have some kind of property has attracted
much attention in group theory and many meaningful results about this topic have been
obtained. For example, Schmidt [13] determined the structure of minimal non-nilpotent
groups, and Doerk [6] [determined the structure of minimal non-supersolvable groups.
These achievements have indeed pushed forward the developments of group theory. The
further results can consult [2, 12, 15].

In this paper, we call a group G a minimal non-M S P-group if every proper subgroup
of G is an M SP-group but G itself is not and the minimal non-M S P-groups are
classified completely.

2. Preliminary results. We collect some lemmas which will be frequently used in
the sequel.

Lemma 1 ([14], Theorem 2). If a group G is an M S P-group, then G is supersolv-
able.

Lemma 2. Let G be a minimal non-M S P-group. Then there exists a normal
Sylow p-subgroup P of G and a non-normal Sylow q-subgroup Q of G with p # q such
that |G| = p®q® and at least one of a and b is more than 1.

Proof. Since every proper subgroup of G is an M S P-group, G is supersolvable or
minimal non-supersolvable by Lemma 1. So G is solvable.

Let {Py, Ps,..., P} is a Sylow basis of G. Since G is a minimal non-) S P-group,
there exists ¢ and a maximal subgroup P* of P; such that P* is not S-quasinormal in G.

*The research of the work was partially supported by the National Natural Science Foundation of China
(No. 11071155), SGRC(GZ310) and Special Foundation from Department of Land and Resources of Shanxi
Province of China (No. 0905910).

© P. GUO, X. ZHANG, 2011
ISSN 1027-3190. Yxp. mam. xcypu., 2011, m. 63, Ne 9 1279



1280 P. GUO, X. ZHANG

If s >3, then P;P; (j=1,2,...,i—1, i+1,...,s) is a proper subgroup of G. Since
every proper subgroup of G is an M .S P-group, it follows that P* is S-quasinormal in
P;P;. Applying [3] (Lemma 2.6), P* is normal in P; P;. Therefore, P* is normal in G,
a contradiction. Hence |G| = p®¢® and at least one of a and b is more than 1.

The following fact follows from [31] (Lemma 2.6) and [16] (Theorem 6).

Lemma 3. A group G is an MSP-group if and only if G = H % {(x) where:

(1) H is a normal nilpotent Hall subgroup of G;

(ii) every generator of every Sylow subgroup of (x) induces a power automorphism
of order dividing a prime in H/®(H).

Lemma 4 ([10], 13.4.3). Let « be a power automorphism of an abelian group A.
If A is a p-group of finite exponent, then there is a positive integer | such that a® = a'
for all a in A. If « is nontrivial and has order prime to p, then « is fixed-point-free.

Lemma 5 [8]. Let {P,, P,,..., P.} is a Sylow basis of a solvable group G. Then
the following statements are equivalent:

(a) Every subgroup of P; permutes with every subgroup of P; for i # j.

(b) The nilpotent residual N of G is an abelian Hall subgroup of G and every
element of G induces a power automorphism in N.

Lemma 6 ([7], Lemma 2.9). If a p-group G of order p™*! has a unique non-cyclic
maximal subgroup, then G is isomorphic to one of the following groups:

@ Cpn x Cp = {(a,b| a?" =P =1, [a,b] = 1), where n > 2;

(D) Myn+1 = (a,b | a?" =bP =1, b~ ab = a ") where n > 2 and n > 3 if
p=2.

Lemma 7 [6]. Let G be a minimal non-supersolvable group. Then:

(1) G has only one normal Sylow p-subgroup P;

(2) P/®(P) is a minimal normal subgroup of G/®(P) and P/®(P) is non-cyclic;

(3) if p # 2, then the exponent of P is p;

(4) if P is non-abelian and p = 2, then the exponent of P is 4;

(5) if P is abelian, then the exponent of P is p.

3. Main results. In this section, we give the complete classification of minimal
non-M S P-groups.

Theorem 1. Let p and q are distinct prime divisors of the order of a group G.
Then G is a minimal non-M S P-group if and only if G is of one of the following types:

MG = (z,y|a? =y =1,y lay = x"), where 79 # 1 (modp), re =
=1(modp),q|p—1,n>2and0<r <p;

(I) G = P x Q, where P = (a,b) is an elementary abelian p-group of order p? and
Q = (y) is cyclic of order q"; define a¥ = a*, b¥ = b, p =1 (mod q) and r > 1, where
1 is the least positive primitive q-th root of unity modulo p, j =1+ k and 0 < k < q;

() G = (z,y |2 =1,y* =2,y tay =z 1);

(V) G = (z,y,z | a? =y =20 =1,y oy =2, [1,2] = 1, [y,2] = 1),
where r £ 1 (modp), r? = 1 (mod p) and n > 3;
V) G = (wy,z | a? =7 =20 =1,y lay =2, [,2] =1, 27 lyz =

=y where r #£ 1 (modp), 17 =1 (modp), n >3 andn >4 if g = 2;

(VD) G = P x Q, where Q = (y) is cyclic of order ¢" > 1, with g4 p — 1, and P is
an irreducible Q-module over the field of p elements with kernel (y?) in @Q;

(VID) G = P x Q, where P is a non-abelian special p-group of rank 2m, the order
of p modulo q being 2m, Q = (y) is cyclic of order q" > 1, y induces an automorphism
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in P such that P/®(P) is a faithful and irreducible Q-module, and y centralizes ®(P);
furthermore, |P/®(P)| = p*™ and |P'| < p™;

(VII) G = P x Q, where P = (ag, a1, ...,aq—1) is an elementary abelian p-group
of order p%, Q = (y) is cyclic of order q", q is the highest power of q dividing p — 1
and r > 1. Define a? =a;; for0<j<q—1and aé’_l = al, where i is a primitive
q-th root of unity modulo p.

Proof. 1f G is a minimal non-M S P-group, then we may assume G = P(Q) with
P <G and Q 4 G by Lemma 2, where P € Syl (G) and Q € Syl (G). Since all the
Sylow g-subgroups are conjugate in (G, we only consider the case that ) acts on P.

Assume that neither P nor @ is cyclic. For two maximal subgroups )1 and @2 of
(@ and every maximal subgroup P; of P, since PQ; and P(Q), are M SP-groups, it
follows from Lemma 3 that P; is normal in not only PQ; but also PQ5. Hence P is
normal in G. For two maximal subgroups A and B of P, we have that AQ and BQ
are M S P-groups. By Lemma 3, ) is normal in G = (A, B, ), a contradiction. Hence
either P or @ is cyclic.

Now we divide into the following four cases to discuss.

(1) Assume that P and @ are cyclic and let P = (z) and Q = (y) with |z| = p™
and |y| = ¢™. In this case, y lzy = 2" with r¢" = 1 (modp™), ¢ | p—1, 0 <
< r < p™and (p™,q"(r — 1)) = 1. Since (y?) is not S-quasinormal in G, we have
(y9) " twy? = 2™ # x. So r? # 1 (mod p™). Since (yq2> is S-quasinormal in (z)(y?),
it follows from Lemma 3 that (y) is normal in (z)(y?). So (y¢" )~ lay? = =z
Hence r?° = 1 (mod p™) and y induces a power automorphism of order ¢2 in P. Surely,
y? induces a power automorphism of order ¢ in P and every proper subgroup of (y9) is
normal in G. If 2P # 1, then by Lemma 4, (zP)(y?) # (2P) x (y?). Lemma 3 implies
that (y?) is normal in (aP)(y). Thus, (zP)(y?) = (P) x (y?), a contradiction. So G is
of type (I).

(2) Assume that G is supersolvable and P is non-cyclic with d(P) = k and @ = (y),
where d(P) is the rank of P.

We can assume that

1<4...9R<4P<...4G

is a chief series of G. By Maschke’s Theorem [10] (Theorem 8.1.2), there exists a
subgroup N of P such that P/®(P) = R/®(P) x N/®(P), where |N/®(P)| = p and
N/®(P) < G/®(P). Clearly, N <G, N £ Rand 1 < N < P < (G is a normal series
of G. Applying Schreier’s Refinement Theorem [10] (Theorem 3.1.2), P has a maximal
subgroup K such that K is normal in G and K # R. Therefore, P has at least two
maximal subgroups R and K which are normal in G.
Now we prove k = 2. If k > 3, then we can let P/®(P) = (a1) X {(az) X ...
. X {(ay), where ay,as,...,ax—1 € R, as,as,...,ar € K. Since R(y) is an M SP-
group, it follows from Lemma 3 that (r®(R))Y = r!®(R) for every r € R, where [ is
a positive integer. Thus (r®(P))? = r'®(P) for every r € R. Similarly, (k®(P))¥ =
= k™®(P) for every k € K, where m is a positive integer. It follows that a,®(P) =
= (aa®(P))? = a3*®(P) and therefore [ = m (mod p). Hence (a;®(P))Y = al®(P)
fori = 1,2,... k. It is easy to see that y induces a power automorphism in P/®(P).
By Lemma 3, G is an M S P-group. This contradiction implies k = 2.
Now we let P/®(P) = R/®(P) x K/®(P) = (a1) x (az) where a1 € R, a3 € K,
@/ = a¥ and aj = as*. If ky = ko, then G is an MSP-group by Lemma 3, a
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contradiction. Hence k; # ko. Furthermore, we have that P has only two maximal
subgroups which are normal in G. Clearly, at least one action of which y acts on
R and K is nontrivial. Without loss of generality, we may assume that y induces an
automorphism « of order ¢ in R. Since every subgroup of R{y) is an M S P-group and
by induction, it follows from Lemma 3 that every subgroup of R permutes with every
subgroup of (y). By Lemma 5, R is abelian and « is a power automorphism of order ¢ in
R. By Lemma 4, « is fixed-point-free. So we have either KN R = 1 if K(y) = K x (y)
or K{y) # K x (y). f KNR =1and K{y) = K x (y), then P is an elementary
abelian group of order p?. If K (y) # K x (y), similar arguments as above, K is abelian
and y induces a power automorphism of order ¢ in K. Thus, ®(P) = RN K < Z(P),
[R, (y?)] = 1 and [K, (y7)] = 1.

Hence (y?) < G. If |P : Z(P)| = p, then P is abelian. If |P : Z(P)| = p?,
then ®(P) = RN K = Z(P) and so P is minimal non-abelian. Clearly, all maximal
subgroups of G are only RQ“, KQ" and P(y?) where u € G. Applying Agrawal’s
Theorem in [1], G is a minimal non-PST-group. An examination of the list of minimal
non-P.ST-groups in [11] (Theorem 1) , we have that GG is only of type (I).

(3) Assume that P is cyclic and @ is non-cyclic. If () has two non-cyclic maximal
subgroups @1 and )2, then Lemma 3, PQ; = P x 1 and PQ> = P x 2. Hence
@ = @1Q2 is normal in G, a contradiction. Therefore, every maximal subgroup of @ is
cyclic or () has a unique non-cyclic maximal subgroup.

Case 1. Every maximal subgroup of @) is cyclic. It is easy to see that () is the
quaternion group Qs. Let Q@ = (a,b | a* =1,b%> = a?, b=lab=a"!) and P = (2). If
2P #£ 1, then (2P)Q = (2P) x Q by Lemma 3. On the other hand, if (z){a) = (z) x (a)
and (z)(b) = (z) x (b), then G is nilpotent, a contradiction. Therefore, there exists
a nontrivial power automorphism that a or b acts on P by conjugation. Without loss
of generality, we assume that a acts on P by conjugation is nontrivial. By Lemma 4,
(zP)(a) # (2P) x (a). This contradicts (27)Q = (zP) x Q. Thus, zP = 1. It follows that
(a?) < Cg(P) from P(a) is an M SP-group. If C(P) = P x (a?), then G/Cq(P)
is an elementary abelian group of order 4. However, G/Cq(P) S Aut(P) and Aut(P)
is cyclic, a contradiction. So there exists an element of order 4 contained in C¢(P)
and Cg(P) = (x) is a cyclic group of order 4p where x is a generator of Cg(P).

Surely, G has an element y of order 4 such that y # 2P. Now we let y~lzy = 2"
where 7 2 1 (mod 4p). Since (y2)~'zy® = 2" = x, we have r2 = 1 (mod4p). By
computations, we have G = (z,y | 2% =1, y? = 2?7, y~loy = 271). So G is of

type (III).

Case 2. Let P = (x) and @ be Lemma 6 (I) with |Q| = ¢". Namely, Q = (y, z |
y?" =29 =1, [y, 2] = 1) where n > 3. Then Q has maximal subgroups H = (y),
Ko = (y9,z) and Ky = (y9, zy®) = (zy®) withs = 1,...,¢—1, where K, is the unique
non-cyclic maximal subgroup of ). By Lemma 3, PKy = P x Kq and PH # P x H.
For an M SP-group PH of GG, we have that y induces an automorphism of order ¢ in
P. Surely, z € Z(@G). Furthermore, similar arguments in Case 1, we can prove z? = 1.
Hence G = (z,y,z | a? = y?" =29 =1, y~lay = 2", [2,2] = 1, [y, 2] = 1),
where r Z 1 (modp), 7 = 1 (modp) and n > 3. So G is of type (IV).

Case 3. Let P = (x) and @) be Lemma 6 (II) with |Q| = ¢". Namely, Q =
=(y,z |y =20=1, z7lyz =y ) wheren > 3andn > 4ifp = 2. In
the similar way as above, y induces a power automorphism of order ¢ in P and (z) <
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< Cg(P). Furthermore, we can also prove 2P = 1, y !
and 77 =1 (modp). So G is of type (V).

(4) Assume that G is minimal non-supersolvable and @) = (y) is cyclic.

Now we prove that: if Q < M < G, then ®(P) is a Sylow p-subgroup of M.

Denote M = P5(Q, where P; is a Sylow p-subgroup of M. By [P5, Q] < PNP;Q =
= Ps3, we have Ng(P3) > P3Q = M. And since Np(Ps) > Ps, it follows that P; is
normal in G. By Lemma 7 and the maximality of M, P; = ®(P) is the Sylow p-
subgroup.

Case 1. If G is also a minimal non-nilpotent group, then by [17] (Theorem 2.8),
P is non-cyclic. Applying [5] (Theorem 3), G is of either type (VI) or type (VII).

Case 2. If G is not a minimal non-nilpotent group and P is abelian, applying
[4] (Theorems 9, 10), we assume that: G = PQ, where P = (ag,a1,...,aq—1) is an
elementary abelian p-group of order p?, Q = (y) is cyclic of order ¢”, ¢/ is the highest
power of ¢ dividing p — 1 and » > f > 1. Define a? =ajy1 for 0 < j <g—1and
aj = a}, where 4 is a primitive ¢/-th root of unity modulo p.

xy = x” where r £ 1 (mod p)

For an M SP-group P(y?) of G, by Lemma 3, y? induces a power automorphism
2

of order ¢ on P. Hence a} = agq = ag. Thus i = 1 (modp) and f = 1. So G is of
type (VIID).

Case 3. Assume that G is not a minimal non-nilpotent group and P is non-abelian.
Applying [4] (Theorems 9, 10), we may assume that G = P(Q such that P = {ag,a1)
is an extraspecial group of order p* with exponent p, @ = (y) is a cyclic group of order
2" with 2/ the largest power of 2 dividing p — 1 and 7 > f > 1, and af = a; and
aj = a)w, where x € {[ag, a1]) and 4 is a primitive 27-th root of unity modulo p.

Since every subgroup of P(y?) is an M.SP-group, by induction, it follows from
Lemma 3 that y? induces a power automorphism of order dividing 2 in (ag). However
agQ =ay = alx ¢ (ap), a contradiction. So G is not of the type as above.

Conversely, it is clear that a group of type (I) is a minimal non-M S P-group.

For type (I), we easily have that P has only two maximal subgroups (a) and (b)
which are normal in G and P has a maximal subgroup H = (ab) such that HE = P.
So G is a minimal non-M .S P-group.

For type (I), it is easy to see that {y) is not S-quasinormal in GG, so G is not an
M S P-group. Since (z%P) = Z(G) is the unique subgroup of G of order 2 and G has
maximal groups of order 4p and 8, it follows that GG is a minimal non-M S P-group.

For type (IV), G is not an M SP-group since () has a maximal subgroup H =
= (y) is not S-quasinormal in G. Similar arguments in Case 2 of (3), G has maximal
subgroups PH", PK}¥, PKY and Q" where u € G, Koy = (y?,2), Ks = (2y®) with
s =1,...,4 — 1. Since (y?) is normal in G and z € Z(G), we have that all proper
subgroups of G are M S P-groups. So G is a minimal non-M .S P-group.

For type (V), in the similar way as type (IV), we have that G is a minimal non-
M S P-group easily.

For types (VI) and (VII), it follows that G is non-supersolvable from [17] (Theo-
rem 2.8). By Lemma 1, G is not an M S P-group. So G is a minimal non-M S P-group.

For type (VIII), by Lemma 1, G is not an M .S P-group. Similar arguments as above,
we have that G has maximal subgroups P(y?)* and Q" where u € G. It is easy to see
that G is a minimal non-M S P-group.
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