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APPROXIMATION FOR ABSOLUTELY CONTINUOUS
FUNCTIONS BY STANCU BETA OPERATORS *

HABJIM)KEHHS ABCOJIIOTHO HEINEPEPBHUX ®YHKIIN
BETA-OIIEPATOPAMU CTAHKY

In this paper, we obtain an exact estimate for the first-order absolute moment of Stancu Beta operators by
means of the Stirling formula and integral operations. Then we use this estimate for establishing a theorem on
approximation of absolutely continuous functions by Stancu Beta operators.

OTpUMaHO TOYHY OIHKY JUisi aOCONIOTHOTO MOMEHTY Oera-omeparopiB CTaHKy MEpIIOro MOPSJAKY i3 BHKO-
puctanHsM ¢Gopmynu CripiiHra Ta iHTerpaibHUX omepariiid. 1[0 OLiHKY BHKOPUCTAHO /IS BCTAHOBIICHHS
TEOpeMH PO HaOJIIDKEHHS a0COIIOTHO HenepepBHUX (YHKIIN Oera-oneparopamu CTaHKY.

1. Introduction and definitions. For Lebesgue integrable functions f on the interval
I = (0, 00), Stancu Beta operators L,, are defined by

1 < tnwfl
Ln(f;z) = B(WHH)/(Ht)mnﬂf(t)dt, )
0

where B(p, q) is Beta function. The operators L,, were introduced first by Stancu [1]
in 1995. Stancu [1] studied some approximation properties of these operators. Abel [2]
derived the complete asymptotic expansion for the sequence of these operators. Abel,
Gupta and others [3, 4] discussed the rates of convergence of the operators L,, for
functions of bounded variation and functions with derivatives of bounded variation. For
more related work, one can refer to [5—7]. In present paper we first give an exact
estimate for the first order absolute moment of the operators L,,, then by means of
this estimate we establish an approximation theorem of operators L,, for the absolutely
continuous functions f € ®ppg. The class of functions @ is defined as follows:

bop =4 11 £@) = £(0) = [ o(o)ir
0
¢ is bounded on every finite subinterval of [0, 00);

and f(t)=0(t") as t— o0

For a bounded function f on every finite subinterval of [0, c0), we introduce the follow-
ing metric form:
Q. (f,A) = sup [£(t) = f(=)],
te[z—A, z+A]N[0,00]

where z € [0, 00) is fixed, A > 0.
For the properties of Q.(f, \), one can refer to reference [8].
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2. The first absolute moment of Stancu Beta operators. In this section we derive
an exact estimate for the first order absolute moment of Stancu Beta operators. We need
the following lemma.

Lemma 1 ([2], Proposition 2). For Stancu Beta operators L,,, we have

x(1—|—m)_

L,(1;2) =1, L,(t;z) = x, L,((t —x)% ) = —

2
Let x € (0,00) be fixed. For r =0,1,2, ..., there holds
Ln((t = )75 2) = O(n~HFD/2), 3)
Theorem 1. For Stancu Beta operators L.,, we have

2x™* I(nz+n+1)

Ln(|t - $|; .13) = n(l + x)n$+”n! I‘(nx) . @

Proof. By direct computation and using Lemma 1, we have

Ly(t —z|;z) =

nr—1 _ nr—1
- nx n -+ 1 1 +t 7zx+n+1 + (1 + t)nx+n+1 -
0 T

2 [ (x—tyne! g —
/< dt+ L,((t —x);x) =

B(nz,n+1) 1+ ¢)netntl
0

x x

2 ner—1 tne
= dt — | ————dt
B(nm, n + 1) (1 —+ t)”x"""-‘rl (1 + t)nm+71,+1
0 0

Change of variable and integration by parts derive

T z/(1+z)

xtnajil nr—1 Ndu =
0 0

nT 1 n
(z) (@) |, "
AT AT,

n—1
- u™ (1 —u)"du, (5)

0

and

x z/(1+z)

e e o
0 0

From (5), (6) and simple computation, we obtain

2$nz
n(l+ )=+ B(nx, n+ 1)’

L, (Jt—z|;z) =
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Note that
n!T'(nx)

B )=\
(nz,n +1) Tnz+n+1)’

we obtain (4).

Theorem 1 is proved.

From Theorem 1 we derive the following inequalities, which are suitable for actual
applications.

Proposition 1. For Stancu Beta operators L,,, we have

<M>1/2 (1 1t m) < Ly(t —zf;2) < (M)l/z- ™

™ 12nx ™

Proof. By Theorem 1 and using Stirling’s formula (cf. [9, 10])

D(z+1) = V2rz(z/e)€, (122 +1)"' <0 < (122)71,

we have
nx 1/2
Lo(|t — s 2) = 2x P(nz+n+1) _ 2z(1 + ) (1 —02—0s
n(1 + )" +nn! I'(nz) ™m
where
! <0 < !
12(nz +n) +1 ! 12(nz +n)
1 1
<, <<
2ol 2 12 e+l T 2n

Set ¢(6) = 6, — 02 — 03, simple computation derives

14+x
12nx

c(0) < 0.

Thus we obtain

1/2 1/2
(2x(1+x)) e~ (Hn)/(1202) [ (14 g0 < <2x(1+a:)> _

™n ™

It follows that

1/2 1/2
22(1 1 22(1
2LV (LY ey < (2R
™ 12nz ™

Proposition 1 is proved.
Corollary 1. For Stancu Beta operators L,, and every x € (0, 00), there holds

T T 1/2
Lo(t — 2| 2) = (2(;:0 +On 3.

3. Approximation for absolutely continuous functions. In this section we study
the rate of convergence of Stancu Beta operators L,, for the functions f € ®pp. We
need following two lemmas.
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Lemma 2 ([3], Lemma 3). Let © € (0,00) be fixed, the functions K, , and R,
are defined by

t

K, .(t) =
e (t) (nz, n—l—l / 1+u"1+”+1d ®
0
< U= 1
B (1) () n:cn+1 / 1—|—umﬂ‘*‘"‘“1 ©)
t
Then for n > 2, we have
x(1+x)
Kna(y) < —n7—, 0<y<uz, (10)
W= G-y
Ry.(2)=1-K (z)<M r<z<oo (11)
n,x = n,x > (Tl — 1)(2’ — 33)2’ .

Lemma 3. Letr > 0 and m be a positive integer satisfying m > r/2, we have

oo

1 ) tnw—l (237)7

r dt — O ( —Lm+1/2]) 12

B(nz,n+ 1) / (1 + t)netntl 2m O\ ) (12)
2x

Proof. Form > r/2 and t € [2z,0)

i tr B tr =t — 2)?™m L (rt — 2mt — rx)
dt (t —ax)2m (t — a)im

<0,

which implies that is monotone decreasing for ¢ € [2x, c0). Thus

o0
. tmc 1

1 ® 22)" tnx—l
/( 2R L S—; P
2x

B(nz,n+1) z2m (14 ¢)netntl
(2z)"
< o L, ((t — )™ a:)

Equation (12) now follows from Lemma 1.
Now we state the main result of this section.
Theorem 2. Let f be a function in ®pp. If ¢(x+) and ¢(x—) exist at a fixed

point x € (0,00), write T = w7 then for n > 2 we have
_ 2z(1 4+ x) 1/2
Ln(f,ﬂC)—f(ﬂU)—T(m) <
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(vn]

34Tz (1+x)%2 3 (22)" N
< > (b, a/k 124 2200 (n-lm+D2h) (13
ol k=1 (bo, /) + T2xm x2m (n ) (13)

where m is a positive integer satisfying m > r /2, and
o(t) = ¢(z+), w<t<l,
() =<0, t=ux, 14)
o(t) — p(z—), 0<t<uz.
Proof. By direct computation we find that

La(fsa) — fa) = QOO L gy - 4,600+

+Bn,2(¢2) + Dna(¢2), 15)

Ay (2) —/(/m du)dt K a(t),

where

B o (¢x) 7(]% du)dt Ky (1),
Dy, 2 (02) 7(t¢w du)dt n(z,t),

and K, ,(¢) is defined in (8).
Integration by parts derives

Apz(¢2) —0/(/ dU)dtK L) =
_j%<mmmoz+] (1)62 (1) ]Kwﬁ%ﬂﬁ
! 0 0 4
o—z/Vi  a
- / + / Ko ()¢ (1)dt
0 w-2/vm

Note that K, (t) < 1 and ¢ (x) = 0, by monotonicity of Q2 (¢, A) it follows that

[ T T 2z vn]
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On the other hand, by inequality (10) and using change of variable ¢t = x — z/u, we
have

o Gin) bz )
(14 Qp(pp,x—1t
R e e e s
0 0
v o
1+« 1+=x
= <
L /Qw(%x/u)du & SERORT
Thus, it follows that
va
1+ 3x
[Ana(@2)] < ——7 > Qal(dr,2/k). (16)
k=1

Next we estimate | B, . (¢.)|

nmz—/ /% Y | diK () = / /% du | diRo () =
/% V- R (1 /@ R (t)dt =

2x

2x
- / (b:r (u)du : Rn,a: (21‘) + ¢x (t)Rn,a:(t)dt’ (17)
By Lemma 2

r(14+z)  (14z)
(n—1)z2 n-1

2z

On the other hand, similar to the estimate of | A, ,(¢,)|, we have

1432
/% ()t <

For estimate of |D,, ,(¢5)|, note that f(¢) = O(¢"), thus there exists a constant M such
that

[vn]
ZQ (6ar /).

7 tnx—l
Dy o(¢)| <M | t"—————dt.
Do) <M [ 1 s
2z
Using Lemma 3 we obtain
2 s
|Da(62)] = %O(n‘“mm/”)- (19)

Theorem 2 now follows from (15)-(19) combining with Proposition 1 and some simple
computations.
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Remark. 1f f is a function with derivative of bounded variation, then f € ®pp.
Thus the approximation of functions with derivatives of bounded variation is a special
case of Theorem 2. In this special case Theorem 2 is better than a result of Gupta, Abel
and Ivan in [4].
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