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ON THE MAXIMAL OPERATOR OF (C, a.)-MEANS
OF WALSH - KACZMARZ - FOURIER SERIES

PO MAKCHUMAJIbHUIA OIIEPATOP
(C, 0)-CEPE[JHIX PAIIB YOJIILIA - KAYMAZKA - ®YP’€

Simon [J. Approxim. Theory. — 2004. — 127. — P. 39 — 60] proved that the maximal operator ¢“** of
the (C, o)-means of the Walsh — Kaczmarz — Fourier series is bounded from the martingale Hardy space

Hp to the space Lp for p>1/(1+a), O<oa<1.

Recently, Géat and Goginava proved that this boundedness result does not hold if p < 1/(1 +).

However, in the endpoint case p=1/(1+0o) the maximal operator 6™ is bounded from the

martingale Hardy space H to the space weak- L

1/(1+a) 1/(1+a)

The main aim of this paper is to prove a stronger result, that is for any 0 <p <1/(1+ o) there
exists a martingale fe H » such that the maximal operator 6> f does not belong to the space Lp.

Saitmon noBiB [uB. J. Approxim. Theory. — 2004. — 127. — P. 39 — 60], mo MakcuMaJIbHUIi onepaTop

o, K,* . .
o (C, o)-cepennix psnis Yostma — Kaumazxa — Qyp’e € 06MeKeHUM 3 MAPTHHI AJILHOT'O MPOCTO-

py Xapai Hp 110 MPOCTOPY Lp g p>1/(1+a), O<a<l.

Hemopasno I'at i ['orinasa moBesu, 0 11eii pe3yJsibTaT Mpo OOMEXKEeHICTh He BUKOHYETHCH, SKIIO

p<1/(1+a). Ognak y BUnagky KinueBoi Touku p = 1/(1 +0/) MakcuMaJIbHUI onepaTop c*™ ¢

0OMeZKEeHMM 3 MapPTUHTaJIbHOTO mpocTopy Xapai H, /(1+qy 1O TIPOCTOPY cy1abkoro- L, () *

T'osioBHA MeTa J1aHOI CTAaTTi — [OBECTH OiJIbII BaroMuii pe3yJsibTaT, TOOTO I0BECTH, IO /151 OY/Ab-
B o o oL K, *
skoro 0<p<1/(1l+a) icHye mapTunran fe Hp TaKMii, 110 MAaKCUMaJIbHUU onepaTop © f

He HaJIeXKUThb IPOCTOPY Lp .

1. Introduction. In 1948 Sneider [1] introduced the Walsh — Kaczmarz system and
showed that the inequality

K
lim sup D"—(x)
nsee logn
holds a.e. In 1974 Schipp [2] and Young [3] proved that the Walsh — Kaczmarz system
is a convergence system. Skvortsov in 1981 [4] showed that the Fejér means with
respect to the Walsh — Kaczmarz system converge uniformly to f for any continuous
functions f. Gat [5] proved, for any integrable functions, that the Fejér means with
respect to the Walsh — Kaczmarz system converge almost everywhere to the function

>C>0

and Gét proved that "(SK* f "1 <C || f || 0 Gat’s result was extended to the Hardy
1

space by Simon [6], who proved that ¢** is of type (H,,L,) for p>1/2. Weisz

[7] showed that in endpoint case p = 1/2 the maximal operator is of weak type
(Hyjp,Lyy) -
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In paper [8] Simon proved the (H ,, L,)-boundedness of the maximal operator of

(C,a)-means of Walsh — Kaczmarz — Fourier series, where 0 < oo <1 and 1/(1 +
+o)<p<l

In the paper [9] Gat and Goginava proved that in theorem of Simon the assumption
p>1/(1 + a) is essential, namely, this boundedness result does not hold if p <
<1/(1+ o). However, in the endpoint case p = 1/(1 + o) the maximal operator

o, K, *

o is bounded from the martingale Hardy space H,;,,, to the space weak-

Ll/(1+0c) :
The main aim of this paper is to prove a stronger result, forany 0 <p < 1/(1 + o)
there exists a martingale f e H » such that
forss], =+
p

2. Dyadic Hardy space and (C, o.)-means. Now, we give a brief introduction to
the theory of dyadic analysis [10]. Let denote by Z, the discrete cyclic group of order
2, the group operation is the modulo 2 addition and every subset is open. The
normalized Haar measure on Z, is given in the way that the measure of a singleton is

1/2. Let G := ><l°:=0 Z,, G be called the Walsh group. The elements of G are

sequences x = (xg, X,..., X;,...) with x;€ {0,1}, ke N.
The group operation on G is the coordinate-wise addition (denoted by +), the

normalized Haar measure (denoted by ) and the topology are the product measure
and topology. Dyadic intervals are defined by

I6(x):=G, L(x):={y€G:y=(XpseesXy_1s Vs Ypslo--) )

for x € G, n € P. They form a base for the neighborhoods of G. Let 0= (0:i¢€
€N) e G denote the null elementof G and I, :=1,(0) for ne N.

Let L, denote the usual Lebesgue spaces on G (with the corresponding norm or
quasinorm -[ ).

The Rademacher functions are defined as
r(x):= D%, xeG, keN.

Let the Walsh — Paley functions be the product functions of the Rademacher functions.
Namely, each natural number n can be uniquely expressed as

n=Yyn2, ne{01} ieN,
i=0

where only a finite number of 7;’s different from zero. Let the order of n >0 be
denoted by |n|:=max{jeN:n;#0}. Walsh - Paley functions are wq= 1 and for

n>1

. ‘n‘_ln x
w,(x) := H(rk(x))"k = ‘n‘(x)(_l)zkzo k-
k=0

The Walsh — Kaczmarz functions are defined by k;=1 and for n=>1
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[n|-1 o1,
K0() 1= 1 () [T Gapr ) = 1 () (D20 "Wt
k=0

The set of Walsh — Kaczmarz functions and the set of Walsh — Paley functions is the
same in dyadic blocks. Namely,

.~k k+1q _ .~k k+1
i, 28 <n<2Mly = fw 2k <p< oMty

forall ke P and xy=wy.
Skvortsov (see [4]) gave a relation between the Walsh — Kaczmarz functions and
the Walsh — Paley functions by the help of the transformation t4: G — G defined by

Tu(X) 1= (X g X ggseees X5 X5 X gs X pypse-r)
for A € N. By the definition of T4, we have
Kn(x) = W(x)wn_z‘,,‘(‘c‘n‘(x)), ne N, xe G.

The Dirichlet kernels are defined by

n—1

DY =X V.
k=0

where y,=w, or k,, n€ P, D :=0. The 2"th Dirichlet kernels have a closed
form (see, e.g., [10])

0, if xel,

DY(x) = D}, (x) = D, (x) = {

2", if xel,.
If feL/(G), then the number
e = rv,
G

is said to the nth Walsh — (Kaczmarz) — Fourier coefficient.

Denote by S ,‘l" the nth partial sums of the Walsh — (Kaczmarz) — Fourier series of
a function f, namely

n—1
SY(fix) = fYkw, .
k=0

The o-algebra generated by the dyadic intervals of measure 27% will be denoted
by F, k> ke N.

Denote by f = (f("), n € N) amartingale with respectto (F,,n € N) (for details
see, €. g., [11]). The maximal function of a martingale f is defined by

£* = sup| f

neN

In case f e L;(G), the maximal function can also be given by
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j fwduw)|, xeG.

1,(x)

f”*fﬁuU(»

For 0 < p < oo the Hardy martingale space H »(G) consists of all martingales for
which

< oo,

11,

If felL/(G), then itis easy to show that the sequence (S ,f:neN) is a

2)7
martingale. If f is a martingale, that is f = (f(o),f(l),...) then the Walsh —
(Kaczmarz) — Fourier coefficients must be defined in a little bit different way:

iy = lim [ Oy @due (g=w or ).
G

The Walsh — (Kaczmarz) — Fourier coefficients of f € L;(G) are the same as the
ones of the martingale (Szn f :neN) obtained from f.

(1+0a)...(n+a)

Set A% :=
" n!

forany ne N, e R, oo #-1,-2, ... . Itis known

that AY ~n®. For n=1,2, ... and a martingale f the (C,0)-means of the Walsh —
(Kaczmarz) — Fourier series of the function f is given by

o,V f(x) = %iAg__}S}V(f;x) (y=w or K).

n—1 j=1

For a martingale f we consider the maximal operator
o™V f = sup|cPV ()| (w=w or x).
neP

The nth (C,a)-kernel of the Walsh — (Kaczmarz) — Fourier series defined by

1 & _
KyV(x) = — Y ADI)  (y=w or x).
n—1 k=1

A bounded measurable function a is a p-atom, if there exists a dyadic interval 1,
such that

a) -[1 adn =0;

b |a|_ <way™Mr;

¢) suppac L
The basic result of atomic decomposition is the following one.

Theorem A [11]. A martingale f = (f(") :neN) isin H), 0<p <1, if and
only if there exists a sequence (a;,k € N) of p-atoms and a sequence (l,,k € N)
of real numbers such that for every n e N,
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S S = £,
k=0

(1)
2 |“k |p < oo
k=0

Moreover,

- 1/p
Il - o St
k=0

where the infimum is taken over all decompositions of f of the form (1).
In the paper [8] Simon proved the following theorem.

Theorem B. Letr 0 <o <1 and 1/(1 +a)<p < 1. Then there exists a
constant C such that

N ’*
[ f"p < C”f”H,,

forall fe HP(G).
In this paper we prove that in theorem of Simon the assumption p > 1/(1 + o) is

essential. Moreover, we prove that the following is true.
Theorem 1. Letr 0 <o <1 and 0<p <1/(1+ ). Then there exists a

martingale f € H p(G) such that

3. Proof of main result. Proof. Let (m, :k e N) be an increasing sequence of

positive integers such that

Zi < oo, )

v < , 3)

=0 ™ my
2my_i/p my
220 < 2— 4)
my_y ny
Let
2
f(A)(x) 1= Z Apa,, where A = —
k,2m, <A my
and

ap(x) := 220PTIND () = D (1))
The martingale f:= (f(o),f(l),...,f(A),...) isin H,(G). Indeed, since
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"ak "w — 22n1k(l/p—l)—122mk+l — (supp ak)—llp’
S i |° it A< 2m,,
a(x) =
2 a,(x), it A>2m,

and
P =Y Ma(x) = Y S aa(x)
k:2my <A k=0

by (2) and Theorem A we conclude that f € H »(G).

Now, we investigate the Fourier coefficients.

Let je {22, ... 2™ _ 1} forsome k=0, 1,2, .... Thenitis evident that

N ' /(A\)K . 22mk(l/p—l)
)= f}g}n 0=

my

and F5(j) =0, if je{2*™,... 2" 1}, k=0,1,2, ....

163

Set g, = 224 422 forany A > s. Now, we decompose the Q.5 th Walsh —

Kaczmarz (C,o)-means as follows

1 2231
O(K
fx) = ST +
qur A‘Imk,s‘l =t qus Ji
qV/lkS
2 Aqm i S¥f(x) = I+11
qus 1] 22m .
Let j< 22" . Then (3) gives that
2ml+l k=1 A2
2 m;(1/ p=1) o
|S¥ )| < Y Y |f (v)| 22 < 2
1=0 v= 22m, l
and
2"’k 1
1] < ¢ Z A°‘ : < clo)F———
qm s k_

k>
Now, we discuss 11.

For 2%™ < j< Gy,,s We have the following:

p2mp+l_y
S¥f = Y, R, (0 + 2 FEox,(x) =
v=0 p=22"k
k=122t
=Y Y ffx,m+ 2 ey, (x) =
=0 y=p?m p=22"%
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k=122t o2m;(1/p=1) 2m (Up=1) -1

=Y Y ek Y k) =
=0

=22ml m[ mk U=22mk

=1 5 2m(1/ p=1) 2my,(1/ p-1)
2 (D021 (0) = Dy () 4 = (D () = Do ().

This gives that
] qu,x k—1 22m1(1/p—1)

z AOL—l

Gy s~
p =i

I = AOL m (D22ml+l ('x)_DZZmI (x)) +
q, . =0 1
mk"\
22mk(1/p—1) qu.s 1
> A" _j(D}((x)—Dzzmk (x)) =: I, +II,.

Au nm; . _,2m MieoS
quys_l k j=2""k

To discuss I}, we use (3) and |D2n (x)| <2". Thus, we can write

k-1 22m,(1/p—1) k=1 »2m;/p 22mk_1/p
|| < o)y, =—— 22" < (oc)z < () . (©6)
1=0 my =0 M my_y

From ¢%* f(x) =1+ I, + 11, and (5), (6) we have

my,s

2my_y/p
2|112|—|1|—|111|z|112|—cw. (7)

GZ’K f(x)
my.s

Now, we discuss II,. We can write the n th Dirichlet kernel with respect to the Walsh
— Kaczmarz system in the following form:
n—1
DY (x) = Dy () + X, ngg()w, (T (x) =

k=2l"l
= D2‘n‘ (X) + rn‘(.x)an_z‘n‘ (T‘n‘(x)) .
By the help of this, we immediately get

2m (11 p=1) 22 o
R DTN

m, o) m -2k 2”’k(x)_Dzz’”k(x)) -
1"k |J= M

Jj+2

qu,s
22m (1 p=1) 228 1
OL
= ——n <x>z LD (T, ()| =
A Mk J
qu,s_

22mk(]/p 1) A22Y . ‘
= LK%z, ()] 2
25 2m,
m, A 2 k
qu,x71

22mk(1/p -2m0. A

2s _
> (o) == ‘K“zj"(rzm (x))‘.
my, 2 k
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Thus, from (7) and (4) we have

22mk(1/p—1)—2mkocA(x

2s zmk
%% fx)| > ¢ 2 *1‘K°gw(r2 )| -e2—.
qu,s mk 2% i mk
On the set 1,
! 1 25(1+01)
o o,w — o— > s(1+o
A22.v_]K22x 2 A22.s'_ll - C2
1=0
and
22m (1 p=(1+0))5 25(1+01) 2
6% f(x)|=C -—c—.
s my my
We decompose the set G as the following disjoint union
A-1
G=1,UJJ",
=0
where A >r>1 and J':={xeG:x, ,=..=x, ,=0,x, =1}, J§ :=

:={xeG:x,_, =1}. Notice that, by the definition of T, we have TA(JtA) =I\Nl,,,.
Therefore, we can write

» 2my—1 »
f|o“’K’*f| du > z J |0°"K’*f| du >
t=1 2
G J["’k
mk_l o, K,* P mk_l o, K p
2 2 ~"|(5”f|du2 Z o,/ f‘duz
] - mk,x
s=[m; 12]+1 J;.:nk s=[m; 12]+1 122.:nk
2m, (1/ p-(1+a1)) 40, P
m—1 2"k my,

2s
= 2 c 2 _I‘Ka’.worzmk‘—c— du =
m

m
s=[m; /2]+1 2 k k
L /2] Jygk
2m (1 p-(1+)) 400 b
my—1 2P A7 2%
s
> Y J c . _I‘Kaz’w —c— | du 2
m 2 m
s=lm 241 1, \T k k
my—1 2 (U p=(1+o)y2s(i+0)  Hmy )P
> Y | |c —c=— | dn
m m
S:[mk/2]+l 12x\12x+] k k
and
my—1 2my, (17 p=(1+a1))  25(1+01) |7
Y 277k 2
Hoa,x,*ﬂ du > ¢ z J‘ du =
G s=[m, /2]+1 Iy \ my
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11.
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m=l A 2s((140) p=1)y 2y (1= p(I+a)

> c 2
s=[m, /2]+1 m]f
1-p 1
Cm 9 = 9
k P= o
>
= 2mk(1—p(l+(x)) 1
cY——, O0<p<—mo.
ml I+o

That is “GOL’K’*f “ =+oo for 0<p<1/(1+a). The proof is complete.
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