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ON GENERALIZATION OF @-COFINITELY
SUPPLEMENTED MODULES

ITPO Y3ATAJIBHEHHSA ©-KO®IHITHO
INOINIOBHEHUX MO YJIB

We study the properties of @®-cofinitely radical supplemented modules or briefly cgs®-modules. It is shown
that: a module with Summand Sum Property (SSP) is cgs® if and only if M/w Loc® M (w Loc® M is the
sum of all w-local direct summands of a module M) does not contain any maximal submodule; every cofinite
direct summand of a UC-extending cgs®-module is cgs®; for any ring R, every free R-module is cgs® if
and only if R is semiperfect.

JlocHikeHo BIACTUBOCTI (D-KODIHITHO PajMKaNbHUX MONOBHEHUX MOMYJB abo ckopoueHo cgs®-momnyiis.
IMokasaHo, O MOAY/b i3 BIACTUBICTIO cymM nofaHkiB SSP e cgs®-momynem Tomi i Tinbkum Tosmi, konmm
M/wTLoc® M (wLoc® M — cyma Beix w-TOKaTbHUX TIPAMUX JIONAHKIB MOyt M) He MiCTHTh HKOTHOTO
MaKCHMATBHOTO CyOMOMYIs; KoKHHit mpsivii momanok UC-posmmprosanoro cgs® -momyns e cgs® -momymen;
IS Gy/Tb-SKOTO KinbIls R KOXHHUE BimbHUEH R-Momyms € cgs®-Momynem Tomi i Tinbkn Tomi, o R € Harmis-
nepeKTHUM.

1. Introduction. In this note R will be an associative ring with identity and all modules
are unital left R-modules. Let M be an R-module. The notation N C M means that N
is a submodule of M. Rad M will indicate Jacobson radical of M. A submodule N of an
R-module M is called small in M (notation N < M), if N + L # M for every proper
submodule L of M. Let M be an R-module and let N and K be any submodules of
M. K is called a supplement of N in M if M = N + K and NN K < K (see [1]).
Following [1], M is called supplemented if every submodule of M has a supplement
in M. A submodule N of a module M is called cofinite in M if the factor module

% is finitely generated. A module M is called cofinitely supplemented if every cofinite
submodule of M has a supplement in M (see [2]). Clearly supplemented modules are
cofinitely supplemented. A module M is called ®-supplemented if every submodule of
M has a supplement that is a direct summand of M (see [3]). As a proper generalization
of @-supplemented modules, the notation of @-cofinitely supplemented modules was
introduced by Calisici and Pancar [4]. A module M is called ®-cofinitely supplemented
if every cofinite submodule of M has a supplement that is a direct summand of M. Also,
finitely generated ®-cofinitely supplemented modules are ®-supplemented.

In [5] (Theorem 10.14), another generalization of supplement submodule was called
as radical supplement or briefly Rad-supplement (according to [6], generalized supp-
lement). For a module M and a submodule N of M, a submodule K of M is called
a Rad-supplement of N in M if N+ K = M and N N K C Rad K. An R-module
M s called radical supplemented or briefly Rad-supplemented if every submodule of
M has a Rad-supplement in M (in [6], generalized supplemented or GS-module). Since
the Jacobson radical of a module is sum of all small submodules, every supplement is
a Rad-supplement. Therefore every supplemented module is Rad-supplemented. In [7],
M is called cofinitely radical supplemented or briefly cofinitely Rad-supplemented if
every cofinite submodule of M has a Rad-supplement in M. Clearly Rad-supplemented
modules are cofinitely Rad-supplemented.
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Let M be an R-module. M is called @-radical supplemented or briefly &-Rad-
supplemented or generalized ® -supplemented if every submodule of M has a Rad-
supplement that is a direct summand of M. Clearly ®-Rad-supplemented modules are
Rad-supplemented. A module M is called G-cofinitely radical supplemented (according
to [8], generalized @-cofinitely supplemented) if every cofinite submodule of M has
a Rad-supplement that is a direct summand of M. Instead of a ®-cofinitely radical
supplemented module, we will use a cgs®-module.

In this paper we study the properties of cgs®-modules as both a proper generalization
of @-Rad-supplemented modules and a generalization of @-cofinitely supplemented
modules. We prove that a module M with SSP is cgs® if and only if M /wLoc® M
does not contain any maximal submodule, where w Loc® M is the sum of all w-local
direct summands of M. Also we show that any direct sum of cgs®-modules is also a
cgs®-module. Using the mentioned fact we give a characterization of semiperfect rings.

2. Some properties of P-cofinitely radical supplemented modules. It is clear
that every @-cofinitely supplemented module is cgs®, but it is not generally true that
every cgs®-module is @®-cofinitely supplemented. Later we shall give an example of
such modules (see Example 2.1). Now we give an analogue of these modules.

Proposition 2.1. Let M be a cgs®-module with small radical. Then M is ©-
cofinitely supplemented.

Proof. Let U be any cofinite submodule of M. By the hypothesis, there exist
submodules V, V' of M suchthat M = U +V, UNV CRadV and M =V o V',
Since UNV C RadV C RadM <« M and V is a direct summand of M, then
UNV <V by [1] (19.3.(5)). Hence M is @-cofinitely supplemented.

Let M be an R-module. If every proper submodule of M is contained a maximal
submodule of M, M is called coatomic. Note that every coatomic module has small
radical.

Corollary 2.1. Let M be a coatomicR-module. Then M is a cgs®-module if and
only if it is ®-cofinitely supplemented.

Every cgs®-module is cofinitely Rad-supplemented but the converse is not true.
For example, a left (cofinitely) Rad-supplemented ring which is not supplemented (i.e.,
semiperfect) is cofinitely Rad-supplemented over itself, but not a cgs®-module.

Therefore we have the following implications on modules:

@®-supplemented

e N
@-cofinitely supplemented @- Rad-supplemented
N\ / N\
@-cofinitely radical supplemented  Rad-supplemented
NS

cofinitely Rad-supplemented

We begin by some general properties of cgs®-modules. To prove that any direct sum
of cgs®-modules is cgs®, we use the following standart Lemma ([7], 3.4).

Lemma 2.1. Let M be an R-module and N, U be submodules of M such that N
is cofinitely Rad-supplemented, U cofinite and N + U has a Rad -supplement A in M.
Then N N (U + A) has a Rad -supplement B in N and A+ B is a Rad-supplement of
Uin M.
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Proof. Let A be a Rad-supplement of N + U in M. Then
N ~N+U+A . MU

NN U+ A) U+A  (U+A)/U

Since U is a cofinite submodule of N, N N (U + A) is cofinite. By hypothesis, N
is cofinitely Rad-supplemented, N N (U + A) has a Rad-supplement B in N. Then
M=(N+U)+A=U+A+Bandby[1](193),UN(A+B)CAN(U+B)+
+ BN({U+A) CAN(N+U)+BN(U+ A) CRad (A + B). Therefore A+ B is
a Rad-supplement of U in M.

Theorem 2.1. For any ring R, any direct sum of cgs®-modules is a cgs®-module.

Proof. Let R be any ring and { M, };c; be any family of cgs®-modules. Let M =
= @®;crM; and N be a cofinite submodule of M. Then M = @;P:lMij + N and it
is clear that {0} is Rad-supplement of M = M;, + (&7_,M;; + N). Since M;, is a
cgs®-module, M;, N (®7_9M;, + N) has a Rad-supplement V;, in M;, such that V;, isa
direct summand of M;,. By Lemma 2.1, V;, is a Rad-supplement of @?:2Mij +Nin M.
Note that since M;, is a direct summand of M, V;, is also a direct summand of M. By
repeated use of Lemma 2.1, since the set .J is finite at the end we will obtain that /V has
a Rad-supplement V;, +V;, +...+V;_in M such that every V;,, 1 < j < n, is a direct
summand of M;,. Since every M;; is a direct summand of M, 2:21 Vi, = @74V,

is a direct summand of M. Hence M is a cgs®-module.

Recall from [7] that a module M is called w-local if it has a unique maximal
submodule. It is clear that a module is w-local if and only if its radical is maximal.

Local modules are w-local. But it is not generally true that every w-local module is
local. For example, p any prime, the Z-module Q @ Z, is w-local but it is not local. It is
trivial that w-local modules are a generalization of local modules. This fact plays a key
role in our working.

Proposition 2.2. The following statements are equivalent for a w-local module M.

(i) RadM <« M.

(i) M is finitely generated.

Proof. Suppose that M is a w-local module. Then Rad M is a maximal submodule
of M. Thus Rad M + Rm = M for every m € M \Rad M. Since Rad M < M, then
Rm = M. Hence M is finitely generated. The converse is clear.

Proposition 2.3. Let M be a w-local R-module. Then M is a cgs®-module.

Proof. 1t follows from [7] (Lemma 3.2).

Proposition 2.4. Let M be a cgs®-module. If M has a maximal submodule, then
M contains a w-local direct summand.

Proof. Let L be a maximal submodule of M. Then L is cofinite and it follows
that there exist K, K’ submodules of M such that L + K = M, LN K C RadK
and M = K @ K'. By Lemma 3.3 in [7], K is w-local. Hence K is a w-local direct
summand of M.

Let M be an R-module. w Loc® M will denote the sum of all w-local direct
summands of M.

Recall from [1] that an R-module M has Summand Sum Property (SSP) if the sum
of two direct summands of M is again a direct summand of M.

We give a characterization of cgs®-modules. Firstly we need the following lemma
which is a generalization of [2] (Lemma 2.9).
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Lemma 2.2. Let M be an R-module and N be a cofinite submodule of M. Let
{L;}?_, be the family of w-local submodules such that K is a Rad-supplement of
N+Li+...+ Ly in M. Then K + Zie[ L; is a Rad-supplement of N in M such
that I is a subset of {1,2,...,n}.

Proof. Suppose that n = 1. Consider the submodule H = (N + K)N Ly of Ly. K
is a Rad-supplement of N + Ly, sothat M = N+ Ly + K and (N+L;)NK C Rad K.
Then H is a cofinite submodule of L;. Since L is w-local, then Rad L; is a unique
maximal submodule of L;. Note that H C Rad L;. By [9] (19.3), NN (K + Ly) C
C KN(N+ L)+ H C RadK + RadL; C Rad(K + Lq). Therefore K + L is
a Rad-supplement of N. This proves the result when n = 1. Suppose that n > 2. By
induction on n, there exists a subset I’ of {2,3,...,n} such that K + ZieI’Li is a

Rad-supplement of N + L, in M. Now the case n = 1 shows that K + L1 + Zie[’ L;
is a Rad-supplement of N in M.

Theorem 2.2. Let R be any ring and M be an R-module with SSP. Then the
following statements are equivalent.

(1) M is a cgs®-module.

(i) Every maximal submodule of M has a Rad-supplement that is a direct summand
of M.
(iii) M/wLoc® M does not contain a maximal submodule.

Proof. (i) = (ii) Clear.

(ii) = (iii). Suppose that M /w Loc® M contains a maximal submodule U /w Loc® M.
Then U is a maximal submodule of M. By assumption, U has a Rad-supplement V' that
is a direct summand of M. Then V is w-local and it follows that V' C w Loc® M. Since
M =U +V and wLoc® M C U, we get M = U which is a contradiction.

(iii) = (i). Let N be any cofinite submodule of M. Then N +w Loc® M is a cofinite
submodule of M. By (iii), M = N + wLoc® M. Because M/N is finitely generated,
there exist w-local submodules L;, 1 < i < n, for some positive integer n, such that
each of them is a direct summand of M and M = N + Zj_lLZ has a Rad-supplement

{0} in M. By Lemma 2.2, E - L; is a Rad-supplement of N in M such that I’ is
7 /
a subset of {1,2,...,n}. Moreover E o L; is a direct summand of M. Thus M is a
(3 /

cgs®-module.

Example 2.1. Let R be a commutative local ring which is not a valuation ring.
Let x and y be elements of R, neither of them divides the other. By taking a suitable
quotient ring, we may assume that (z) N (y) = 0 and «I = yI = 0, where I is the
maximal ideal of R. Let F' be a free module with generators a1, a2, as. Let N be the
submodule generated by xa; —yas and M = F//N. R is local, so g R is a cgs®-module.
By Theorem 2.1, F is a cgs®-module. Suppose that M is a cgs®-module. Since F is
finitely generated, M is finitely generated and it follows that M has a small radical.
By Proposition 2.1, M is &-(cofinitely) supplemented. This is a contradiction by [10]
(Example 2.3).

This example shows that the factor module of a cgs®-module is not in general cgs®.

Let R be a ring and M be an R-module. We consider the following condition.

(D3) If K and N are direct summands of M with M = K + N, then K N N is also
a direct summand of M (see [11]).
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Proposition 2.5. Let M be a cgs®-module with (D3) . Then every cofinite direct
summand of M is a cgs®-module.

Proof. Let N be any cofinite direct summand of M. Then there exists a submodule
N’ of M such that M = N ¢ N’ and N’ is finitely generated. Let U be any cofinite
submodule of N. Note that M /U = N/U & N’ is finitely generated so that U is also
cofinite submodule of M. Since M is a cgs®-module, then there exists a direct summand
Vof M suchthat M =U +V and UNV C Rad V. Hence N =U + (N N V). Since
M has (D3), NNV is a direct summand of M. Furthermore NNV is a direct summand
of N because N is a direct summand of M. Then UN(NNV)=UNV C Rad M.
Note that U N (N N V) C Rad (N NV) by [1] (19.3). Hence N is a cgs®-module.

Corollary 2.2. Let M be a UC-extending module. If M is a cgs®-module, then
every cofinite direct summand of M is a cgs®-module.

Recall from [1] that a submodule U of an R-module M is called fully invariant if
f (U) is contained in U for every R-endomorphism f of M. Let M be an R-module
and 7 be a preradical for the category of R-modules. Then, Rad M and 7 (M) are fully
invariant submodule of M. An R-module M is called a (weak) duo module if every
(direct summand) submodule of M is fully invariant. Note that weak duo modules has
SSP (see [9)]).

Corollary 2.3. Let R be a ring and M be a weak duo R-module. Then M is a
cgs®-module if and only if every maximal submodule of M has a Rad-supplement that
is a direct summand of M.

Proposition 2.6. Let M be a cgs®-module and U be a fully invariant submodule
of M. Then M /U is a cgs®-module.

Proof. Let K/U be a cofinite submodule of M /U. Then K is a cofinite submodule
of M. Since M is a cgs®-module, then (N + U) /U is a Rad-supplement of K/U in
M/U by [6] (Proposition 2.6) and M = N & N’ for N’ is a submodule of M. By
hypothesis, U is a fully invariant submodule of M. Note that U = (U N N) @& (U N N')
by [9] (Lemma 2.1). Then M/U = (N+U)/U&® (N'+U)/U. (N+U)/U is a
Rad-supplement of K/U such that (N + U) /U is a direct summand of M/U. Hence
M/U is a cgs®-module.

Corollary 2.4. Let M be a cgs®-module. Then M/Rad M and M/7 (M) is a
cgs®-module.

Proposition 2.7. Let M be a cgs®-module and U be a fully invariant submodule
of M. If U is a cofinite direct summand of M, then U is a cgs®-module.

Proof. Let U be a cofinite submodule of M. Since U is a cofinite direct summand
of M, it follows that U @& U’ = M for U’ C M. Let V be a cofinite submodule
of U. Then U/V and U’ is finitely generated. Therefore V' is a cofinite submodule
of M. By hypothesis, V + K = M, VN K C RadK and M = K & K’ such
that K, K/ C M. Note that U = (UNK) @ (UNK') by [9] (Lemma 2.1). Then
U=V (UnK)and VN (UNK) C Rad M. Since U N K is a direct summand of
M,then VN (UNK) CRad(UNK). UN K is a Rad-supplement of V in U that is a
direct summand of U. It follows that U is a cgs®-module.

Let {L;};cr be the family of cgs®-submodules of M. C'gs® M will denote the sum
of L;s forall i € I. Thatis Cgs®M = Zie] L;. Tt is clear that w Loc® M C Cgs® M.

Proposition 2.8. Let R be a ring, M be an R-module and every cgs®-submodule
of M be a direct summand of M. Then every maximal submodule of M has a Rad-
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supplement that is a direct summand of M if and only if M /Cgs® M does not contain
a maximal submodule.

Proof. (=) Suppose that M /Cgs®M contains a maximal submodule U/Cgs® M.
Then U is a maximal submodule of M. By assumption, there exist V, V' submodules of
M suchthat U+ V =M, UNV CRadV and M =V & V'. By [7] (Lemma 3.3) V
is w-local. Then V is a cgs®-module by Proposition 2.3. It follows that V C Cgs® M.
M/Cgs®M = U/Cgs®M, so that M = U which is a contradiction.

(<) Let P be a maximal submodule of M. By assumption, P does not contain
Cgs® M. Hence there exists a cgs®-module L of M such that it is not a submodule of
P is a maximal submodule of M and L ¢ P, then M = P + L. Note that M /P =
~ L/(PNL). It follows that P N L is a maximal submodule of L. Then PN L is a
cofinite submodule of L. By assumption, there exist X, X’ submodules of M such that
L=(PNL)+X,(PNL)NX CRadX and L = X @ X'. It follows that M = P+ X
and PN X C Rad X. Moreover by hypothesis, X is a direct summand of M. Therefore
P has a Rad-supplement that is a direct summand of M.

Theorem 2.3. Let M be an R-module such that M = My & M is a direct sum of
submodules My, Ms. Then My is a cgs®-module if and only if there exists a submodule
K of My such that K is a direct summand of M, M = K + N and NN K C Rad K
Jfor every cofinite submodule N /M, of M /M.

Proof. (=) Let N/M; be any cofinite submodule of M /M;. Then N is a cofinite
submodule of M and it follows that N N M5 is a cofinite submodule of M;. By
hypothesis, there exist K, K’ submodules of Ms such that My = (N N M) + K,
(NNM3)NK C Rad K and My = K& K'. Note that M = N+ K and NNK C Rad K.
Since K is a direct summand of M, then K is a direct summand of M.

(«<=) Let U be any cofinite submodule of Ms. Then M, /U is finitely generated.
It follows that (U + M;y)/M; is a cofinite submodule of A /M;. By hypothesis, there
exists a submodule K of M such that K is a direct summand of M, M = K +U + M;
and (U + M;) N K C Rad K. It follows that Mo = U + K and U N K C Rad K.
Therefore My is a cgs®-module.

A ring R is semiperfect if R/ Rad R is semisimple and idempotents can be lifted
modulo Rad R. It is shown [4] (Theorem 2.9) that R is semiperfect if and only if g R is
@-supplemented if and only if every free R-module is @-cofinitely supplemented. Now
we generalize this fact.

Theorem 2.4. Let R be any ring. Then R is semiperfect if and only if every free
R-module is a cgs®-module.

Proof. Let F be any free R-module. Since R is semiperfect, then g R is ©-cofinitely
supplemented and it follows that rp R is a cgs®-module. By Theorem 2.1, F is a cgs®-
module. Conversely, suppose that every free R-module is cgs®. Then rR is a cgs®-
module. By Proposition 2.1, g R is (cofinitely) ©-supplemented, i.e., R is semiperfect.

Finally, we give an example of module, which is cgs® but not ®-cofinitely supp-
lemented.

Example2.2 (see [12], Theorem 4.3 and Remark 4.4). Let M be a biuniform mo-
dule and S = End (M). Suppose that P is the projective S-module with dim (P) =
= (1,0). Then P is a indecomposable w-local module. Since dim (P) = (1,0), P is
not finitely generated. Hence P is a cgs®-module but not ®-cofinitely supplemented.
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