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ON CLOSED FORM SOLUTIONS OF TRIPLE SERIES
EQUATIONS INVOLVING LAGUERRE POLYNOMIALS

PRO ROZV’QZKY ZAMKNENO} FORMY DLQ RIVNQN|

POTRIJNYX RQDIV, WO MISTQT| POLINOMY LAHERRA

We consider some triple series equations involving generalized Laguerre polynomials.  The equations
are reduced to triple integral equations of Bessel functions.  Closed form solutions for the triple integral
equations of Bessel functions are obtained and finally closed form solutions of triple series equations of
Laguerre polynomials are obtained.

Rozhlqnuto deqki rivnqnnq potrijnyx rqdiv, wo mistqt\ uzahal\neni polinomy Laherra.  Rivnqn-

nq zvedeno do potrijnyx intehral\nyx rivnqn\ funkcij Besselq.  Otrymano rozv’qzky zamkneno]

formy dlq potrijnyx intehral\nyx rivnqn\ funkcij Besselq, a takoΩ rozv’qzky zamkneno]

formy dlq rivnqn\ potrijnyx rqdiv z polinomamy Laherra.

1.  Introduction.  Srivastava [1] was the first mathematician to solve dual series
equations of Laguerre polynomials.  Later on Lowndes [2], Srivastava [3 – 6] and
Srivastava and Panda [7] generalized the dual series equations discussed by Srivastava
[1].  In recent years Singh, Rokne and Dhaliwal [8, 9] have also discussed dual series
equations of Laguerre polynomials and have obtained solutions in closed form.

Lowndes [10] and Dwivedi and Trivedi [11] solved triple series equations involving
Laguerre polynomials and obtained solutions through Fredholm integral equations of
the second kind which can be solved numerically.  Further Lowndes and Srivastava
[12] solved triple series equations of Laguerre polynomials and obtained a closed form
solution by using the Erdélyi – Kober operator of fractional integration.  In this paper
we consider the triple series equations of Laguerre polynomials given by
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with three given functions  f x1( ) ,  g x2( )   and  f x3( )   of sufficient smoothness and

three given parameters  α, β , γ > – 1.  Here  L xn
p( ) ,  p  > – 1,  x  ∈  R,  n  ≥ 0,  are

Laguerre polynomials.
The series equations (l) – (3) have a more general form than the series equations

discussed by Lowndes and Srivasava [12].  Particular cases of the series equations of
the paper are discussed in Section 6.  The aim of this paper is to find a closed form for
the series equations (l) – (3).

2.  Useful results.  We need the following results for studying of the triple series
equations (1), (2) and (3).

From the book of Bateman and Erdély ([13], Ch. 10, 10.12, (18)) we find the
following result:
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where  J p(⋅)   is the Bessel function of the first kind.

From Bateman and Erdély ([13], Ch. 10, 10.12, (21)) we find the integral
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If  λ1 > µ1 > – 1  then the integral
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is a well-known result in the theory of Bessel function of Watson ([14, p. 401],
equations (1) and (3)).

3.  Reduction of triple series equations to triple integral equations.  In this
section we shall reduce the triple series equations (1), (2) and (3) to triple integral
equations of Bessel functions.

Following Lowndes and Srivastava [12] the coefficients  An   in equations (1), (2)

and (3) can be written in terms of an unknown function  A t( ) :
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Substituting equation (7) into equations (1), (2) and (3) and interchanging the order
of summation and integrations and using equations (4) we find the following form of
the triple integral equations for  α, β , γ  > – 1:
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In Sections A and B we find two different explict integral formulae for  A x( )   for
the two following cases:

0  <  α – γ  <  1,      0  <  β – γ  <  1,      α, β,  γ  >  – 1, (11)

0  <  β – γ  <  1,      0  <  γ – α  <  1,      α, β,  γ  >  – 1. (12)

4.  Section A.  In this section we shall find the solution of the triple integral
equations (8), (9) and (10) subject to conditions (11).

We assume that

t A x J xt dt x−
∞

( ) ( ) = ( )∫ γ
γ ψ
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,      0  <  x  <  b. (13)

Using Hankel transforms and equations (10) and (13) we obtain
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Substituting the value of  A t( )   from equation (14) into equation (8) and interchanging
the order of integrations, using the integral defined by equation (6) we get
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The above equation is an Abel’s type integral equation if  γ > α – 1.  Hence the
solution of equation (15) can be written in the form
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For obtaining equation (16) we have the condition

0  <  1 – ( α – γ )  <  1. (17)

Substituting equation (14) into (9) and interchanging the order of integrations and using
the result defined by equation (6) and assuming  β > γ  we find that
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where

0  <  1 + γ – β  <  1. (19)

With equation (16) we can write equation (18) in the form
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Equation (20) is an Abel’s type integral equation if  γ  > β – 1  and the right-hand side
of equation (20) is known function of  x.  Hence the solution of equation (20) can be
written as
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and interchanging the order of integrations in integrals of equation (21) we find that
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Equation (14) together with equations (16) and (24) lead to
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From equation (25) and the integral (5) we can write equation (7) in the form
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Conditions (17) and (19) can be written as:

0  <  α – γ  <  1,      0  <  β – γ  <  1. (27)

Equation (26) represents the solution of equations (1), (2) and (3) subject to the
conditions (27).

5.  Section B.  In this section we find the solution of the triple series equations (1),
(2) and (3) when  β > α,  γ > α.

For solving the triple series equations we will solve the triple integral equations (8),
(9) and (10) when  β > α,  γ > α.  Making use of equation (8), we assume that
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where  ϕ( )x   is an unknown function to be determined.
Using Hankel transforms we get from equation (28) that

A t
t

f u u J ut du t u u J
a

( ) = ( ) ( ) + ( )
+

+ +∫
1

1
1

0

1

2

α

α
α

α
α

αϕ (( )
∞

∫ ut du
a

,      0  <  t  <  ∞. (29)

Substituting equation (29) into equation (9), interchanging the order of integrations and
using the integral (6) we find that
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The left-hand side of equation (30) is an Abel’s type integral equation with
corresponding condition  β – α < 1  and the right-hand side is a known function of  x
hence we get the solution of the above equation as
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Interchanging the order of integrations in the second integral of equation (31) and
using the result (22) we can write equation (31) in the following form:
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Substituting equation (29) into equation (10) and interchanging the order of
integrations we can find that as in equation (33) that
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Conditions (32) and (36) can be writtend in the following form:

0  <  β – α  <  1,      0  <  γ – α  <  1. (39)

Equation (38) is a solution of the triple series equations (1), (2) and (3) subject to
conditions (39).

6.  Particular cases  (((( αααα = γγγγ )))).  In this section we shall find the results for particular
cases of Section A and Section B when  α = γ.  Hence we shall obtain the results of
Lowndes and Srivastava [12].

Making use of equation
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Making use of equation (41) we can write equation (26) in the following manner:

A n f p G p f p pn

a

a

b

b

= ( ) + ( ) + ( )












−
∞

∫ ∫ ∫! 2 1
0

2 3
γ 11 2 2

22

2
+ − 





γ γe L
p

dpp
n

/ . (44)

Equation (44) is the solution the triple series equations (1), (2) and (3) when  α = γ,
β ≥ α > – 1.

If we compare this solution defined by equation (44) to ([12, p. 186], 4.11) of
Lowndes and Srivastava solution.

Both are the same if

G p f p2 2( ) = ( ) , (45)

where  f p2( )   is defined by equation (4.9) in reference [12, p. 186].  Making  m = 0  in
equation (2.8) in [12, p. 183], then the relation (45) is correct.  Without using the
derivative formula in [12, p. 183] ((2.5)) both solutions are same.  Otherwise are
different when  m  is not zero.

In Section B, assming  γ = α  in equations (33), (34) and (35) we find by making
use of equation (40) that
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l u f u3 3( ) = ( ) ,      b  <  u  <  ∞. (47)

Making use of equation (47), equations (38) can be written in the following form:
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We also find from equations (43), (45) and (46) that

l u f u2 2( ) = ( ) . (49)

Making use of equation (49) the equation (48) converge to equation (44).
Finally solutions of the triple series equations (1), (2) and (3) of Sections A and B

converge to Lowndes and Srivastava [12] with  m = 0  when  α  = γ,  β  ≥ α > – 1  and
m  is defined in the paper [12, p. 183] ((2.4)).

Making use of the derivative formula discussed in [12, p. 183] ((2.5)) to the series
equation (2) we can find the solution of the triple series equations (1), (2) and (3) in the
same form as discussed in [12] for general values of  m  when  α = γ,  β ≥ α > – 1.

7.  Conclusion.  In Sections A and B we have developed a method for finding a
closed form of solutions of triple series equations subject to the conditions (11) and
(12).  Results for particular cases  α = γ  and  β ≥ α > – 1  of Sections A and B are
given in Section 6 and they include results of Lowndes and Srivastava [12].  If we put
m = 0  in equation (2.8) of the paper [12, p. 183] then the results of this paper and those
of [12] are the same.  We have therefore obtained a simplified solution.  When  m  is
not zero the solution discussed in [13] has a more complex form and can be obtained in
this paper by using the derivative formula ([12, p. 183], (2.5)) to the series equations
(2).
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