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ON AN INTEGRAL SQUARE DEVIATION MEASURE
WITH THE GENERALIZED WEIGHT

OF THE ROSENBLATT -PARZEN PROBABILITY
DENSITY ESTIMATOR

PO MIPY IHTETPAJIBHOI'O KBAJIPATUYHOI'O
BIAXWJIEHHA 13 Y3ATAJIBHEHOIO BAI'OIO

JIJIS1 OHIHKH IIJIBHOCTI PO3MOJALTY MMOBIPHOCTEM
PO3EHBJIATTA -TIAP3EHA

The limit distribution of an integral square deviation with the weight of “delta-functions” of the Rosenblatt—
Parzen probability density estimator is defined. Also, the limit power of the goodness-of-fit test constructed
by means of this deviation is investigated.

BcTaHOBIICHO rpaHUYHUI PO3HOLT IHTETPANTBHOTO KBaAPATHYHOTIO BIAXMUICHHS 3 Barok0 THITy JAeibra-(PyHKIii
JUISL OL(HKY IMUIBHOCTI po3moiny #MoBipHOCTe#l Posenbnarra —Ilapsena. Takoxk NOCIIPKEHO rpaHHYHY I10-
TYXKHICTh KPHUTEpil0, MOOYJOBAHOIO 33 JOIOMOIOIO L[bOTO BiAXHICHHS.

It is well known that the limit distributions of some global measures of deviation of esti-
mates f,(x) of a density f(z), for example, the integral quadratic deviation constructed
by means of the so-called weight function W (z) not depending on n were studied in the
works of P. Bickel and M. Rosenblatt [1], M. Rosenblatt [2], E. Nadaraya [3], P. Hall
[4] and others.

In T. Tony Cai and Mark G. Low [5], the theory of obtaining the asymptotic behavior
of the mean square error

2
is developed, where W, (z) = a,,W (a,(z—4£p)), {a,} is a sequence of positive integers,
W (z) > 0 is a Borel-measurable function and £, is some fixed point.
1
If in (1) we take W (x) = 3 I (-1 <2z <1),and pass to the limit as a,, — oo for
fixed n, then, roughly speaking,

R(fu, [; W) = E(fallo) — f(£0)),

i.e., we come to the mean square error of the nonparametric estimate of the density
fn(x) at the point £.

If however in (1) we take a,, = 1 for all n, £, = 0 and assume that W (z) > 0 is an
arbitrary bounded function, then

R(fn, f;W) = B/ fn — f”QLg(W)v

i.e., we obtain a usual integral mean square error of the estimate f,,(«). Therefore
the value R(f,, f; W,) can be regarded as a generalization of the measure of density
estimation precision covering a mean square deviation of the estimate of the density
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fn(x) at the fixed point and an integral mean square deviation. Hence it is natural to
pose the question on the limit distribution of the value | f, — f Hiz(Wn)’ Wy(z) =
= a,W(an(x — {p)).

Let us give the corresponding result for the case where f,(z) is the nonparametric
estimate of the Rosenblatt—Parsen density distribution and a,, — co as n — oco. The
case a, — ag < oo is of no interest since it follows from the results of [1 —4].

Let X1, X5, ..., X, be independent, equally distributed random values having the
unknown density function of f(x). Assume that the sought density f(z) € Lo2(W,,)
(W, (x) is a weight function) and consider the ways of empirical approximation of this
density when measuring the error value in the metric Lo (W,,) of the following form:

- %” ZK(/\n(x - X)),
i=1

where K (z) is a function belonging to the class of functions

H= {K: K(x) >0, /K(x)zl, K(—z) = K(z),

sup  K(x) <oo, 2°K(x)€ Ll(—oo,oo)},

z€(—00,00)

and {)\,} is a sequence of numbers converging to infinity.

Denote by F the set of bounded functions on (—oo, 00) having bounded derivatives
up to second order inclusive.

In this paper we consider the problem of finding the limit distribution of the functional

Un = [ (nle) = £@)) Wa() do.

We also study the properties of the power of the goodness-of-fit test constructed by
means of the statistic U,,.
1. Limit distribution of U,,. We will need the following notation:

U(l _n/(fn( ) — Efn(x))QWn(z)dxv An(f) = EU’I(Ll)v
an(x,y) =\, [K()\,,,(x - y)) - EK()\,n(x - Xl))},
O’i(f) = 2/ (EOén(ul,Xl)()zn(’LLQ,Xl))ZWn(Ul)Wn(UQ) du1 d’LLQ,

Wn(l') = anW(an(x - Z0))3

n 2
A / (s X v (2, X)W () dar,
g(n) an(:?n’)7 j = 7"'7”’

e =0, &M=0, j>n,
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k
Yk(n) = Zii(n), Fr=0(w: X1,...,Xk),
i=1

where Fj, is the o-algebra generated by random values X;, Xo,..., Xy and Fy =
= {2,Q}.

In the sequel, for the sake of simplicity, instead of SJ(-"), n
respectively &;, n;; and Y.

Lemma 1. A stochastic sequence (Y, F;);>1 is a martingale, while a sequence
(&, F;)j>1 is a difference-martingale.

The proof follows from the representation

1
E(Yj1 | Fj)=E (Zéz | fa‘) =
=1

(n

i ) and Yj(”) we will write

=E (Z& | fj) +E(& | Fj) =Y, as,

i=1

since E(&;+1 | F;) = 0 and for all j > 1 we have E|Y;| < oco.

Furthermore, since £;41 = Yj41 — Y and E(&j41 | F;) = 0 as., (§,F;);>1 1s a
difference-martingale.

Lemma 2. Let K(x) € H, f(x) € F, W(x) be bounded and W (z) € La2(R). If
An — 00, Gy, — 00 and an /XN, — 0 as n — oo, then

(ntn) 102 (f) — 02(f) = 2£2(£o) / K2(2) d / W2 (0) do,

where Ko = K x K, f({y) # 0.
Proof. We have

o2(f) =2x2 // [)\;1 /K(t)K(An(ug —uy) —t)f (u1 — i) dt—

2
t t
_A;Q/K(tl)f (U1 — ;) t1 /K(tg)f <’UQ — )\2> dtgil X
xaZW (an(ur — £o))W (an(uz — o)) duy dus. ()
Next performing the change of variables in (2) we obtain

0.’72L(f) =TIn + 12+ In3,

I = 2\,a? // [/K(t)K(z —t)f <u1 - i) dtrx

XW(an(ul — EO))W <an (ul + )\i — KO)> duy dz,

Lo = —4a? // [/K(t)K(z —t)f (ul - i) dtx
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/Kt1 (u1—>dt1/Kt2 f(u1+;n Ai)dtgilx
xW(an(ul—Eo))W< (ul—i— —zo»
n3—2)\12//[/Kt1 <u1 ;L)dtlx
x/Ktz < )\i n)dtQ]x
W (an (1 — £0)) ( ( —e0)> duy dz.

It is easy to see that
In2§4clai/[/K z—tdtx

X (/ K(tl)dt1>2/W(an(u1 ZO))dul} dz <

< coap,

Ing < 203/\;1ai/ |:W (an(ul — fo)) X
X /W (an (u1 — /\i - €0>> dz} duy < ey.

Ui(f) = In1 + O(an) + O(1),

Therefore,

and also

Lt = 2\na / () K2)W (an(un — b)) X

xW (an (’U,l + /\i — éo)) dU1 dz + Anl + Ang,

n

= 2v [ 00 (s (- L) s a] >

XW (an(ur — £o)) W <an <u1 + )\i — £0>> duy dz <

a a
< -n 2 = il
<es )\n/t K(t)dt O()\n>,

Ao < coAna2 / / { / K(t)K (2 — 1) % ity / K(t2)K (= — tg)dtg] «
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XW (an(uy — £o)) W <an (ul + /\i — €o>) duy dz <

< cmi/ {/ﬂK(t) dt/W(an(ul —Ko))dul] < csan.

nan) 102 (f) = 2/ e (zo + ;) K2(2)W2(v) dv dz+

1 1
+A,3+0 (M) +0 (Anan) , 3)

Thus

where

Aps = 2/ 2 (zo + ;;) K2(2)W2(v) [W (v + %” z> - W(v)} dv dz,

n

and also

Al <2 [[ 7 (t0+ 2 ) KREWO)

dzdv <

W( +§:z) — W (v)

<eo [ K3 ( )dz. )

The expression wy (h) = /]W(v + h) — W(v)| dv is the L;-modulus of continuity of

the function W (x). It is evidently bounded as a function of h since wy(h) < 2||W/|L,.
Moreover, wi(h) — 0 as h — 0. Therefore, by the Lebesque theorem on majorized
convergence, the integral in the right-hand part of (4) converges to zero as n — oc.

So, using this fact and (3) we obtain

(Anan)~ton(f) — o*(f).

The lemma is proved.

Theorem 1. Let K(x) € H, f(x) € F, W(x) be bounded and W (x) € L1(—

2

”%Oasn%oo then

Ana
00). If Ay, = 00, ayy, — 00, Gp/An — 0 and

UM —An(f) a
Un(f)

where d denoted convergence in distribution, and N(a,c) a random value having a

normal distribution with mean a and dispersion o?.

Proof. We have
o (USD = Ag) =/ LY 1+ HP,

H7(11) = i:gja
j=1

N(0,1),

where
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H®? = Li (/ai(w,Xj)anW(an(x —4y)) dz—

no
n =1

) / a2 (z — X;)anW (an(z — o)) dx),

I
S

o = n(f)-

We will first establish the convergence of H, 7(12) to zero in probability.
Indeed,

Var H? < clon10n2)\flE[/K2 Mz — X1)) an W (an(x — £y)) dz+
2
+/(EK()\n(:L’—Xl)))2anW(an(x—€o))dx} <

< cnnlaﬁAﬁ{EUW Al — X1)) anW (an(z — £)) da:} 2+

+U(EK(An(z —Xl)))zanW(an(x_go))dxr} _

— ]T(Ll) + ]7(12),

and also
Ana Ana
Ir(Ll) < ciodinTlo 2N 20l = e (n2" R0,
o2 n
I,(L2) <ecgnto,? — 0.
Therefore,

Var H? = 0O (M) +0 <12>
n no?

Hence H, ,(LZ) 5 0asn — oo (here and in the sequel the letter p above the arrow denote
convergence in probability).

To prove the assertion of Theorem 1 we need to show that H,(ll) 4N (0,1). To this
end, we use Theorem 4 from [6, p. 580] which contains the conditions of the central limit
theorem for sequences that form a difference-martingale. Let us show that our sequence

n
{&, Fi} satisfies these conditions. Note that ijl E§J2» = 1 since, as can be easily

verified, EEF = 2(j — 1) [n(n —1)] - Asymptotic normality takes place if for every
€€ (0,1 and n — oo

ZE[&%IU&\ >¢€) ‘fkq} 50
k=1
(the Lindeberg condition) and
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n

V2= "E(&|Fir) 1,
k=1

i.e., then

HY =3 g -5 N0, 1).
k=1

In the first place we verify that

szZE({% | Fi—1) 21 as no oo
k=1

Taking the definition of ¢; into account, we represent V,2 in the form

V2 :ZE(@? | X1, X)) =
j=2

n j=1 2 7
:ZE <Znij> ’Xl,...,le =

i<l

Let us show that V;,; L. 1 and Vo L 0asn — oo
Denote

P (2, y) = EK (An(z — X1)) K (An(y — X1)) —

~BK (A\u(z — X1)) BK (Aly — X1)).

=M, // [an(x,Xi)ozn(y,Xi)én(x,y)Wn(x)Wn(y)] dx dy,

7= [ [ B W) Wa (o) do dy

<
|
—

Z;

I
—~
™

.

Further, the definition of 7;; implies that

2 Xla-"7Xj1> —‘rQZE <’I7ij’l’]gj Xl,...7Xj1> =

)
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n

4 =
an = W E(Z// an(x7Xi)an(yaXi)an(anj)an(yvxj)x
n j=2 i=1

XWTL(m)WTL(y) dx dy ’ le s 7Xj—1> =

4 n j—1
= ooy 20 [ [anln Xy Xo) Ba . X5 ) X)W ()W ) sy
noj=2 =1
and since

Ean(z, Xi)on(y, Xi) = /\i (E (K (An(z — X1)) K (An(y — X1))) —

—EK(&Jx—Xﬂ)EK(MJy—Xﬂ»

we have
402
V= n20”2 ZZ// o (2, X;) o (y, X3) O (z, ) Wi () W (v) dz dy.
n =2 i=1
Therefore,

. 2
1628 n A
VarVoy = E(Voy — EVi)* = 2 E (6 —Tn)| =
n=ao X N
n j=2i=1
n j—1 2 n—1
=D, ZE (Z(ei - an)> +2D,, Z E(Z{(Zis1 + ...+ Zy)),
j=2 i=1 i=2
where .
168
Dy ="k

n

It is obvious that

Hence
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n—1

=2

=Dn Y (j—1E(e1 —70)* + 2Dy Y EZ}(n—i) = By + Bua.
j=2

Let us estimate B,,; and B,,s.

We have
8

By <cia E(e1 —7n)%

n
2,4
nog

Ele) —7,)> /{// (= 1) EK()\n(fol))}x

X[ K Oy = 1) = EK (Auly = X1)) | x

But

KB () Wi (2) Wi () d dy} F(t)dt =

)\8
= C15 2n4 (Anl + An2 + And + An4) 3
n2o}

_/[//K (2= £)) K (rnly — 1)) B, 9)%

W (@) W (y) d dy] o

:/[//K()\n(m—t))EK()\n(y—Xl))‘I’n(gcvy)x

W () Wi () dy] Py dt,

Ay = / [//K ) EK (An(z — X1)) B, ) %

2
W ()W (y) dy] o

where

Ana :/ {/ EK (MA(z— X1)) EK (M(y — X1)) Pp(z, y) X

X W ()W (y) dx dy] f(¢)dt.

Since |®,,(z,y)| < c16A, 1, it can be easily established that

at 2
Ant S ar g )\6 , An2 < a13 /\*27
n

a2
Ans < ci3 )TZ’ Apg < c10),°

n

(6)

(M

®)
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Using (7) and (8) we obtain

a4 a2 1
E(El _En)2 < ¢ (/\6 + )\76 + /\6>

This and (6) imply

Mnan )2 a2
Bnl < co ( nQn) - 0.
n

Further, it is not difficult to see that

3208 32/\8 E o
n404 X:EZ2 n—1) u - (n—4)(i—1)E(e1 — Tn)>.

This and (9) imply that

2 2
A2qt Ana a
n“n ntn n
Bpa < c22 ot 2| 3

Therefore,
Var V1 = E(Vpy — EVpp)? — 0.

On the other hand,

n j—1

523

)

(10)

EV,, = “ ZZ / By (2, Xi)an (y, Xi)®p (2, y) Wa (2) W, (y) da dy =
4 n j—1 ,
= WZZ/ (Ean(x7X1)an(y7X1)) Wn(x)Wn(y) dLL'dy =
n j=2 =1

Therefore,
Vi 1.

Now let consider V,,5 and show that V,,o i) 0. Taking the inequality
n 2
5(S2) « (Swzre)
=1

Jj=2 j—-1

into account, we obtain

EV% =D E(i

=3 i=1 f=i+1

/ / (1, X3) Wy, X0) B (2, ) X
2
W (2) W () dt dy> _

n j—2 2
=Dnk Z//Zan(x?Xi)gi(y)q)n(xay)Wn(x)Wn(y) dedy| <
j=3 i=1
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n

< D, lz {E<//§an(vai)gi(y)‘i’n(xyy)x

j=3
2 1/22
avomoa) )]
where
1678
I%z::n4037
a’rb(xw)(i) =K (An(x - Xz)) —EK (An(x - Xl)) 5
j—1
g9i(y) = D nly, Xo).
=i+1
Since

Ea,(z, Xi)gi(y) @n(y, Xr)gr(y) =0 as i<,
(11) takes the form

~p, [g { g E( J[ e X000 ) Wl W) dy)}/] )
(12)

Next, elementary calculations show that

E J_Zj ( / / @ (7, Xi)gi(y) ®n (2, y) W (2)Wa(y) dz dy)2 -

7j—1 J—1
i Z Z n (Y1, Xe,) Qn(y2, Xy ) Pr(1,y1)Pr (22, y2) X
G=it1 Lo =it1

X Wi (21) W (22) W, (1) Wi (y2) doy dae dyy dys =

j—1

X Z Ea, (y1, Xe) @n (Y2, Xo)Pp (21, Y1) Pr (22, y2) X
l1=i+1

X W (1) W (22) W (y1) Wi (y2) dzy dao dyy dys =
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= O(j2 //// ‘Ean(xlaXl)an(anXl)Ean(yhXl)an<y2’X1)’X

><Wn(xl)Wn(xg)Wn(yl)Wn(yg) dl‘l dxg dyl dyg) .

525

(13)

Recalling the definition of @, (z,y) and performing the change of variables, we obtain

//// ‘Ean(xl,Xl)E,L(azg,Xl)Ean(yl,Xl)an(yz’Xl)‘x

X W (21)Wo (22) Wi (y1) Wi (y2) doy de dyy dyz <

T

FAEK (@1 — X1)) EK (21 — X1) + zl)} X
x [/K(wg)K(ZQ — 23— wo)f (m + E - An) dwy+

AV (s~ X0+ 20 ER 0~ X0) 39|
<[ [ Rk (- 32 ) s
B (a1 = 1)) BE (o = 1) 4 22) |
o o

+)\nEK ()\n(xl — Xl) + Zl) EK ()\n(xl — Xl) + Zg):| X

xaiW (an(xy — L)W ((xl + i—l — £0> an> X

xW (an (J:1 + ;i — éo)) W(an (3:1 + ii — €0>> dr1dz1 dzodzs <

-7 .3
< CQ4>‘n Ap s

since the integrals contained in (12) are majorised by the value a3.
Thus, by virtue of (13) and (14), from (12) it follows that

Therefore,

E (5]2 ‘ fk*l) = an + Vn2 i> 0.
j=1
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Let us now proceed to establishing the validity of the Lindeberg condition

S EB[gG1(&l 2 ) | Faa] o0 (16)

k=1

For (16) to be valid it suffices to show that

iEf;-l—)O as n — oo. (17)
j=1

Indeed,

{ZE[@ (Il = 2) | For za}s

k=1

IN

<Y 8 (e[ > )| Aic]) =57 E[g > o)

-1 ‘QZE EH(E >e) <ot —QZEg
j=1

We will prove (17). By the definitions of n;; and &, we obtain

ZEgk n4 : (M,S“+M,§2>), (18)

where

n

up =S - [

k=1

M2 = 3f:(k —1)(k — 2)/
k=1

4 4
EHan(xi,Xl)] H Wn(ﬂfz) dl‘,

1
E ] an(@ip1, X1)om(wirs, Xa)x
=0

4
xEHan(in,Xl)Wn(m)] dx, dr=dzxy...dzx,.

i=1
Let us estimate M,(Ll) and M,(f). We have

MM =

= ;(k - 1)//(/an(xuu)an(xl,v)Wn(:cl)d:cl) Fu)f(v) dudv <

< caur” [[ [64<u,v> +( [ st dt)4+
+( [ s dt)4 +([[swans@irwas dy)] ) () dudo,
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where
o(z,y) = )\i/K Az —u)) K (Ap(x —v)) Wy (z) de.

Since
sup/dsuv u) du < cora;, )\Ssup/KO n(u—v))du < cogal Ao~ L

s =24,

formula (19) implies
MY < cogn?al A3 (20)

n-'n?

and also

M? :3; —1)(k—2) ////(/oz T1,u ozn(o:l,t)Wn(xl)dx1> X

y (/an(xg,v)an(xg,t)wn(xg)da:2>2f(u)f(v)f(t) du dv dt <

<3 n (k—1)(k —2) 62 (u,t) + O(ai M)
> M )

x (82(v,t) + O(Anap)) f(u)f(v) f(t) dudvdt <
< cgon’at A2, (1)

From (18), (20) and (21) it follows that

n 2 2
A3 at anp A az A
4 n'n n\n n’\n
g E& <csn —— =ca 5 ~
Pt nos o n

Therefore,

lim ZEgk =0.

n—oo

The theorem is proved.
Theorem 2. Let K(x ) € H, f(x) € F, W( ) be bounded and W (x) € Li(—oc0

oo).[f)\n—>oo,an—>oo

n

(nan) 2071 () (U = An($) =5 N(0,1),

where
() =2%0) [ Kz [ W) dv, (ko) £0.

Proof. Follows from Lemma 2 and Theorem 1.
Theorem 3. Let K(x) € H, f(x) € F, W(x) be bounded, W(—z) = W (x),

2
a AnQ
o0,

r € R and 2°W (z) € Li(R). If \, — 00, a, — 00, .

— 0 and

Ana,® — 0, then
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(2" 010 (v - a0) % N0,

= 1(t0) [ Ky du [ Wiz)da, U =\ 0

Proof. We have

where

Adﬁ=n/EUM®—Eh@D”W@Mx=

= An / K?(u (x - ) anW (an(z — £o)) du daz—

_/ (/K(v)f <x _ ;;) dv)QanW (an(x - £)) da.

Since
/ K2(u (x - ) an W (an(z — Lo)) dude —
“ /K2 du/ <£0+ )W(v)du+0(1):
F(lo)A /K2 du/W du+0(n>+0()
and

/ </K (:g - > dv)ZanW (an(z — lo)) dz = O(1),

from these formulas and (22) we obtain

3.0 =00 [ W ae w0 () +o ()

= A A() + 0(a;2) + O]

Therefore,

(Anan)71/2071 (Ufll) - An) _ A o ! (Ur(f) — A) =

an

~o(i2) o (7))

(22)

Since the right-hand part of the latter equality tends to zero by virtue of the condition

An/a,® — 0.
The theorem is proved.

The case where in US> E fn(x) is replaced by f(x) is more natural for applications.
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Theorem 4. Let K(x), f(x) and W (z) satisfy the conditions of Theorem 3. If

)\ 2
An — 00,  Qp — 0O, dn 0, Anln 0,
An n
ﬁ 0 A"5/2 0 d _n A"9/2 0
) — 0, +/na, A, — an i — 0,

then

QA

/
(“)1 o) (U — A % N(0, 1),

Un = 5= [ (o) = F(0))* Walz) da.

n

Proof. We have

On =1 / (Efo(z) — (x))? Wa(x) d,

where

R, =2 E / (fu(z) = Efn(z)) (Efu(x) = f(2)) Wh(z) dz.

Let us estimate v/ A, /a,, E|R,|. Since

cov (fa(o)£u() = n= 2] [ K i = ) K (Ol = ) ) -

— [ K e =) fwdu [ K Oty =) s0) du},

we obtain
<2 {An E[ [ K Gl = X0) (BL0) = 1) Wala) dxr—
2 [ [ BE Ol = X0) (Bfula) = £@) Wa(a) dxr}w <

n

<2l {An [ 1w an] [ Oute =) B, - ) W0 d]}/
(23)

Further, since

Efa(x) = f(z) = O\,
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uniformly with respect to € R = (—00, 00), from (23) we obtain

An
— E|R,| < c32y/nany /\7_15/2 — 0,
a

n

A n
\/ SO, < A2 0.
. < €33 \/(Tn n —

The theorem is proved.

The conditions of Theorem 4 for \,, and a,, are fulfilled, for instance, if it is assumed
that \,, = n'/?* and a,, = n°, 1/8 < ¢ < 1/6.

2. Asymptotic power of the goodness-of-fit test based on U,,. The assertion
of Theorem 4 enables us to construct tests of an asymptotic level a for verifying the
hypothesis Hy by which f(x) = fo(x) and fo(¢y) # 0. To this end, we should calculate
U,, and discard Hj if

and also

N\ L2
Un 2 dufe) = A + (32)  caolh o4

n

where

Alfo) = folto) / K*(u) du / W (x) d,

02(f0) :2f8(€0)/Kg(z) dz/Wz(v) dv,
K() = K % I(7

€ is the quantile of the level « of the standard normal distribution ®(z).

Now we will investigate the asymptotic behavior of test (24) or, more exactly, the
behavior of the power function for n — oc.

Let us consider the question whether test (24) is consistent.

The following statement is true.

Theorem 5. Let the conditions of Theorem 4 be fulfilled. Then for n — oo

IL,(f1) = Pu,{Un > dn(a)} — 1.

Therefore the test defined in (24) is consistent against any alternative Hy : f(x) = f1(x),
fi(x) # fo(x) on the set of a positive Lebesgue measure and f1(£y) # fo(4o).
Proof. 1t is easy to see that

Hn(fl) =

A\ Y2 n
A+ (3) olfen - 5 R

n n
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2 [ (a0 = @) W) o "} _

M
_ pH{\F o) (U7~ A()) 2
A L a(fo) n_ gl
. \/; [A00) = Ao (1) + T o = A o ()R-

—zm /(fn(iﬁ) = fi(@)) Wa(2)pn(z) dxa_l(fﬁ} =

_ le{\/?” o (F) (U7~ Af) >

[o—%fl)Rn AR - A oM (A)+

n

on
Al n

207 (0) [ (10 = Fi0) vnla)Woe) o+ Y220 (o) (2] } (s)

where

Us =1 / (@) — fo(2))? Wa(x) da,
bn(@) = (1() — fol@) Wal@),  Walz) = anW (an(z — o).
R, = / (1) — fo(@))? Win(z) da

Furthermore, using the inequalities

B( [ () = 7@ (720) + ) o) < caa 2 4 can !

and
/Wi(m) dx < c3ean,

we can state that
P

[ @) = i@ @y e L0

Therefore, (25) implies

I, (f1) = Pm, {\/gal(fl) (Un = AA) 2

n

(7' (f1)Rn + op(l))}. (26)

AnGn
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[An e . .
Since /=~ o~ 1(f1)(U} — A(f1)) is distributes assimptotically normally to (0, 1)
an,
in the case of the hypothesis Hi,

Anln

and
R, — (fi(fo) — fo(fo))Z/W(u) du > 0 as n — 00,

from (26) it follows that IT,,(f1) — 1.

The theorem is proved.

Thus the power of test (24) for any fixed alternative tends to 1 as n — ooc.
Nevertheless more profound properties of the test are revealed when investigating the
question how the test reacts to “small” deviations from the verified hypothesis, i.c.,
when instead of the fixed alternative we consider the sequence of alternatives {Hy,, }
approaching with the basic hypothesis Hy as n — oo. Let us consider the sequence of
alternatives of the form [2, 3]

xz— 4,

H: fl(x) = f0($> + anp ( ) +0<an7n)a by, =10y + 0(71’7)7

n

where o, | 0, 75, | 0, the function p(z) € F and [ ¢(x)dx = 0.
Theorem 6. Let K(x), fi(x), W(x), A, and a., satisfy the conditions of Theorem 4.
If, in addition to this,
W(0) # 0, QAnYn = 0(n71/2)7

1/2,1/2

— 2 -1 2
n)‘n Ay’ Yn Oy, Y0, )‘na’n ay, 07 AnYn >07

\/ﬁan\/ Qnp /\;5/277:2 — 0, /\i’y'ian — 00,

and
ApApQy, —> 00 as N — 00,

then

YW (0) 2
Py, {U, > dp(a)} — 1— @(sa =) /g@ (x)dz)

Proof. We write U,, as a sum
Un = U’r(7,2) + Anl + AnQa

n

n / (Fu(@) — Efu(2))> Wo(z) da,

U2 —
n An

A =5 / (Bfo(z) — folx))? Wa(x) d,

Am:2£1/UM@*Eh@DUﬁM@*ﬁ@%W%@W%

where E(-) is the mathematical expectation under the hypothesis H;. Therefore, we
obtain
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1

- 5! v — M) >
an/\na (fl)[ n n ]—

A

a(fo) A »
& a(f1) ga—i_\/;U (fl)P‘n An(fl)—A(fo)]—

- 2:0_1001)147114-\/gg_l(ﬁ)z‘lnz}- 27

Tracing the proofs of Theorems 1 and 2, it is not difficult to make sure that

1
QnAn

o () [U}Ll) - EU,(Ll)] 45 N(0,1).

Let us show that

An
P Y(f1)Anz o

\/270'_1(f1)E|An2| <

<ot {A [ niwdu| [ K Oule = 0) (Bfl) - i) W0 dxr}m

Indeed,

T Vah L
and also
Eh@%ﬁﬂﬂ+m%%+o<€%)
Hence - na, \/? Vi an/an
\/ga—l(flmmm =0 ((As) ) o (M) |
Therefore,

\/2—” o (f1)Anz 0. (28)

Next, by using the condition nA,, v zai/ nynafl — 7o it is not difficult to establish that

//\—"A _ naj / Q(x—én
a, nl — /7/\710171 2 T

e 1
+0Qﬁ%ﬁ%fy+o(m”%>+0<

) Wy (x) dz + O(na;, Y/2A792)+

)\n'}/n) * O(aglagl)\gl).

From this and the Lebesgue theorem on majorized convergence it follows that

\/Za_l(fl)Anl =

ol(f1)n>\n1/2a}/2ai%a1/502< ! >W(t) dt+

1 1
—1/2y-9/2 —4_-5_—1
—|—O(nan AL )—|—O()\n Vo Gy )—|—O<an)\%>+0()\n7n>+
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-1 —1y-1 YW (0) 2
+0(ay oy, ' A — o) /cp (u) du. (29)

Finally, we can easily show that

¢xalunmﬁ%UnA%ﬂo<<¥>m>+o(tf>. (30)

Thus (27)-(30) imply

'YO(WO) 2
PHI{Un > dn(a)} — 1 <I><5a — (o) /<p (u)du)

The theorem is proved.
It is well known that the limit power of the Rosenblatt— Bickel test [1 - 3]

T, > /fo(a:)W(a:) dx/KQ(u) du + \; Y %e 00,
T, = - [ (ala) = o) W) da. G

ob =2/fg(x)W2(x) dx/Kg(u) du.

For verifying the hypothesis Hy: f(x) = fo(x) against the alternative

mnM@h@+%wcv%>wmwm £ = lo + o),

n

where \,, = n’, a,, = n~%, v, = n~? for some o, 8 and 4, for which a + 3 > 1/2,
1—2a— 3 =4/2 (for example, « = 9/35, 3 =2/7,6 =2/50ra=1/6, 3 =5/12,
0 =1/2), is equal to,

YT)=1- <I><5a — M/ﬁ(a) du),

0o

while the limit power y(U) of test (24) is equal to 1 (see (29)) for a,, = n, £ < 4.

However, for some «, 3, ¢ and ¢, for whicha+ 8> 1/2,1 —2a—+¢/2=¢/2
(for example, o = 9/35, § =2/7, e = 1/6, 6 = 17/30), the limit power of test (24),
by Theorem 6, is equal to

r-sof 8 [ m),

while the limit power v(T") of test (31) is equal to 1—®(e,, ). Therefore, choosing between
(31) and (24), we will prefer the test based on U,,. Moreover, for weight functions W (x),
for which W (0) > 0, the goodness-of-fit test of the hypothesis H, against alternatives
of form H; are asymptotically strictly unbiased since the mathematical expectation

YW (0) /@2(11) du > 0 is equal to zero if and only if ¢(z) = 0, z € (—00, 0).
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