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SOME NOTES CONCERNING RIEMANNIAN EXTENSIONS*
HESAKI 3AYBAZKEHHA 111010 PIMAHOBUX PO3HINPEHD

In this paper we investigate some properties of Riemannian extensions in the cotangent bundle using the
adapted frames.

JocJtiixKeHo JiesKi BJIACTUBOCTI PIMAHOBUX PO3LIMPEHb Y KOJOTUYHOMY PO3LIApPyBaHHI 3 BUKOPUCTAH-
HsM a/IalTOBaHUX PernepiB.

1. Introduction. Let M, be an n-dimensional differentiable manifold of class C*,

CT(M n) its cotangent bundle, and 7 the natural projection CT(M 2 = M,. A

system of local coordinates (U xi) ,i=1,...,n, in M, induces on CT(M,,) a
system of local coordinates (n_l(U); X, xt = pi), i=1,...,n, i =n+i=n+
+1,...,2n, where x' = p; 1s the cartesian coordinates of covectors p in each co-

tangent space CTX(M n), x €U with respect to the natural coframe {dxi}.
We denote by 35(M,,) (S;(CT(MH))) the modul over F(M,) (F(CT(Mn)))
of C” tensor fields of type (r,s), where F(M,) (F(CT(Mn ))) is the ring of real-

valued C” functions on M n(CT(M ,,)) . The so-called Einsteins summation conven-

tion is used.

; 0 oy L
Let X= X' Pwi and ® = ®'dx' be the local expressionsin U < M, of a vector
x

field Xe 3%(M,), and 1-form ®e 3Y(M,) respectively. Then the horizontal lift
Hy e SE(CT(M,,)) of X and the vertical lift "o € S%)(CT(M,,)) of ® are given,
respectively, by

Ay = '—+2phrhxfaa (1)
and
v d
0 = Zwi — )
; ox
with respect to the natural frame {F, a—l}, where FZ are components of a sym-
X" ox

metric (torsion-free) affine connection V on M,,.
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We now consider a tensor field £V e Sg(CT(Mn)), whose components in

nlU) are given by

—2p T8
BV o= (fvy) = | T 3)
5/ 0
with respect to the natural frame, where 8; denotes the Kronecker delta. The indices
d
I,J,K,...=1,..., 2n indicate the indices with respect to the natural frame {—i,
X

ox'

element of pseudo-Riemannian metric Ry s given by

—} This tensor field defines a pseudo-Riemannian metric in CT(M ) and the line

ds® = 2dx' 8p;,
where
Op; = dp; — p» F?i dx’.

This metric is called the Riemannian extension of the symmetric affine connection
V [1,2]. A number of results referring to the applications of the Riemannian exten-
sion are contained in [3, 4].

The complete lift of vector field X € Sé(M ») to cotangent bundle ‘Tm T
defined by

; 0 d
CX = Xl—.— aith. 4
PP Ph o C))

Using (3) and (4), we easily see that
RV(CX, CY) = —y(Vx¥ + VyX), 5)
where

YVxY + VyX) = py(X'Vy" + v'v,x").

Since the tensor field ®V e Sg(CT(M n)) is completely determined by its action on

vector fields of type €X and Y (see Proposition 4.2 of [2, p. 237]), we have an al-

ternative definition of XV : The tensor field ®V is completely determined by the
condition (5).

On the other hand, the vector fields 7 X and V@ span the module S(l)(CT(M n )) .

Hence tensor field ¥V s also determined by its action of A and o
From (1), (2) and (3) we have

RV(V(»,V e) =0, ©)
V("0 X) = Yx) = (@), )
RV(HX,H Y) =0 ®)
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forany X, Ye S})(Mn) and o, 0 € S?(Mn). Thus ®V is completely determined
by the conditions (6), (7), (8) because of the above stated reasons.

In this paper we shall develop the Riemannian extension Ry using the conditions
(6) — (8). Moreover, we find it more convenient to refer equations (6) — (8) to the
adapted frame.

2. Adapted frames. Let V be a torsion-free affine connection on M,. In

UcM,, weput
0

- oV = ax', i=1,....n
X

Xp =

Then from (1) and (2) we see that H X and Ve(" have respectively local ex-
pressions of the form

HXl' = — + al" i T, 9
(i) o zhlp h W 9
Ve - 9 (10)

ox'

We call the set {HX(i), Ve<">} = {E(i), é(;)} = {é(a)} the frame adapted to the affi-

ne connection V. The indices o, B,v,...=1, ..., 2n indicate the indices with respect
to the adapted frame.

We now from equations (1), (2) and (9), (10) see that the lifts Hyx and Yo have
respectively components

. i
HX = Xlé(l'), HX = (X), (11)

()

0
Yo = Yo &) Vo = ( l.] (12)

with respect to the adapted frame {é(u)}, where X € S})(Mn), e S?(Mn), X!

and ®; being local components of X and ®, respectively. Also from (6) — (8) we
see that

V("o Yo7) = () &) = “V5 =0,
RV(HXU» HY(j)) = "V (e, &) = vy =0,
5= = ) 5] = 8

ol i) = 55 = 755 = ) (2) - of.

Fy(Vo®, Hx0) = Rv(g(?)’ g(j))

RV(HX(i)’ Vm(j))
ie, BV has components
R R i
- \Y ii \Y% 7 0 K
Ry _ (RVch) _ ~J = . J (13)
Rvﬁ RV 8

with respect to the adapted frame {é(a)} .

ISSN 1027-3190. Ykp. mam. xypH., 2010, m. 62, N° 5



582 S. ASLANCI, S. KAZIMOVA, A. A. SALIMOV

Using (9), (10), we now consider local vector fields eg and I-forms ®* in
n(U) defined by

éB = AB ABA, 6)(x = EadeB’

Y 0
> (14)
paTij 8}

_ : - & 0
(A% ) =" _7|= [ " ] (15)
j i -pa T &

We easily see that the set {(I)O‘} is the coframe dual to the adapted frame {éﬁ}, ie.,

where

=
Il
b
=
\—E
1l
b S
<.
X
_
1l

2
~
o

|
2|

A—l

=)
>
|

~ 0O~ n B
(DaeB = A(XBAB = Sg.

Since the adapted frame {éﬁ} is nonholonomic, we put

[év’ éB] = Q% &
from which we have
Q% = (e A" — g5 Ay ") A%,
According to (9), (10), (14) and (15), the components of nonholonomic object
Q" are given by

i i _ J
Q' = -Qz = -Iy,

(16)
Q' = pa Ry

all the others being zero, where lekh being local components of the curvature tensor

R of V.
Let €V be the Levi-Civita connection determined by the Riemannian extension

Ry . Wecall €V the complete lift of the symmetric affine connection V to
°T(M,). We put

“Viep = The,.
.C c _ 1(c
From the equation “VyY - “Vy X = [X,Y] VX,Ye 30( T(M,,)) we have
c c
Tis = Thy = Q" (17)
The equation (CVX RV) (Y, Z) =0 has form
& Voyp — T5, Vep — T5"Vye = 0 (18)

with respect to the adapted frame {éﬁ}. We have from (17) and (18)
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1 1
c R ~ R ~ R ~ R
I‘% = E V%(eY VSB + eB Vyg — € VYB) + E(Q”{Ba + QaYB + QGBY) ,

o/ 0
Taking account of (9), (10), (13) and (16) we obtain

0 &,
where Q% = fV© RVM;QWS and (RVOLS) = [ J

T}, = iy = T =l = =0
‘riy = Ty, Ty = -T}, (19)

Crij = % pa(Rkjia - Ry + Rikja)~
Let Xe SB(CT(M,,)) and X = X“éa = )?ié(,') + Xfé(lf). Then the covariant de-
rivative ©VX has components
VX% = & X%+ TR,
If X=X and X="0, then using (9), (10), (11), (12) and (19) we see that cova-

riant derivatives “VZX and VYo have o respectively components

VX' 0
(VX% = | Nt (20)
— R--“—R-‘a+R--“)X’ 0
) pa( kji Jik ikj
0 0
(“v,'e%) = 21)
Vkmi 0
with respect to the adapted frame {é,}.
Taking account (4), (9) and (10), we find
X = X'e, + z(—phvixh) &) 22)
1
forany Xe 3h(M,).
Using now (19) and (22), by similar devices we can prove
vV, X! 0
(Cvyx%) = .(23)

1 .
—pViVix" + > pa(Rkjia - Rj" + Rikja) X/ -vx*

From (21) we have the following theorem.
Theorem 1. The vertical lift of covector field o € 3?(Mn) to CT(Mn) with

metric RV is parallel if and only if the given covector field ® is parallel with respect
to V.
If M, has pseudo-Riemannian metric g, then by virtue of

PaRyi“ X7 = poXI(Ryig™) =
= puX'(Riys™) = puX'[~Ripg™) =
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= paX!(~Riy'gug™) = —pugug™ViiVaX', (24)

we have from (20) and (23) the following theorem.
Theorem 2. When M, has pseudo-Riemannian metric g and the Levi-Civita
connection V of g and CT(M ») has the Riemannian extension Ry as its metric,
the horizontal and the complete lifts of a vector field X € S%)(Mn) to CT(Mn) with

the metric 8V are parallel if and only if the given vector field X is parallel with res-
pect to the Levi-Civita connection V .

3. The metric connection of ¥V . In Introduction and Section 2, we have given

to the cotangent bundle CT(M ,) the metric Ry and considered the Levi-Civita con-

nection °V of ®V. This is the unique connection which satisfies CV(R V) =0,

and has no torsion. But there exists another connection which satisfies V (RV) =0,
and has nontrivial torsion tensor. We call this connection the metric connection
of Rv.

The horizontal lift 7V of the non-torsion connection V to the cotangent bundle
€T(M,) defined by

Vv V(l) = 0, HVveHY = 0,
(25)

H

VHXVOJ = V(Vx(l)), HVHXHY = H(VXY)

forany X, Ye 3h(M,) and o,0e 3V(M,).
We now put v, = # Vi, » Where {E(a)} = {é(l-),é(;)} -adapted frame. Then ta-

ny

king account of CVOLE(B) = HFZcBé(Y) and writing o

B for the different indices,

from (25) we have

Hek _ pk Hek o _ j
Ly = Ty, iy = T

(26)
H ok Hik Htk Hk Hik Hk
Iy = "Iy = "Iy = 7T = 7y = "Iy = 0.
Let T be the torsion tensor of the horizontal lift #V . Then T is the skew-sym-
metric tensor field of type (1, 2) in CT(M ») determined by [2, p. 287]

("o, '6) = 0, T("x,%6) =0, T("xM¥) = —yR(X.Y),
. _ hoykyl O
where R is curvature tensor of V and YR(X,Y) = zi pPrRui X*Y 8_7 Thus the
X

connection 7'V has nontrivial torsion even for Levi-Civita connection V determined
by g, unless g is locally flat.
Using (6) — (8) and (25), we have

("9, v)("0. ¢) = 0.
(HVHXRV)(VG, Ve) = —Hg(V(v40), Ve) = 0,
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( Rv) 0. "2) = Vo' (02) =
(" ¥)(V0. 72) = "xVe2) - %g*(" Vo). 7] -
_ R ( ( z)) V(X8(Z) — (Vx0) Z — 8V xZ) = 0,
( vaRV)(HY, Ve) = Yo'(er) =
("5 )7, ) = xvey — (") ) -
~ Re(fy, V(Vxe)) = V(Xe(r) - e(VxY) - (Vxe)Y) = 0,
("9e,5)("y. 72) =0,
"V, 5)("r, 77) = 0

forany X,Y,Ze 35(M,) and ®,0,ee€ 3)(M,).
H
Letnow 7R bea curvature tensor field of V. The curvature tensor ' R of

H R
the metric connection V of V has components

"Ryp = a9 'Ty — 2Ty + "TE Ty - MTITH — Qg
(27)
with respect to the adapted frame.
Using (9), (10), (16), (26), (27) and computing components of the contracted curva-

ture tensor field (Ricci tensor field) " RYB =H EQYB“ , we obtain

= Ry' = Ry,
(28)
"Re, =0, "R; =0, "R =0,
where Ry; is the Ricci tensor fieldof V in M,

For the scalar curvature of CT(M ») with the metric connection Hy , we have

S peb i
R = RWPHR, = 0

(k1) = [0‘ 51}]_

5f 0

by means of (28) and

Thus we have the following theorem.

Theorem 3. The cotangent bundle CT(Mn) with the metric connection 7V
has vanishing scalar curvature with respect to the metric Ry .

4. Killing vector fields in (CT M,), RV) . In a manifold with a pseudo-Rieman-

nian metric g, a vector field is called a Killing vector field (or, an infinitesimal iso-
metry) if Lyg =0, where Ly is the Lie derivative.
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The condition Lxg =0 can be rewritten as

(Lxg) (Y, Z) = g(VyX, Z) + g(VzX,Y) =0 (29)

forany Y, Ze 34(M,), where V is the Levi-Civita connection of g.

We now compute the Lie derivative of the metric RY . In view of the adapted fra-
me {é(a)}, from (29) we obtain

Ry((Cv._wo6\z = Ru((Cw oo\~  ~
V(( VBXG) €(5)» e(y)) + V(( VYXG) €(o)> 6([3)) =0
or
“VgXy + V,X3 = 0, (30)
where (f(y) is an associated covector field of a vector field (5( G) is given by
~ RS o
(XY) = ( VYGXG)~
The associated covector fields of the vertical, horizontal and complete lifts to CT(M n)

with the metric ¥V, with respect to the adapted frame {E(a)} , are given respectively
by

—_—
<
<
<
S—
|

= (*Vy6"0°) = (@, 0),
(%) = (V46 "X%) = (©, X0,
(CXY) = (ngc C}?c) = (—PthXh, Xk),

because of (11), (12), (13) and (22).

Using (21) and (30) we see that the Lie derivative of Ry with respect to Vo has
components

(3D

R Co Va Co V~ Vj(Dk +Vk(,l)j 0
(Lv,, V)BY = Vg'a, + V, @ =

0

with respect to the adapted frame {é(a)}. We put o; = g; X / forany X e S})(M n)-
Then from (31) we have the following theorem.

Theorem 4. A necessary and sufficient condition for a vector field Vo in cotan-
gent bundle with metric RY tobea Killing vector field is that an associated vector
field is X' = giju)j is Killing vector field.

Also, using (20), (23) and (30), we see that Ly XRV and Lc XRV have respecti-
vely components

(L"), = [pa(R'“ja * Rip) X Vi) VijJ,

0 0
(L V) =
X gy
B —2ph(kath + VJVth) + pa(Rksja + stka) X Vka + Vij
-V X - v;x* 0
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with respect to the adapted frame {é(a)}. From these equations and (24) we have the
following theorem.

Theorem 5. The horizontal and complete lifts of vector fields in M,, to CT(M n)
with metric ®V s Killing if the given vector field X e S%)(Mn) is parallel with re-
spect to the Levi-Civita connection V of the metric g in M,,.

5. Norden structures in CT(M,,) with metric ®V. Let (M,,, ) be an al-
most complex manifold with almost complex structure ¢. A pseudo-Riemannian met-

ric ge Sg(M 2n) 1s a Norden metric with respect to structure @ if
80X, Y) = g(X, 9Y)

forany X, Ye Sé(M 2n)- Metrics of this kind have been also studied under the na-
mes: pure, anti-Hermitian and B-metrics (see, for example, [5 — 10]). If (M,,, ¢) is
an almost complex manifold with Norden metric g, we say that (M,,, ¢, g) is an

almost Norden manifold. If ¢ is integrable, we say that (M,,, ¢, g) is a Norden
manifold.
Let (M,,, @) be an almost complex manifold with almost complex structure ¢.

This structure is said to be integrable if the matrix ¢ = ((p3) is reduced to the con-
stant form in a certain holonomic natural frame in a neighborhood U, of every point
X € M5,,. In order that the almost complex structure ¢ be integrable, it is necessary

and sufficient that it is possible to introduce a torsion-free affine connection V with
respect to which the structure tensor ¢ is covariantly constant, i.e., V¢ = 0. Also,

we know that the integrability of ¢ is equivalent to the vanishing of the Nijenhuis ten-
sor Ny € S]Q(M on)- If @ isintegrable, then ¢ is a complex structure and moreover

M,, is a C-holomorphic manifold X,(C) whose transition functions are holo-
morphic mappings.

Let f bea complex tensor field on X,(C). The real model of such a tensor field
is a tensor field on M, of the same order that is independent of whether its vector or
covector arguments is subject to the action of the affinor structure ¢. Such tensor
fields are said to be pure with respect to ¢. They were studied by many authors (see,
e.g., [10 — 14]). In particular, being applied to a (0, g)-tensor field ®, the purity

means that for any Xi,..., X, € S%)(M »») the following conditions should hold:
00X, X5, ..., Xy) = o(Xy, 90Xy, ..., Xy) =...= o(X, Xa, ..., 0X,).
We define an operator
@y 3g(M2,) = Sg11(M2,)
applied to the pure tensor field ® by (see [15])
(@) (X, Y1, Ya, ..., ¥)) = (@X) (@Y}, Ys, ..., V) —
~ X(0(@Y), Yo, ..., V) + o((Ly,@)X. Y, ..., ¥,) +...
o u)(Yl,YQ, o (Lyq(p)X),

where Ly denotes the Lie differentiation with respect to Y.
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When ¢ is a complex structure on M5, and the tensor field @y vanishes, the

complex tensor field ® on X,(C) is said to be holomorphic (see [11, 15]). Thus a

holomorphic tensor field ® on X,(C) isrealized on M,, in the form of a pure
tensor field ®, such that

(@y®) (X, Yy, Vg, oo, ¥,) = 0

forany X, Y,..., Y, € 3%)(M2n). Therefore such a tensor field ® on M,, is also

called holomorphic tensor field. When ¢ is an almost complex structure on M,,,, a
tensor field @ satisfying ®,® =0 is said to be almost holomorphic.
In a Norden manifold a Norden metric g is called a holomorphic if
(Pp)(X, Y, Z) = 0

forany X,Y,Ze 3b(My,).
If (M,,, ¢, g) is a Norden manifold with holomorphic Norden metric g, we say
that (M,,, @, g) is a holomorphic Norden manifold.

In some aspects, holomorphic Norden manifolds are similar to Kidhler manifolds.
The following theorem is analogue to the next known result: An almost Hermitian ma-
nifold is Kéhler if and only if the almost complex structure is parallel with respect to
the Levi-Civita connection.

Theorem 6 [6] (For paracomplex version see [9]). For an almost complex mani-
fold with Norden metric g, the condition ®,g =0 is equivalentto V¢ =0, where

V' is the Levi-Civita connection of g.

A Kihler — Norden manifold can be defined as a triple (M,,, ¢, g) which con-
sists of a manifold M,, endowed with an almost complex structure ¢ and a pseudo-
Riemannian metric g such that V@ = 0, where V is the Levi-Civita connection of
g and the metric g is assumed to be Nordenian. Therefore, there exist a one-to-one
correspondence between Kéhler — Norden manifolds and Norden manifolds with a
holomorphic metric. Recall that in such a manifold, the Riemannian curvature tensor
is pure and holomorphic, also the curvature scalar is locally holomorphic function
(see [6, 9]).

Remark 1. We know that the integrability of the almost complex structure ¢ is
equivalent to the existing a torsion-free affine connection with respect to which the
equation V@ = 0 holds. Since the Levi-Civita connection V of g is a torsion-free
affine connection, we have: If dJ(pg =0, then ¢ is integrable. Thus, almost Norden
manifold with conditions q)(pg =0 and N(p # 0, i.e., almost holomorphic Norden

manifolds does not exist.
Remark 2. The Levi-Civita connection of Kéhler — Norden metric g coincides
with the Levi-Civita connection of twin metric G = g o ¢@ (nonuniquences of the met-

ric for the Levi-Civita connection in Kéhler — Norden manifolds).
We define the horizontal lift 7 ¢ e S{(C T(Mz,,)) by [2, p.281]

ToVo = Yo 9),
(32)
Tolx = "(gx)

forany X e S(I)(Mz,,) and o € S?(Mz,,). We see from (9), (10) and (32) that, the

horizontal lift ¢ has components of the form
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_ ¢ 0
o= (o) = | ()
0 ¢
with respect to the adapted frame {é(a)}, (ps- being local components of .
It is well known that if ¢ an almost complex structure in M,, with torsion free

connection V, then ¢ is an almost complex structure in ‘Tm 2) [2,p.283].
From (6), (7), (8) and (32), we easily verify that

RV(H(pf(, 17) = RV(}N(, H(pf)

forany X = X or Yo and ¥ = ¥y or VO, thatis, (T(M,,), Ry | H(p) is an
almost Norden manifold.
We now consider covariant derivative of the almost complex structure HF with

respect to Levi-Civita connection €V of Rv. Taking account of (19) and (33), we
find that

Ve = Vel VIR = Vgl
(34)

= %pa[(Rimka = Ry + Rkima)(p;'n - (Rijma = R + Rmija) (Pfcn]

the other being all zero, with respect to the adapted frame {E(a)} .

If a torsion free affine connection V preserving the structure @ (Vo = 0) satis-
fies the condition Vyx¥ = ¢(VxY¥) VX,Ye (M), then V is called a holo-
morphic connection [14, p. 185]. The purity of the curvature tensor field of a connecti-
on V. (Rui'®;" = Rimi’ @7 = Rij' @k = Riji"@p) is a necessary and sufficient

condition for its holomorphy [11, 14]. Therefore, from (34) we have the following
theorem.

Theorem 7. The cotangent bundle CT(M n) s a Kdhler — Norden with respect to

RV and the almost complex structure H © if the a torsion-free connection V is a

holomorphic connection with respect to the structure .
On the other hand it is well known that in a Kdhler — Norden manifold the curvature
tensor of Norden-metric is pure [6]. Therefore, when M, has Kéhler — Norden met-

ric g and the Levi-Civita connection V of g and CT(M o) has the Riemannian
extension RV asits metric, we have the following theorem.

Theorem 8. The cotangent bundle CT(M an) Of a pseudo-Riemannian manifold
M, is a Kdhler — Norden with respect to Ry and H(p, if (My,, g @) is a
Kdihler — Norden.
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