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ELEMENTS OF A NON-GAUSSIAN ANALYSIS ON SPACES
OF FUNCTIONS OF INFINITELY MANY VARIABLES

We present a review of some results of a non-Gaussian analysis under the biorthogonal approach and consider
elements of an analysis associated with the generalized Meixner measure. The main objects of our interest are
stochastic integrals, operators of stochastic differentiation, elements of a Wick calculus, and related topics.

HageneHo omisi JesikuX pe3yabTaTiB HerayCCciBChKOro aHalidy NpH 0i0pTOrOHaJbHOMY IiJXOAI Ta PO3IISTHYTO
CNIEMEHTH aHali3y, OB S3aHOTO 3 y3araJbHEHOI Mipoio MaiikcHepa. OCHOBHMMH 00’€KTaMH, L0 PO3IIs-
JIAIOThCS, € CTOXACTHYHI IHTErpajM, ONepaTopy CTOXaCTHYHOrO AM(EPCHIIOBAHHS, €JIEMEHTH BiKiBCHKOTO
YHCIICHHS Ta CIIOPITHEH] MUTaHHA.

Introduction. The development of modern mathematical branches of science, in parti-
cular, of mathematical physics and stochastic analysis, requires to construct an extensive
theory of generalized functions of infinitely many variables. One direction of this theory
that consists in the study of test and generalized function spaces as infinite tensor products
of one-dimensional spaces was triggered by Yu. M. Berezansky, Yu. G. Kondratiev,
and Yu. S. Samoilenko (see [21, 85, 86]). Afterwards, independently of one another,
Yu. G. Kondratiev [81—83] (see also [87]) and T. Hida (see [54, 55]) constructed a
detailed theory of generalized functions of infinitely many variables with special spaces
of test and generalized functions such that the pairing between elements of these spaces
is generated by integration with respect to the Gaussian measure.

On the other hand, approximately at the same time, Yu. M. Berezansky and disciples
were constructing a theory of generalized functions (see [14, 21, 92]) related to product
measures. This theory is less detailed than the “Gaussian” one, but is more general
because deals with a dual pairing generated by integration with respect to a non-Gaussian
measure.

With regard for these researches, it is natural to try to construct a theory of generalized
functions of infinitely many variables, which deals with a general, as far as possible,
dual pairing, but is similar by detalization of results to the "Gaussian” theory (for this
theory we use the term a non-Gaussian infinite-dimensional analysis). The first works
in this direction are the papers of Y. Ito and 1. Kubo [59, 60], in which some results of
the Gaussian analysis are transfered to the case where the Gaussian measure is replaced
by the Poissonian measure. The posterior development of the above-mentioned theory
ocured in different directions. For example, in 1991, Yu. M. Berezansky [15] offered
to construct orthogonal decompositions of “base” spaces (these spaces generate dual
pairings) using families of commuting self-adjoint operators. Typical examples of works
in this direction are [18, 95]. Another direction is based on the idea of Yu. G. Kondratiev
to use biorthogonal systems [30] (that consist of generalized Appell polynomials and
(generalized) functions dual to these polynomials) as orthogonal bases in spaces of test
and generalized functions. This idea was realized by Yu. G. Kondratiev and his colleagues
first for the case of so-called smooth twice analytic measures [7, 8, 90], later for more
general analytic nondegenerate measures [88, 91]. After that different researches and
generalizations were executed by many specialists; in particular, by G. F. Us [116], by
Yu. M. Berezansky and Yu. G. Kondratiev [16], by Yu. M. Berezansky [12], by the author,
see, e.g., [67-69, 74, 75], by V. A. Tesko [112], by Yu. M. Berezansky and V. A. Tesko
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[22-24], by E. Yablonsky [118] etc. Moreover, it was ascertained that insignificant
modifications of a biorthogonal approach to the construction of a non-Gaussian analysis
give a possibility to extend an area of possible applications. For example, it is possible
to use results of this approach in order to construct elements of a so-called coloured
noise analysis, see, e.g., [65, 78, 117].

Let us say several words about nonclassical examples of application of the “bi-
orthogonal analysis”. In the end of 1990-es, in the papers [84, 89], the infinite-dimensional
analog of the so-called gamma-measure was constructed and investigated. One can show
(see, e.g., [76]) that this measure satisfies all requirements of the “biorthogonal analysis”.
Moreover, the results of the “gamma analysis” that are closely related to a structure and
properties of the gamma-measure and cannot be obtained from the “’biorthogonal theory”
(for example, the construction of the extended stochastic integral on the space of square-
integrable functions), are naturally coordinated with general results of the “biorthogonal
analysis”. This example is not unique. In 2002, Yu. M. Berezansky [13] constructed and
studied an infinite-dimensional analog of the Pascal measure; in 2003, E. W. Lytvynov
[96, 97] considered infinite-dimensional analogs of so-called Meixner-type measures
(to this type belong the Gaussian, Poissonian, Pascal, Meixner measures and gamma-
measures, see [98]) and constructed elements of the corresponding analysis basingn on
the so-called Jacobi fields theory, see, e.g., [19]; in 2005, 1. V. Rodionova [108] consi-
dered a wide class of infinite-dimensional Meixner-type measures (these measures are
realized as a so-called generalized Meixner measure, which subject to parameters can be
Gaussian, Poissonian, gamma-measure etc.); her research consists in the generalization
of results presented in [97]. It is worth noting that the white noise in [108] is not a
Leévy white noise, generally speaking (not time-homogeneous). In the investigations of
[96, 97, 108], an important role belongs to the so-called extended Fock space [84, 20],
which naturally arises in the “Meixner analysis” and, in fact, is the interacting Fock space
[3, 58]. All mentioned measures satisfy all requirements of the “biorthogonal analysis”;
and specific results related to properties of these measures are naturally coordinated with
the results of the “biorthogonal analysis”. Moreover, in order to obtain these specific
results it is convenient to use a “tooling” that is developed in the “biorthogonal analysis”.

During recent years, an analysis associated with the Gamma, Pascal and Meixner
measures and the corresponding white noises (including stochastic integration theory)
became the object of investigation of many authors. In particular, in [1], Lévy processes
on the Lie algebra sl(2, R) were investigated, components of these processes are classical
Lévy processes on R corresponding to Meixner classes; in [4], the stochastic integral
was introduced and studied for a wide class of stochastic processes and it was proved
in [2] that the results of [4] can be applied in the “Meixner analysis”; in [52, 53], the
stochastic integration theory with applications was constructed for Meixner processes
and its generalizations; in [113 — 115], some properties of gamma-processes were studied;
in [5], all Meixner classes within a quantum white noise context were considered from
a general point of view.

On the other hand, many specialists study a (non-Gaussian, generally speaking)
analysis on the so-called Hida (e.g., [32, 34, 56]), Kondratiev (e.g., [7, 8, 12, 24, 67, 68,
88, 90, 91, 112]) and another similar spaces of test and generalized functions (and on the
corresponding weighted Fock spaces). Such an analysis includes a stochastic integration
theory, a Wick calculus and different applications (including a theory of normally ordered
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white noise equations or, in another terminology, of stochastic equations with Wick-type
nonlinearities). Thereupon we refer, in particular, to the papers [8, 27-29, 32, 34,
61, 62, 90, 93, 102—-106]. One of tasks in these investigations consists in the study of
properties of different operators (including stochastic integrals and stochastic derivatives)
and operations (e.g., of a Wick multiplication) subject to the particular spaces under
consideration. For example, in [32 —34], stochastic integrals with respect to a wide class
of Lévy processes on Hida spaces are studied and the corresponding Wick calculus
is developed; the constructions in these works are based on the so-called power jump
processes [101].

So, the problem of development and improvement of the biorthogonal approach to
the construction of a non-Gaussian analysis (in particular, the construction and study
of stochastic integrals and operators of stochastic differentiation, of a Wick calculus;
improvement of the “tooling” etc.), just as the problem of construction and detailed
study of nonclassical examples (in particular, of the "Meixner analysis”), are natural and
relevant.

In this paper we review some results of the “biorthogonal analysis” and of the
analysis associated with the generalized Meixner measure [108]. In particular, from a
general point of view, we consider stochastic integrals, stochastic derivatives, elements
of a Wick calculus, and related topics. Note that these objects were not considered in
details in the existing surveys [22 —24]. As for the recent survey [80], the investigation
of in that paper only stochastic integrals in a very specific context is presented there.

The present paper is organized in the following manner. In the first section, we deal
with the “biorthogonal analysis”. Namely, we introduce so-called generalized Appell-like
polynomials (these polynomials form orthogonal bases in test function spaces), construct
test function spaces and describe their properties, introduce pseudodifferential operators
on the test function spaces and consider some properties of these operators, introduce a
probability measure p that satisfies certain conditions and consider generalized function
spaces that are dual spaces of the test function spaces with respect to L?(u), derscribe
natural orthogonal bases in the generalized function spaces; consider elements of a
Wick calculus (an S-transform, a Wick multiplication, Wick versions of holomorphic
functions) on the generalized function spaces; introduce and study an analog of the
extended stochastic integral on the generalized function spaces, in particular, consider
the interconnection between the “extended stochastic integration” and the Wick calculus,
consider an example of an equation with Wick-type nonlinearities; introduce and study
operators of stochastic differentiation on the generalized function spaces.

The second section is devoted to an analysis that is associated with the generalized
Meixner measure . (more exactly, in this section, we observe results that are associated
with peculiarities of 1 and can not be obtained from the general “biorthogonal theory”,
and describe the interconnection between these results and results of the “biorthogonal
analysis”). Namely, following [108], we give a definition of the generalized Meixner
measure, consider the space L?(u) and construct a natural orthogonal basis in this
space; consider a so-called nonregular rigging of L?(y) (this rigging is the main “chain
of spaces” in the “biorthogonal analysis”), describe natural orthogonal bases in spaces
of this rigging and consider the interconnection between these bases and the bases
that are constructed in the framework of the “biorthogonal analysis”, introduce a so-
called parametrized regular rigging of L?(u) and describe natural orthogonal bases
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in spaces of this rigging, consider elements of a Wick calculus on the parametrized
generalized function spaces, introduce and study the extended stochastic integral with
respect to the so-called Meixner process on the parametrized generalized function spaces
(in particular, on the space of square integrable with respect to u functions), consider
the interconnection between the extended stochastic integration and the Wick calculus,
consider an example of an equation with Wick-type nonlinearities, introduce and study
stochastic derivatives and operators of stochastic differentiation on the parametrized
generalized function spaces.

1. On a biorthogonal approach to construction of a non-Gaussian infinite-
dimensional analysis. 1.1. Generalized Appell-like polynomials. Let R := [0, +00),
T := {r = (11,72)}, where 71 € N, 75: Ry — [1,+400) are infinite differentiable
functions; {H, }rcr are the Sobolev spaces on R of order 7, weighted by 72, i.e., the
scalar product in H, has the form

(f7g)HT:/< +Zf(k) g®)( )) 5 (u) du.

Ry
We consider the chain

D= inc/leliTmH_T/ SDH_; DH:=L*Ry,du) DH, DD :=prlimH,, (1.1)
T T'eT

where L?(R,,du) is the space of real-valued functions on R square integrable with
respect to the Lebesgue measuse, prlim and indlim denote projective and inductive
limits with the coresponding topologies, respectively (e.g., [17]), H_, and D’ are the
spaces dual of H, and D with respect to the “zero space” H, respectively. One can show
(e.g., as in [25]) that D is the Schwartz space of infinite-differentiable functions on R
with compact supports.

Denote by the subindex C complexifications of spaces, by Holo(Dc) and
Holy(D¢,Dc) algebras of (germs of) functions on D¢ holomorphic for 0 € D¢ wi-
th values in C and D¢ respectively (see, e.g., [35] for more details), by ® a symmetric
tensor product. Together with chain (1.1), we consider the chains

DL = inT(lieli[InH?f,@ ) H?f’c S HE" S H®g 5 DI = prhmH o (12)

n € N, D¢ ®0 Hfﬂc = H% HTC = Dg’o := C. Denote the norms in the spaces
H_T o HC and Hﬂ(C by |- |-+, |- |o and | - |, respectively, the dual pairings between
elements of negative and positive spaces of chains (1.2) by (-,-); these pairings are
generated by the scalar products in H%’".

Assume that v € Holo(Dc¢), v(0) = 1, @ € Holg(Dc, D), a(0) = 0. Let there
exist the function a~t € Holo(Dc,Dc) inverse to « and let y: C — C be an entire
function such that x(0) = 1 and in the decomposition

~ Xn
=y S, (1.3)
n=0 :

Xn # 0 for all n € Z,. We consider a function x7*(\; z) := v(A)x((z, a(N))). It is
easy to see that x7*(-;2) € Holo(Dc) for each z € D, therefore, using the Cauchy
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inequality (e.g., [35]) and the kernel theorem (e.g., [17]), one can show, that for z € D
and )\ from some (depending on z) neighborhood of 0 € D¢, we have

o0

(e 1 [e% n
X" (>‘; Z) = Z:O nl <P2L<7% (Z)v A® > )
where PX7:%(z) € D(’C@)” (moreover, if z € H_; ¢, then PY7%(z) € H@ic)- The

polynomials {( P (z), f(")> L fM e Dg”, n € Z, } are called generalized Appell-
like polynomials (or Schefer polynomials in another terminology). The interested reader
can find more detailed information about generalized Appell-like polynomials in, e.g.,
[9, 26] (one-dimensional case), [67, 77, 88, 91] (infinite-dimensional case).

1.2. Test function spaces. Let

N
P(’D/) — {Z <x®”7g(")> cre DI, g(n) c ng7 N ¢ Z+}

n=0
be the set of continuous polynomials on D’. One can show (e.g., [67]) that it is possible
to understand P (D’) as the set of polynomials

Ny N
f@) = > (Pxre(@), /), weD, fMeDE, NyeZy (14)

n=0

Let us introduce the family of Hilbert norms || - || ¢.x,y,a, T € T, ¢ € Z1, on P(D’) by
setting, for f of form (1.4), the norm

/]

Ny
e = Z(n!)QQan(n)‘i- (1.5)
n=0

By (H:)g,x,v, denote a Hilbert space that is the closure of P(D’) with respect
to norm (1.5). Let also (H;)yqa = priimeez, (Hr)gxyar (D)xqyai=
=prlim er ez, (Hr)gx,vy.a- The spaces (Hr)gx,v,a0 (Hr)x,v,a0 (D)x,y,q are called
Kondratiev test function spaces. 1t is easy to see that f € (H;)q,x,v.o if and only if f
can be presented in the form

o0

f= Z <p7>1<,'y,a’ f(n)> ’ Fn) ¢ H%E, (1.6)
n=0
with
112, = S ()220 f2 < o,
n=0

The interested reader can find a more detailed information about Kondratiev spaces in,
e.g., [7,12,22-24, 67, 68, 88, 90, 91, 112]; here, we note only that

1) for ¢ € Z, sufficiently large, (H+)q,y,~, are functional spaces, their elements are
restrictions on 7 _, of entire functions on H_, ¢, and for each function f € (H+)g.y 7.
decomposition (1.6) is unique;

2) the spaces (H+)y,y,o and (D), ~.o do not depend on ~y and «, therefore below
we denote these spaces by (H,), and (D), respectively.
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1.3. Pseudodifferential operators. Let v € Holy(Dc). On P(D'), we define a

) 1 dn
pseudodifferential operator v(D,) = Z 07 <Vn, D;? n>a where vy, € D(/C® 1 E
n=0 n!

o 1
7., are the kernels from the decomposition v/(\) = Z i (Vn, A®™)5
n=0 n/

!
Xn KXm m R M Xm—n dm—ms m
(Vn, DS ><$ )>~— 1{mzn}m<$ B, )>,
where x,, € C (n € Z,) are the coefficients from decomposition (1.3) for x; here and
below, 14 is the indicator of an event A. One can show [67, 77] that

1) for each v, € D",

' ~
(vn, ™1 (Dy)®") <P7>7<{%a(37)7 f(m)> = Lmzwﬁ <P,>fl’z;f(x)®yn, f(m)> :
(1.7)

2) v(a™!(Dy)) can be continued to a linear isometric operator acting from (H gy,
to (Hr)gx,yv.a: for f € (Hz)q,x,v,a of form (1.6), we have

W (D) = 3 (Prove, o).
n=0

1.4. Generalized function spaces. Let p be a probability measure on (D', F(D')),
here and below, F denotes the o-algebra generated by cylindrical sets. Denote (L?),, :=
:= L*(D’, ju) the space of functions F': D' — C square integrable with respect to .
Let || - ||, be the norm in this space. In addition, we accept that 4 satisfies the following
assumptions:

1) there exists 7 € T such that u(H_,) = 1;

2) there exists K > 1 such that, for each n € Z, |xnl|l| - %, |lp < n!K™;

3) the set P(D’) of continuous polynomials on D’ is dense in (L?),;

4) there exists a nonempty open set O C H_, such that p is positive on nonempty
open subsets of O.

Let x,~v,« and p satisfy all conditions mentioned above. If we exclude from T
some indexes (see [73] for more details), then it is posiible to show [79] that, for
q € Z sufficiently large, the spaces (H;)q ..o are embedded in (L?),, and these
embeddings are dense and continuous. Moreover, this result holds true if, inconvenient
for verification, condition 4 on y is substituted by the following one:

4") the polynomials {(P)X7*, f(M)} are orthogonal in (L?), and if ||(PX7,
f("))HM =0, then [f(™], = 0.

We note also that if x = exp, then condition 2 is equivalent to holomorphy at zero
of the Laplace transform of u (e.g., [91]), and it follows from this holomorphy that
condition 3 is satisfied (e.g., [109]).

We can now consider the chain

(D) D Hr)xou O (Hor)—gxrvonm 2 (L*)u 2 (Hr)gxva 2 (He)x O (D)y,
(1.8)
where (H_7)_q.x.v,a,us (H—7)y,. and (D)’ , are the spaces dual of (H)q,y,v,as (Hr)x

pa

and (D), with respect to (L?),, correspondingly. It will be convenient to understand
(Hr)x.u and (D)),
negative spaces of chain (1.8) are called Kondratiev generalized functions spaces.

as topological spaces with the inductive limit topologies. The
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Let us describe natural orthogonal bases in the spaces (H—r)—q,x,v,a.u- Let (),
denote the scalar product in (LQ)M (we preserve this notation for dual pairings generated
by this scalar product); let

1

(1 x(C a0,

T\ = (1.9)

One can show [67] that v € Holo(Dc), therefore Yen 0lo(Dc) and one can consider
Y

the decomposition

) =1 5
L) = Z - <p’n7)\®n>a Pn € H??C

1) =
We set
Qx,'y,a(F(m) ) _
= Z ﬁ (<F(m)®pk—m’o‘il(Dx)®k>* 1)(')7 H_T C
k=m

where (F™®&py,_,,,,a~'(Dy)®*)" is the operator adjoint to pseudodifferential ope-
rator (1.7). It follows from results of [67] that the system of generalized functions
{Qxy(Fm), Fim) ¢ H?’T’}C, m € Z } form orthogonal bases in (H_+)_q y,y,a.u:
F € (H_7)—qxap if and only if there exists a sequence of kernels {F(™) ¢
e O™ 1% such that

F= ZQX e (pm)) (1.10)
m=0
with
||F||—7'—qxfyo¢: ||F||(’H B B Z 2” qm|F(m | < 0. (111)
m=0

Moreover, the biorthogonality relation
<<Qi§j;yna (F(m))’ <P7)l(,’y,a’ f(n)>>> —_ 5mnn'<F(n)a f(n)>
n

is satisfied, here, d,,, is the Kroneker symbol.

Another (based on properties of Fock spaces) approach to the construction of
orthogonal bases in generalized function spaces is described in [73].

1.5. Elements of a Wick calculus. Now we consider elements of a so-called Wick
calculus on the generalized function spaces. For F' € (D)) ,, we introduce a so-called
S-transform by setting

o0

(SyanF)A) = (E, XN ), = > (F AS™), (1.12)

m=0

where F(™) ¢ D} ®m, m € Z.y, are the kernels from decomposition (1.10) for F;
A € De. It is easy to show that the series in the right-hand side of (1.12) converges on

ISSN 1027-3190. Vkp. mam. scypH., 2010, m. 62, Ne 9



ELEMENTS OF A NON-GAUSSIAN ANALYSIS ON SPACES OF FUNCTIONS OF INFINITELY ... 1227

some (depending on F) neighborhood of 0 € D¢. Further, one can show [67] that the
S-transform is a one-to-one mapping between (D), and Holy(Dc).

For F,G € (D), ,, and a function h: C — C, holomorphic for (Sy +,a,.F)(0) =
FO) (see (1.10)) we define a Wick product FOX"G € (D)), and a Wick version

Xoh
hOVT(F) € (D)5, . by setting
FOX7°@ =S 1

X501

(Sx,’v,m/tF : Sxmaqu)v

BOET" (F) i= S} o ph(SymasF)-

X750
Note that if v(A) has form (1.9), then S ., o, 1 = 1, and therefore,

hOE( Z hn(F — FO)0i7

where FO3" " o= FOXT L OXTOF = S [(SyysanF)"], FOUTT0 =15 and

the coefficients h,, from the decomposition
u) =Y hn(u—FO)" (1.13)

belong to C.

Let us consider the “coordinate form” of the Wick product and Wick versions of
holomorphic functions. It is easy to calculate with the use of (1.12) that, for F,G €
(D),

X1
FOXToG = Z Qxe <Z F‘“@)G(m"“)>7 (1.14)
m=0 k=0

where F(¥) G(*) ¢ Dé:@“ are the kernels from decompositions (1.10) for F and G. If
we apply the induction to this formula, then we obtain

F1<>if’%a o Oz,’y,aFn _ Z zzma Z Fl(kl)@ . @Frgkn) , (115)
m=0 ki,....kn€Z4,

k4 thkn=m

where I, ..., F, € (D)} F(k) LER € D¢ F are the kernels from decomposi-
tions (1.10) for F,..., F,, correspondlngly. Further, substituting (1.12) in (1.13) and

applying S} , ,, we obtain

ROET(F) = *(he) —s—ZQ’”a zm:hn > FkIg. . gFt)

k1,...,kn €N,
Byt hp=m

(1.16)
In particular, note that,

XY, ( )<>x e a(g(m)) me (F(”)®G(m ).

s

Consider the space (H_+)y . C (D)), instead of (D) ,. The following statement
[70] is true.
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Theorem 1.1. Let F,G € (H_7)y,u and h: C — C be a function holomorphic at
(Sx .y, F)(0). Then FOXTVG € (Ho7)y s ROV (F) € (H_7 )y, and coordinate
formulas (1.14)—(1.16) hold true. Moreover, the Wick product is continuous in the
topology of (H—+)y,u: forany Fr,...,F, € (H_7)y.u

[ [0
R

T, =4, X7, T

<c(n— 1)HFI ||fr,f(qfl),xma e ||Fn||77ﬁ(q71),xma

(see (1.11)), where c(n) := \/maxyez, 2™ (m +1)"]; ¢ € Nissuchthat Fy, ..., F, €

(H—7) = (a1 xmam-
1.6. An analog of the extended stochastic integral. Let us consider now an analog

of the extended (Skorohod-type, see [57, 63, 64, 110]) stochastic integral in the “bi-
orthogonal analysis” (the reader can find a more detailed presentation in [74], see also
[73]). In order to explain the idea of our construction, first we briefly recall the constructi-
on of the stochastic integral in the Gaussian analysis.

Let 4 be the standard Gaussian measure on (D', (D)), i.e., a probability measure
with the Laplace transform

L\ = /€<I’>‘>u(dx) — oAN/2.
’DI

As is well known (e.g., [54]), one can consider as an orthogonal basis in (Lz)u

((L2)H—limits of) the generalized Hermite polynomials <Hn,F(”)>; these polynomi-
1

als are generalized Appell-like polynomials with x = exp, y(\) = exp {—2 (AN },

a(N) = A
Let now F € (L?), ® Hc. Then F can be presented in the form

[e.9]

F() =Y (H., F™),  F" e HE" @ He;

n=0

and if, in addition, F' is integrable in the extended (Skorohod) sense, i.c.,

in—l—l |F <oo,

where, for each n € Z,, F F0 ¢ H®"+1 is the projection of F( onto H?"H, then
the extended stochastic integral of F' with respect to a Wiener process W has the form

(e.g., [56])

| r qu—Z Hon FO), (117)
0

Remark. The described construction of the extended stochastic integral is not uni-
que. For example, it was shown in [31] that (in the Gaussian case) the extended stochastic
integral can be interpreted as the logarithmic derivative of the Gaussian measure in the
line of a vector field. By analogy, i.e., using an integration by parts formula, one can
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construct stochastic integrals in non-Gaussian cases, see, e.g., [10, 99, 100, 107]. Note
that, for groups of nonlinear transformations, the definitions of the logarithmic derivative
and of the extended stochastic integral were given in [111]. A very general construction
of (the analog of) the extended stochastic integral (that is based on a formal differential
rule and on the corresponding integration by parts formula) is presented in [47], see also
[36-46, 48-50].

Return now to the “biorthogonal analysis”. Let F' € (D), , ® Hc. Then

F() =" Qe(F™),  F e D" @ He.
m=0

By analogy with (1.17), for any t1, t3 € [0,400], t1 < ta, one can define an analog of
the extended stochastic integral by setting

oo

L) = Y Qi (F,)) € ()

m=0

where ﬁ[(;:";) € D(’C@wrl (m € Z,y) are the projections of F.(m)l[tlh)(-) onto
&

Dé:(gmﬂ. It is easy to show [74] that, for all 1, to € [0, +00], 1 < ta, Iﬁ’;’;g‘)’“: (D)
Hc — (D)), ,, is a linear continuous operator.
The forthcoming statement follows from results of [74].

Theorem. For all ti, ty € [0,+00], t1 < ta, and F € (D)} , ® Hc, the relation

l
XHH

ta
L) = [ P07 Qi (.
t1

is satisfied, where 0., is the Dirac delta-function, and the integral on the right-hand side
is a Pettis integral.

By analogy with the classical Gaussian analysis, as an example, we consider a simple
“integral equation with a Wick-type nonlinearity”. Let

t
X, = Xo+ r/XuoigW(N — Xy)du + D (XOXT(N = X)), (118)
0

where Xo € (D)), (correspondingly (H_;)y,.), N, 7 v € R, N > 0, r > 0,
(Sx,7,0,uX0)(0) > 0. Note that, in the Gaussian analysis, (1.18) is the so-called
“population growth equation” (see, e.g., [94]). Applying to (1.18) the S-transform, solvi-
ng the obtained equation and applying the inverse S-transform, we obtain the solution

X750 X500 1

X,f:zv[s—1 L (Vg s )

X5, ey
X expOi {7N(rt5;7fy7a#1 + vQﬁj?’“(l[o,w) }}

X5, 1
(correspondingly (H_-)y,), here YO (=1 .= g1 <SY>

XH7,00 1
X700 1
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As is well known, in the Gaussian analysis, the extended stochastic integral is
the adjoint operator to the stochastic derivative. In the “biorthogonal analysis”, the
situation is quite similar; let us explain this in details. We define a stochastic derivative

0X* 1 (D), — (D), ® Hc by setting, for f € (D),,
00 f = (6,07 (DY) f="> (n+ )P, frH())
n=0

(see (1.7)), where f(*+1)(.) e Dg" ® Hc (n € Z,) are the kernels f("t1) ¢ Dg’"“ C

C Dg "®Hc from decomposition (1.6) for f (these kernels can be considered as elements

of Dg” ® Hc)- By using the results of [74, 73], we obtain the following statements.
Theorem 1.2. Forallty, ty € [0,+00], t1 < to, the operators IX 7% : (D)

&
[tl,tg) XM
He — (D)}, and 1y, t2)( )oX* (D )X — (D)x ® Hc are adjoint one to another:

(I§17t2) ) - 1['517'52)(')3-)(’(1; (1[t17t2)(')a-X7a) - Ifijm)”

X7 %F does not depend on ~y and can be denoted by LT

[t1,t2)
Corollary 1.1. The operator Iﬁ’lat’;‘ ) can be written in the form

In particular, the operator XH

to
1 () = [ (@) Fluydu,
t1
where (9)1: (D). — (D) is the operator adjoint to 0%, u € R; the integral
on the right-hand side is a Pettis integral.

Similar results are true if we consider operators If; (’t") and 0% on “pre-limit”
spaces.

1.7. Operators of stochastic differentiation. Unfortunatelly, the operator O,
generally speaking, cannot be continued on the generalized function spaces by a natural
way. Nevertheless, one can define and study a natural analog of this operator; the reader
can find a more detailed information in [72].

Let us now consider operators of stochastic differentiation on the generalized function

spaces. Let F(m) ¢ Dé:®m, f e D§”7 m > n. We define a “pairing” (F (™),
f(")> c thc®m_" by setting, for each g(™~") e Dg’m_”, the relation

<<F(m)7f<n>>7g<m—n)> <F<m) FGgm= n>>

Further, for arbitrary f™ € Dg’" n € Z.,wedefine a linear operator (D" o)(f™)

X0
in (D)), ,, by setting, for I € (D), ,, the relation

(B o= 3 (e, oY),
m=0

where F(™) ¢ D] ®m, m € Z., are the kernels from decomposition (1.10) for F. It

follows from results of [72] that (]DZ o ©)(f (")) is a continuous operator in (D)’

and the following statement is true.

X
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Theorem 1.3. The operator Dx Yo
forg(l),...,gr(ll) € Dc and F € (D)’

has the following properties:

X510

(Brroe (- B (B NN (657 ) ) (081) =

n

= (B} 0 F) (978 . B

for each F € (D), ,, the kernels F(™) ¢ D¢ &m from decomposition (1.10) can be

presented in the form

X540

X500 1

Fim = E D" ., F
—E( )
3 1
i.e., for each f™) ¢ ng, we have <F(m), f(m)> =
E denotes the expectation: Eo = ({0, 1)) ,

.E[(]D)m F)(f™)], where

X550 1

. . ~n
the operator adjoint to DY, , , , has a form

o0

(D% ) ) = SO R S @g™ ), e D,
k=0

where %) ¢ D@’k k € Z, are the kernels from decomposition (1.4) for g € (D)y;
the operator DX ~.a, IS @ pre-image of the directional derivative of Sy . qa,,© under
the S-transform, i.e., for any F' € (D)} , and g € Dc,

(Di v, J"F)( ) S;"/ [0 272 Q(SX7’Yaa7HF)7

where Dy is the directional derivative in the direction g;
the operator D! is a differentiation with respect to the Wick product, i.e., for
all F, G € (D),

X550
XoH

FOX1G) = F)OX1eG + FOXT*(DL _ , G);

X7"/ <« M( ( X501 Xs7,00 1

for any n € Zy, F € (D).

Yoo and a function h: C — C holomorphic for
(Sx,v,0,uF")(0) the ralations

=1 OXTEn _ X1 oy ya
D 0" =nke O Dy 1y )

DL o bR (F) = O (F) o (D

X550 1 xva,uF)

are satisfied; here, h' is the usual derivative of h;
Jor all ty, ty € [0, +00], t1 < ta, and F € (D)} , ® Hc,

DL, oI (F))(0) = Ifgffj)((mi apF)(©) + / F(u) o (u)du

where the last integral on the right-hand side is a Pettis integral.
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An information about possible applications of the operators I@;ma’ ,, and the corres-
ponding examples can be found in, e.g., [11, 72].

2. Elements of the white noise analysis associated with the generalized Meixner
measure. 2.1. The generalized Meixner measure. First, we define the generalized
Meixner measure (see [108] for more details and explanations). Let p, v: Ry — C be
smooth functions such that

0Ly v:R, »R, nZpw R, —R, @.1)

and, moreover, ¢ and 7 are bounded on R . Further, let, for each u € Ry, v,(4) (u) (ds)
be a probability measure on (R, B(R)) (here B denotes the Borel o-algebra) that is
defined by its Fourier transform

/Rei/\svp(u),u(u)(ds) = exp {—Z)\(p(u) + I/(’LL))-I—

Ly i (p(U)rVn(U))m [i (_ﬁ)n ("2 (u) + " (u)p(u) + -+ p"‘z(u))] }

A probability measure i on the measurable space (D', F(D')) with the Fourier transform

/ @) () :exp{ / du / Opta ) (45) 5 (€75 )_1—285(11))}
D! R4 R §

is called the generalized Meixner measure.

Depending on parametrs p and v, u can be, in particular, the Gaussian, Poissonian,
Pascal, Meixner or gamma measure.

It was proved in [108] that the generalized Meixner measure p is the measure of
a generalized random process (in the sense of [51]) with independent values; and the
Laplace transform [, of y is a holomorphic for zero function.

2.2. The square integrable function space. Let (L?) = L*(D’, ;) be the space
of complex-valued square integrable with respect to the generalized Meixner measure
o functions on D’. Denote by ((-,-)) the scalar product in (L?), this notation will be
preserved for generated by ((,-)) dual pairings. We construct now a natural orthogonal
basis in (L?). For n € N denote by P,, the closure in (L?) of the set of all conti-
nuous polynomials on D’ of degree < n, Py := C, let also (L2) := P,, © P,,_1-the
orthogonal difference in (L?), (L3) := C. Since x has a holomorphic at zero Laplace

transform, the set of continuous polynomials on D’ is dense in (L?) [109], therefore

(L?) = @ (L2). For each f( ¢ Dg”, n € Z,, we define : (2®", f("): as the

n=0

orthogonal projection of <x®”, f (”)> onto (L?2). It follows from results of [108] that

H(2®n, fM) s = (Py(2), f™), where P,(z) € D{C@)" (n € Z,) are the kernels of
generalized Appell-like polynomials with x = exp,
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e AP
a(/\) :)\_’_Z?(pn—l —‘,—pn_QV—l—n-—FVn_l)’
n=2

1
ATy
= o~ | & é“) +y AHT(L“) (0" 2(w) + p" B wp(u) + -+ v () du}.
+ n=3

(2.2)
We say that the polynomials {<Pn,f(")>, ™ e ’Dg", n € Z+} are called the

generalized Meixner polynomials.
Let us define a scalar product (-, -)

&n
€ D&

on Dgn’ n € Z., by setting for fm g ¢

ext

1
0" = o [P 1) (Pt
D/

It follows from results of [108] that

n!
<f(n)7g(n)>ext - Z 5 X

5. ks s
klj,s; €N G=1,. K, Iy >la> >l L kol k
Iy s+ Flpsp=n

n
X I )(Ul,---,Ul,---7Usl,---7us1,---7Us1+~~+sk,---,Us1+m+sk)><
—_———
R i y zk
n
x g )(ul,...,ul,...,usl,...,usl,...,usl+.,,+sk,...,usl+.4.+sk)><
—_———

ll l1 lk

l2—1(

gt () T e )0 () - T (U )

lk—1

~-'77lk_1(u81+"'+5k—1+1>"'77 (u31+'”+8k)

Xd’LL]_ N du51+...+3k.

Let | - |ext denote the norm generated by the scalar product (-,-) ., i.e., |f ()| ot :=
= <f(”),f(”)>ext. Denote by Hizt) the closure of Dg" with respect to | - |ext-

The space ngt) can be understood as an extension of Hg " in a generalized sense: let

F) ¢ Hgm, F ¢ F) be a representative (a function) from the equivalence class
F™) with a “zero diagonale”, i.e., F'(") (ug,...,up) = 0if there exist i, j € {1,...,n}
such that ¢ # j but u; = u;. The function F) generates an equivalence class in Hezz
that can be identified with (™) [73].

For F(W € H") n € Z, , we define (P, F™) € (L?) as an (L?)-limit

(P, F™Y = Tim (P,, f{™),
k—oo
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where D" 5 £ — F( in H(") as k — oo. The forthcoming statement easily
follows from the construction of polynomials (7, F(™)) (see also [108]).
Theorem 2.1. A function F € (L?) if and only if there exists a sequence of kernels

(F™ e 1)) 2.3)

n=0

such that F' can be presented in the form

F=Y (P, F™), (2.4)

n=0

where the series converges in (L?), i.e., the (L*)-norm of F'
I1F 12y = > nllF™ 2, < co.
n=0

Moreover, the system { <Pn,F(”)>, F ¢ Hg:g, n € Z+} is an orthogonal basis in
(L?) in the sense that for F, G € (L?) of form (2.4)

(F.G) = i nl(F™, G™) oy

n=0

2.3. A nonregular rigging of (L?). One can show [73] that the generalized Meix-
ner measure satisfies conditions 1, 2, 3, 4’ of the previous section, therefore one can
consider (nonregular) chain (1.8) with the central space (L?), Y = exp, o and 7
from (2.2); and all results of the “biorthogonal analysis” hold true in the “Meixner
analysis”’. Note that since the generalized Meixner polynomials are orthogonal in (L?),
natural orthogonal bases in the generalized function spaces (H_;)—_g,exp,v,o consist of
generalized functions (P, F™) := (H_7)_g.exp.y,a — iMp—oc (P, f,gm)), m € Zy,
where (™) € H(ﬁ?cfthe negative space from the chain

L™ 5 H™e DM S H;‘ég’ > pEm

(see [73] for more details), Dg@m > fkm) — F(M) in HS"TL’)C as k — oo. The
interconnection between the generalized functions (P,,, -) and Qi (see the previous
section) is given by the formulas

(P, FO) = Qi (U F™),

where « and y from (2.2) and the operators U, : H(ﬁ,)c — HQE’Z?(C, m € Z, are defined
as follows:

VM ¢ H%g (Fm) flm)y = <Um1:(m)7 f(m)>. 2.5)

ISSN 1027-3190. Vkp. mam. sxcypH., 2010, m. 62, Ne 9



ELEMENTS OF A NON-GAUSSIAN ANALYSIS ON SPACES OF FUNCTIONS OF INFINITELY ... 1235

2.4. A parametrized regular rigging of (L?). Now we begin to observe some
results of the “Meixner analysis” that can not be obtained as consequences of results of
the “biorthogonal theory”. First we introduce a so-called (regular) parametrized rigging
of (L?). On the set P(D’) of all continuous polynomials on D’, presented as the set of
functions (1.4) with x = exp, a and 7 from (2.2) (i.e., now PX7"%(z) = P,(z)), we
introduce a family of Hilbert norms || - ||4,3, ¢ € Z4+, 8 € [0,1] (in what follows, we
accept these conditions on default), by setting for f of form (1.4)

Ny
1£115.5 5= Y () P20 fV 2. (2.6)

n=0

By (L2)'g denote a Hilbert space that is the closure of P(D’) with respect to norm (2.6).
Letalso (L?)° := prlim e, (L?)5. The spaces (L?)7, (L?)? are called the parametri-
zed Kondratiev-type test function spaces. It is easy to see that f € (L2)g if and only if
f can be presented in the form

Z P, f° Fm ey, 2.7)
with
112,00 = Do) 4927 fOI2 < o,
n=0

It is easy to show [73] that for arbitrary ¢ € Z and § € [0, 1] the space (LQ)qB is densely
and continuously embedded into (L?), therefore one can consider the chain

(L3)77 = indlim(L3)75, 5 (1)) > (%) > (L3)] > (12",
+
where (L)~ (L?)~7 are the spaces dual of (L?)?, (L?)? with respect to (L?)
correspondingly. The spaces (L?)_7, (L?)~ are called the parametrized Kondratiev-
type (regular) generalized function spaces. Note that for 3 = ¢ = 0 (L?)) = (L2):8 =
= (L?).
Since the generalized Meixner polynomials are orthogonal in (L?), these polynomials
form orthogonal bases in (LQ):g . More exactly, a function F' € (LQ):f if and only if
there exists sequence (2.3) such that F' can be presented in form (2.4) with

oo

IFI2 s = IFI2, 0 = S () P2 FO, < oo,
¢ n=0

2.5. Elements of a Wick calculus. Now we consider elements of a Wick calculus
on the parametrized generalized function spaces. For F' € (L?)~? we define the S-
transform (SF)(A), A € Dg, as a formal series

oo

(SEY(A) =Y (F X®™)

n=0

where F(") ¢ cht, n € Z.y, are the kernels from decomposition (2.4) for F. It is
obvious that, in particular, (SF)(0) = F(®), S1 = 1. Further, for F, G € (L?)~” and
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a holomorphic at F(©) function h: C — C by analogy with the “biorthogonal case” we
define a Wick product FOG and a Wick version h® (F) by seting formally

FOG := S YSF-SG),  hO(F):= S 'h(SF).

A formal calculation shows that

FOG = i <Pm, iF(k) OG(m—k)>’

m=0 k=0

(cf. (1.14)—(1.16)), where F® G® F*  F® ¢ HE) are the kernels from

decompostions (2.4) for F, G, Fy,..., F, correspondingly; h,, € C, n € Z,, are the
coefficients from the decomposition h(u) = ano B (u — FOY™: for F() ¢ H,(ezt),

Gm e

n+m ext

F) o gm = -} ((UnFW))@(UmG(m))) e HUHm™), 2.9)

see (2.5). The fact that (™) o G(™) ¢ Hgﬁj ™) is proved in [73]; moreover, it is shown
therein that, roughly speaking, F(™ o G(™) is a symmetrization with respect to all
variables of a function

FO (ur, . un)G™ (s s i), ifjﬁ};;{f'}_iwm} v,

0, in other cases

and [F(™ o G| i < [F™) || G |t

The forthcoming theorem from results of [66, 73] follows.

Theorem 2.2. The following statements are fulfilled:

Let F, G € (L?)=8. Then FOG € (L?)~P. Moreover, the Wick product is continuous
in the topology of (L*)=" : for arbitrary Fy, ..., F, € (L*)7P there exist (depending
on these elements) q, ¢ € Z1 (¢ > ¢ + (1 — B)logy n + 1) such that

[F10 . OFull—g,—p < c(n = DIIFill g~ - - | Full~g, 5

where c(n) := \/maxpez, [27"(m + 1)7].

For F € (L?)~! and a holomorphic at (SF)(0) function h: C — C h9(F) €
€ (L?)~ L.

Let h: C — C be a holomorphic at uy € C not-polynomial function with nonnegative
coefficients h,, from the decomposition h(u) = ZZO_O hn(u — ug)™. Then for each

B € [0,1) there exists F' € (L?)~P with (SF)(0) = uo_such that h(F) & (L?)7P.

ISSN 1027-3190. Vkp. mam. sxcypH., 2010, m. 62, Ne 9



ELEMENTS OF A NON-GAUSSIAN ANALYSIS ON SPACES OF FUNCTIONS OF INFINITELY ... 1237

Let F = Z P,,L,F )) Fm) e 4™ 1. C = Cbhea holomorphic at F(©)

ext
o0
function such that the coefficients h,, from the decomposition h(u) = Z 0 hop(u —
n—=
— FON™ satisfy the estimates

K’Il

ol < s

with some K > 0. Then h(F) € (L?)~#

Note that the proof of this theorem is based on “coordinate” representations (2.8).

Finally, if F, G € (L?)=% n (D)exp,u and o, 7 are defined in (2.2) then FOG =
= PO G, see [73].

2.6. An extended stochastic integral. By analogy with the Gaussian analysis, on
the probability triplet (D', F(D'), 1) we define the Meixner random process M by setting
for each v € Ry M, := (Py,1),,)) € (L?). Using results of [108] one can show that
M is a locally square integrable normal martingale (with respect to the generated by
M flow of o-algebras) with orthogonal independent increments. Note that M is not a
Lévy process, generally speaking (not time-homogeneous). Let us construct an extended
(Skorohod-type) stochastic integral with respect to M. Let F' € (L2) ®QHc. It follows
from above-posed results that F' can be presented in the form

F()=Y (Pn, F™),  F™ e n{l) @ He, (2.10)
m=0
with
[o¢]
HFH?L2):§®H(C - Z( i=r2mm|E, m)|H(m)®H < 0.
m=0

If in addition F' is such that the kernels F.(m) belong to H ®Hce C Hext ® Hc (the
embedding in the generalized sense described above) then one can show [73] that F' can
be presented in the form

:Zm!// / ul,...,um)dMul...dMum,
m=0 0

i.e., as a series of repeated Ito stochastic integrals with respect to the Meixner process. In
this case for arbitrary ¢y, to € [0, +00], t1 < to, one can define the extended stochastic
integral of F' with respect to M on [t1,t3) as

F(u)dM, :=
t1
0o o u Uz
= Z(m+1)!//.../13[(;1'22)@1,...,um,u)dMul...dMumdMu =
m=0 0 0 0
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oo

Z < m+1, £ [t1 t2)> € (L2):§717

m=0

where F[E5 ) € H®m+1 C HQZf is the projection of F.(m)l[tht?)(-) onto Hg@mﬂ.
Ina general case such a definition can not be accepted because it is impossible to project
elements of Héxt ® Hc onto H )7 generally speaking. Nevertheless, the following

ext
generalization is possible.

Lemma 2.1 ([73]). For given F.( Hext ® He, m € Zy, and t,, ty €
[0, +00], t1 < ta, we construct the element F [( Hgﬁ“ by the following way. Let

(m)

F .(m) € F. .( ™) be some representative (a functlon) from the equivalence class F.
We set

~(m) F&m)(ul,...7um)1[t17t2)(u), if w#ur,...,u % Un,
F[tl,tz)(uh...,um,u) = .
0, in other cases,

~(m) ~(m)

Fiy, 1,y == PrFy, 4,), where Pr is the symmetrization operator. Let F[(tmz ) € H (Y

ext
~(m)
be the equivalence class in ’HS;H) that is generated by F, ,.y. This class is well-

(m)

defined, does not depend on the representative F.\"" | and
75(m) (m) (m)
‘F[tl,tQ) ext S |F.m 1[t1,t2)(.)|Hg;’;)®HC S |F.m |Hf(s;nt)®H(C

Now for F € (Lz) ® Hc of form (2.10) we can define the extended stochastic
integral on [t1, t3) with respect to M by setting [73]

If we consider the extended stochastic integral as an operator acting from (LQ) ® Hc

to (L2)~7 o (for example, if 8 = g = 0 then it will be an operator acting from (L2) ® Hc
to (L?)) then for 3 < 1 this operator will be unbounded with the domain

) o 2
{F E (L2) ® H(C Z70((777/ + 1)!)1_[32_q(m+1)’F[§£1’22) ext < oo} .

Theorem 2.3 ([73]). Let F € (L?) ® Hc be integrable on R by It6 with respect
to M (i.e., be adapted with respect to the generated by M flow of o-algebras). Then

Jor all tq, ta € [0,400], t1 < ta, F is integrable on [t1,t2) by It6 and in the extended
to ta

sense, and F(uw)dM, = F(u)dM, (the last integral is the Ité one).
t1 t1
Let us consider main properties of the extended stochastic integral. First we note

to - t3 N
that if ¢1,%9,t3 € [O,—i—OO] and t; < ty < t3 then / o(u)dMu +/ o(u)dMu =

t1 ta

ts o
= / o(u)dM,; but applying this formula one has to keep in mind that for § < 1
t1
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b
the domain of/ o(u)dM,: (LQ)ZqB ® He — (LQ):g depends on the integration

a
éZL n € N, can

|'H£:;1)®HC g |g(n)|ext [73]9
we define the (Hida-type) stochastic derivative 1j;, ;,)(-)0.: (L2)qﬁ+1 — (L*)% @ He,
ty, to € [0, +00], t1 < ta, by setting for g € (Lz)qﬁ+1 of form (2.7)

interval [a,b). Further, taking into consideration that each ¢(™ € H
be considered as g(”)(-) c D ® He with |g(n)(.)

ext

[e.9]

Ly 0) (0.9 1= > (04 1)(Pa, g™V (N, 10)())- (2.11)

n=0

Of course, one can understand 1, +,)(-)0. as a linear unbounded operator acting from
(L?)? to (L?)% @ Hc with the domain

{g = S (g™ € (L2)]:

n=0
e 2
1+Boqn 2| (n+1)/, .
n§:0:(n!) 27 (n -+ 1)% gD () 1y 1) () e < oo}.

to -
Theorem 2.4 ([73]). Forallty, ty € [0,+00], t1 < to, the operators/ o(u)dMy:
t1
(LQ):S ® He — (LQ):g and 1, 4,)(-)0.: (L?)? — (L*) @ Hc are adjoint one to
another:

to to
/O(u)gMu = (Ui (9)5 Ly n)()0. = /OJM
t1 ty

In particular, these operators are closed.

to
Of course, the statement of this theorem holds true if we consider / o(u)gMu : (L2):§ ®
t1
He — (L3207 and 1y, 1) ()0.: (L), — (L?)? @ He.

By analogy one can consider the extended stochastic integral as a linear continuous
operator acting from (L?)™# @ Hc to (L?)~7.

Let us consider now the interconnection between the Wick calculus and the extended
stochastic integration. Let M, = (P1,0y) € (H—_r)—g.exp,y,a,u (see (1.8); now o and
from (2.2)) be the Meixner white noise [73, 108].

Theorem 2.5 ([73]). For all t1, to € [0,+00], t; < to, and F € (L?)™% @ Hc¢

ta
the formally defined Pettis integral / F(u)OM, du can be considered as a linear
t1

ta
continuous functional on (L?)P that coincides with / F(u)dMy, ie.,
ty

to to
/ F(u)OM! du = / F(u)dM, € (L*)~°
t1 t1
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Let us consider an example of solving of an equation with Wick-type nonlinearity.
Let

t t
X, = Xo + / X, 0 Fdu+ / X, 0GAM,,
0 0

where Xg, F, G € (L?)~. Applying the S-transform, solving the obtained nonstochastic
equation and applying the inverse S-transform we obtain the solution

X; = XoO exp?{Ft + GOM,} € (L*)~".

In order to have X; € (L?)~”, 3 < 1, we need additional restrictions. For example, if

F and G are polynomials and N := max{deg F,deg G + 1}, where deg denotes the
2
degree of a polynomial, then X; € (L?) 7 if N < 15 [66].
Finally we note that if F € (L?)~? @ Hc N (D) ® Hc and « is defined in (2.2)

then for all ¢y, t2 € [0, +00], t1 < ta,

!
exp,

to
[ P, =1,
t1
this result is proved in [73].

2.7. Operators of stochastic differentiation. In contrast to the general “biorthogo-
nal” case, now the operator 1y, 1,)(-)0., t1, t2 € [0,+00], t1 < t2, can be naturally
continued to the generalized function spaces. More exactly, for I’ € (LQ):f of form (2.4)
we define 1(;, 4,)(-)0.F € (L?)Z7_; @ Hc by setting (cf. (2.11))

Lortn) (OF 1= > (m 1) (P FOH D ()1, 1 () )
m=0
This operator can be naturally continued to a linear continuous operator acting from
(L?)7P to (L?)~" ® Hc; also one can consider 1j, ;,)(-)d. as a linear unbounded
operator acting from (L2):5 to (L2):§ ® Hc with the domain consists of F' € (Lz):qﬁ
such that ||1[t17t2)<'>8'FH(L2):§®HC < 00, in this case 1f, +,)(-)0. is closed [71].

Properties of 1, 4,)(-)0. on the generalized function spaces are similar to properties
of 14, +,)(-)0. on the test function spaces. In particular, 1, 4,(-)0. is the adjoint operator
to the restriction of the extended stochastic integral on the corresponding test function
space. The interested reader can find a more detailed information in [71].

Now let us consider operators of stochastic differentiation on the generalized functi-
on spaces. For F(™) ¢ Hézlt) and ™ € H"), m > n, we define a “pairing”

ext?

(Fm), fm)y e H™"™) by setting for each g(m—") € Hm™™)

ext ext
(m) f(n) (m-n)\  _ [p(m) ) 4 (m—n)
<<F ’ f >ext7 g >ext <F ’ f ° g >
(see (2.9)). One can show [71] that for arbitrary F(™ € 1™ and @) € H') = Hc

RN / FO () £ O () du,

Ry

ext

ext
where the integral in the right-hand side is a Pettis one.
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For arbitrary f(”) € ngz, n € Zy, we define a linear operator (D™o)(f™) :
(L?)Z0 — (L*)Z_| by setting for F € (L))

( o (m+n)! (b))
D" F)(fM) = '<P,,<Fm+”, "> >
R = 3 EEE (R oy
where F(™) ¢ Héxmt), m € Z., are the kernels from decomposition (2.4) for F. It follows
from results of [71] that (D"0)(f(™) is a continuous operator that can be continued to
a linear continuous operator in (L)~ and the following statement is fulfilled.

Theorem 2. 6 T he operator D™ has the following properties:
(1)

Sfor g; ...,gn EHext He
(B! (.. @ (@) g "N(E) ) ) () = B F)(gf" - 0 gD);
N—————

Jfor each F € (L2) the kernels F(™) ¢ Hﬁxt Jrom decomposition (2.4) can be
presented in the form
F = iE(]D)”F)
~nl ’

1
ie. for each f(") € g:z (F), f(m)) L= —'E[(]D)"F)(f("))], here E denotes the
ex n!
expectation,

forall F e (L*)=F and fO e M) = He

/ OuF - fD(u)du = (D'F)(fM),

here the integral in the left-hand side is a Pettis one;
the adjoint to D™ operator has a form

o0

D) (F ™) = D (Pagn, [ 0 g") = g0(Pu, f™) € (LP)],

m=0

where g € (Lg)f;_l, ™ e He:t), and g™ € Hext (m € Z4) are the kernels from
decomposition (2.7) for g;
forall F e (L*)20, g e (L*)2,, and O € H() = He

ext T

<<F /g.f<1>(u)c?Mu>> = {(F, g0 (P, fO))) =

Ry

= ((F. @9)(sV)")) = (B F)(ID), )

the operator D' is a dzﬁ'erentiation with respect to the Wick product, i.e., for all F,G €
(L?)~P and g € Hext Hc

(D'(FOG))(g) = (D'F)(9)0G + FOD'G)(g) € (L*) 77
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foranyn € Zy, F € (L*)7P g € Héi)t = Hc, and a holomorphic at (SF)(0)
function h: C — C

(D'FO™)(g) = nFO"1O(D'F)(g) € (L?)~7,
(D'RO(F))(g) = B'°(F)O(D'F)(g) € (L3,

where b is the usual derivative of h;
forall t1, ty € [0,400], t1 < t2, g € H'Y) = He, and F € (L*)~% @ He

W/Fw&@<m:/®%wmm&a+/mewm6@Wﬁ

where the last integral in the right-hand side is a Pettis one.

An information about possible applications of the operators D" and the corresponding
examples can be found in, e.g., [11, 71].

One can consider the operator (D™o)(f(™), f(") ¢ Hgﬁt), as a linear unbounded one
acting in (LQ):qB . This operator is closed and the analog of the previous theorem holds
true (see details in [71]).

Finally we note that the operators ]ﬁ)gxp,«/, a,u (@ and v from (2.2)) and D", n € N,
do not cioncide on the set (L?)~% N (D)exp, > generally speaking (if n # 0, see (2.1));

but, as we saw, their properties are quite similar.
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