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NEHATYVNYJ REZUL|TAT U POTOÇKOVOMU
3-OPUKLOMU NABLYÛENNI MNOHOÇLENAMY

Let  ∆3   be a set of functions three times continuously differentiable on  −[ ]1 1,   and such that  ′′′f x( ) ≥
≥ 0,  x  ∈ −[ ]1 1, .  We prove that, for arbitrary    n ∈N   and  r  ≥ 5,  there exists a function  f ∈

∈ Cr −[ ]1 1,  I ∆3 −[ ]1 1,   such that  f r

C

( )

,−[ ]1 1
 ≤ 1  and,  for an arbitrary algebraic polynomial  P ∈

∈  ∆3 −[ ]1 1, ,  there exists  x  such that

f x P x( ) – ( )   ≥  C n xn
rρ ( ) ,

where  C > 0  is a constant depending only on  r, ρn x( )  : = 
1
2n

 + 
1

1 2

n
x− .

Pust\  ∆3   qvlqetsq mnoΩestvom tryΩd¥ neprer¥vno dyfferencyruem¥x funkcyj na  −[ ]1 1,

takyx, çto  ′′′f x( ) ≥ 0,  x ∈ −[ ]1 1, .  Dokazano, çto dlq proyzvol\n¥x    n ∈N   y  r ≥ 5  suwestvuet

funkcyq  f ∈ Cr −[ ]1 1,  I ∆3 −[ ]1 1,   takaq, çto  f r

C

( )

,−[ ]1 1
 ≤ 1,  y dlq proyzvol\noho alheb-

rayçeskoho polynoma   P ∈ ∆3 −[ ]1 1,   suwestvuet  x  takoe, çto

f x P x( ) – ( )   ≥  C n xn
rρ ( ) ,

hde  C > 0 � postoqnnaq, zavysqwaq tol\ko ot  r, ρn x( )  : = 
1
2n

 + 
1

1 2

n
x− .

1.  Vstup.  Nexaj  C a b,[ ] � prostir neperervnyx na  a b,[ ]  funkcij iz rivno-
mirnog normog  ⋅ [ ]a b,  : = ⋅ [ ]C a b, .  Nexaj funkciq  f  naleΩyt\ prostoru So-

bol[va  W r
∞ −[ ]1 1, ,  tobto prostoru funkcij, u qkyx poxidna  f r( – )1   [ absolgtno

neperervnog na  −[ ]1 1,   ta  f r( )  ∈  L∞ −[ ]1 1, .  Sformulg[mo teper klasyçnu teo-
remu dlq potoçkovoho nablyΩennq alhebra]çnymy polinomamy [1].

Teorema.  Nexaj  f ∈ W r
∞ −[ ]1 1, ,  todi dlq dovil\noho  n ≥ r – 1  isnu[ mnoho-

çlen  pn  ∈   Pn   iz prostoru   Pn   mnohoçleniv stepenq ne vywoho za  n  takyj,
wo

f x p xn( ) – ( )   <  C r x fn
r r

L
( ) ( ) ( )

,
ρ

∞ −[ ]1 1
,    x ∈ −[ ]1 1, ,

de  C r( )  � konstanta, qka zaleΩyt\ vid  r,  ρn x( )  : = 1
2n

 + 1
n

1 2– x .

Vynyka[ pytannq: çy spravdΩugt\sq analohy ci[] nerivnosti u vypadku for-
mozberihagçoho nablyΩennq?

Poznaçymo çerez  ∆q a b,[ ]  klas  q-opuklyx funkcij na vidrizku  a b,[ ].  Dlq
q = 1  ta  q = 2  klasamy  ∆q a b,[ ]  [ klasy monotonnyx ta opuklyx na vidrizku

a b,[ ]  funkcij vidpovidno.  Dlq  q ≥ 3  ∆q a b,[ ] � klas neperervnyx na  a b,[ ]
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funkcij, qki magt\ opuklu poxidnu  f q( – )2   na intervali  ( , )a b .  U cij roboti
bude rozhlqnuto okremyj vypadok tako] zadaçi: pry qkyx  q,   r ∈N   dlq dovil\-
nyx  f ∈ W r

∞ −[ ]1 1,  I ∆q −[ ]1 1,   ta  n ≥ r – 1  isnu[  pn  ∈   Pn  I ∆q −[ ]1 1,   take, wo

f x p xn( ) – ( )   <  C r q x fn
r r

L
( , ) ( ) ( )

,
ρ

∞ −[ ]1 1
,    x ∈ −[ ]1 1, , (1)

de  C r q( , ) � konstanta, qka zaleΩyt\ til\ky vid  r  ta  q.
Dlq  q = 1  ta  q = 2  nerivnist\ (1) bulo dovedeno pry vsix    r ∈N   (dyv., na-

pryklad, [1]).  Z inßoho boku, dlq  q ≥ 4,  r  ≥ 3  u roboti [2] dovedeno, wo neriv-
nist\ (1) ne ma[ miscq, ta pobudovano vidpovidni kontrpryklady.  Dlq  q ≥ 3  u
roboti [3] vstanovleno nerivnist\ (1) pry  r = 1  i  r = 2.

Osnovnym rezul\tatom dano] roboty [ pobudova kontrprykladiv do nerivnos-
ti (1) u vypadku  q = 3 ,  r  ≥ 5.  Dlq c\oho vykorystano texniku, zaprovadΩenu v
[4].  My dovedemo nastupnu teoremu.  

Teorema 1.  Dlq dovil\noho    n ∈N   isnu[ funkciq  f  ∈  C5 1 1−[ ],  I  ∆3 1 1−[ ],

taka, wo  f
C

( )
,

5
1 1−[ ]

 ≤ 1,  ta dlq dovil\noho  P ∈  Pn  I ∆3 1 1−[ ],   isnu[   x  take,

wo

f x P x( ) – ( )   ≥  C n xnρ5 ( ),

de  C > 0 � absolgtna stala.
Teorema 2.  Dlq dovil\nyx    n ∈N   ta   r  ≥ 5  isnu[ funkciq  f  ∈  Cr −[ ]1 1,  I

I ∆3 1 1−[ ],   taka, wo   f r
C

( )
,−[ ]1 1

 ≤ 1,  ta dlq dovil\noho  P  ∈  Pn  I  ∆3 1 1−[ ],

isnu[  x  take, wo

f x P x( ) – ( )   ≥  C n xn
rρ ( ),

de  C > 0 � stala, wo zaleΩyt\ lyße vid  r.
2.  Dovedennq teorem.  U podal\ßomu budemo pysaty  ∆3   zamist\  ∆3 1 1−[ ], .

Poznaçymo  In  : = −[ 1, – 1 + 1
n




 U 1


 – 1
n

, 1


  ta dlq funkci]  f ∈  C −[ ]1 1,   vy-

znaçymo  f
nI  : = maxx n∈I f x( ) .  Dlq dovedennq teoremy 1 nam znadoblqt\sq

dekil\ka lem.
Lema 1.   Nexaj   f � opukla na  a b,[ ]  funkciq,  x∗ ∈  a b,[ ],  f a( ) ≤ 0,

f x( )∗  < 0.  Todi pry vsix  t ∈ a x, ∗[ ]  vykonu[t\sq nerivnist\

a

t

f x dx∫ ( )   ≤  1
2

2
f x

t a
b a

( )
( – )

–
∗ .

Dovedennq.  Rozhlqnemo prqmu

l x( )   =  f x
x a

x a
( )

–
–

∗
∗ ,    x a b∈[ ], .

Oskil\ky funkciq  f  [ opuklog, to  l x( )  ≥ f (x)  pry vsix  x a x∈[ ]∗, ,  tomu

a

t

f x dx∫ ( )   ≤  
a

t

l x dx∫ ( )   =  
a

t

f x
x a

x a
dx∫ ∗

∗( )
–
–

  =

=  1
2

2
f x

t a

x a
( )

( – )
–

∗
∗   ≤  1

2

2
f x

t a
b a

( )
( – )

–
∗ .

Lemu 1 dovedeno.
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Lema 2.  Nexaj  f � opukla na  a b,[ ]  funkciq,  a < a1 < x∗ < b ,  f a( ) > 0,

f a( )1  = 0,  f x( )∗  < 0.  Todi pry vsix  t a a∈[ ], 1   vykonu[t\sq nerivnist\

a

t

f x dx∫ ( )   ≥  − ∗1
2

2
f x

t a
b a

( )
( – )

–
.

Dovedennq.  Rozhlqnemo prqmu

l x( )   =  f x
x a

x a
( )

–

–
∗

∗
1

1

,    x a b∈[ ], .

Oskil\ky funkciq  f  [ opuklog, to  l x( )  ≤ f x( )  pry vsix  x a a∈[ ], 1 .  Zvidsy
otrymu[mo

a

t

f x dx∫ ( )   ≥  
a

t

l x dx∫ ( )   ≥  
a t a

a

l x dx

1

1

− −
∫
( )

( )   =  
a t a

a

f x
x a

x a
dx

1

1
1

1− −

∗
∗∫

( )

( )
–

–
  =

=  − ∗
∗

1
2

2

1

f x
t a

x a
( )

( – )
–

  ≥  − ∗1
2

2
f x

t a
b a

( )
( – )

–
.

Lemu 2 dovedeno.
Poznaçymo teper  x+  : = x(  + x)  / 2.  Navedemo tverdΩennq, neobxidne nam u

podal\ßomu (dovedennq dyv. u [5]).
TverdΩennq.  Dlq bud\-qkoho  p n∈P   ma[mo

x p x+ −[ ]– ( ) ,1 1   >  1
160n

  >  1
28 n

. (2)

Dovedemo teper osnovnu lemu.

Lema 3.  Nexaj    n ∈N ,  n > 2,    P n∈P  I ∆3 ,  g x( ) : = P x( )  – 
x +

2

2
,  todi  g In

 ≥

≥ 1
226 4n

.

Dovedennq.  Nexaj  ′′ −[ ]P 2 3 2 3/ , /  > 2,  todi, oskil\ky  ′′P   [ monotonnog,
ma[mo  ′′P x( ) > 2  pry vsix  x ∈ 1[  – 1/n , 1]  abo  ′′P x( ) < – 2  pry vsix  x ∈ −[ 1, – 1 +
+ 1/n].  Qkwo  ′′P x( ) > 2  pry vsix  x ∈ 1[  – 1/n , 1],  to  ′′g x( )  > 1  pry vsix  x ∈ 1[  –
– 1/n , 1].  Dali z formuly Tejlora z zalyßkovym çlenom u formi LahranΩa
vyplyva[, wo dlq deqkoho  η ∈ 1[  – 1/n , 1]

g( )1   –  2 1 1
2

g
n

–



   +  g

n
1 1–



   =  1

4 2n
g′′( )η   >  1

4 2n
,

a otΩe,  g n1 1 1−[ ]/ ,  > 1
16 2n

.  Analohiçno rozhlqda[t\sq vypadok  ′′P x( ) < – 2  pry

vsix  x ∈ −[ 1, – 1 + 1/n].
Nexaj  ′′ −[ ]P 2 3 2 3/ , /  ≤ 2.  Prypustymo teper, wo lema ne [ pravyl\nog, ta

dovedemo isnuvannq  x∗ ∈ −[ 1 + 1/n , 1 – 1/n]  takoho, wo ′ ∗g x( )  < − 1
222 2n

. Dijs-

no, zhidno z (2) ′ −[ ]g 1 2 1 2/ , /  ≥  1
29 n

.  Nexaj  x1 ∈  −





1
2

1
2

,   take, wo  ′g x( )1  =

= ′ −[ ]g 1 2 1 2/ , / .  Qkwo  ′g x( )1  < 0,  to lemu dovedeno.  Qkwo Ω  ′g x( )1  > 0  ta

′ ∗g x( )  > − 1
222 2n

  pry vsix  x∗ ∈ −[ 1 + 1/n , 1 – 1/n],  to
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g
n

1 1–



   –  g

n
− +



1 1   =  

− +

−

∫ ′
1 1

1 1

/

/

( )
n

n

g x dx   >  
x n

x n

g x dx

1
11

1
11

1 2

1 2

−

+

∫ ′
/

/

( )   –  2 1
222 2n

  ≥

≥  
x n

x n

g x

1
11

1
11

1 2

1 2

1

−

+

∫ ′
/

/

( )   –  ′′ −[ ]g x x dx2 3 2 3 1/ , / –   –  2 1
222 2n

  ≥  1
221 2n

.

Tomu u c\omu vypadku  g In
 ≥ 1

222 2n
.  OtΩe, isnu[  x∗ ∈ −[ 1 + 1/n , 1 – 1/n]  ta-

ke, wo  ′ ∗g x( )  < − 1
222 2n

.  Bez obmeΩennq zahal\nosti mirkuvan\ moΩna vvaΩaty,

wo  x∗ ∈ −[ 1 + 1/n , 0].
Nexaj  ′ −g ( )1  ≤ 0.  Todi na pidstavi lemy 1 dlq funkci]  ′g   na promiΩku

−[ 1, 0]  otrymu[mo

g
n

− +



1 1   –  g( )−1   =  

−

− +

∫ ′
1

1 1/

( )
n

g x dx   ≤  1
2

1
2′ ∗g x

n
( )   ≤  − 1

223 4n
,

zvidky  g In
 ≥ 1

224 4n
.

Nexaj  ′ −g ( )1  > 0.  Todi isnu[  a1 ∈  ( , )− ∗1 x   take, wo  ′g a( )1  = 0.  Qkwo  a1 ≤

≤ – 1 + 1
2n

,  to zhidno z lemog 1 ma[mo

g
n

− +



1 1   –  g a( )1   =  

a

n

g x dx

1

1 1− +

∫ ′
/

( )   ≤  1
2

1
4 2′ ∗g x

n
( )   ≤  − 1

225 4n
.

Zvidsy  g In
 ≥ 1

226 4n
.  Qkwo Ω  a1 > – 1 + 1

2n
,  to zhidno z lemog 2

g
n

− +



1 1

2
  –  g( )−1   =  

−

− +

∫ ′
1

1 1 2/

( )
n

g x dx   ≥  − ′ ∗1
2

1
4 2g x

n
( )   ≥  1

225 4n
.

Zvidsy  g In
 ≥ 1

226 4n
.  Takym çynom, u dovil\nomu vypadku  g In

 ≥ 1
226 4n

.

Lemu 3 dovedeno.

Dovedennq teoremy 1.  Zafiksu[mo    n ∈N .  Poklademo  h : = 1
214 n

,

s x( )  : =  

0

1

2 2 3

2 2 3

, ,

–

–
, , ,

, ,

x h

h u du

h u du
x h h

x h

h

x

h

h

≤ −

( )
( )

∈ −[ ]

≥














−

−

∫
∫

S  : =  
− −

+∫ ∫










1

1

1

x

s t dt x dx( ) – ,    λ  : =  
1 1 8

2
− − S

i nareßti
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g x( )  : =  1
1

1 1
−

−
− −
∫ ∫λ

λ
x t

s u dudt( ) .

Vraxovugçy, wo  2S = λ(1 – λ),  ma[mo

g x( )  –  
x +

2

2
  =  

0 1 1 1

1
1

1 1 1
2

2

, , ,

( )
( )

, , .

x
n

S x
x

n

∈ − − +





−
−

∈ −













λ

Z heometryçnyx mirkuvan\ oçevydno, wo  S ≤ 3
2

2h ,  krim toho, z oznaçennq  λ   vy-

plyva[, wo  1
1 2( )− λ

 ≤ 2.  Teper zhidno z lemog 3 dlq dovil\noho   P n∈P  I  ∆3

otrymu[mo

g P In
−   ≥  

x
P

In

+ −
2

2
  –  g

x

In

− +
2

2
  ≥  1

226 4n
  –  3 1

2
1

28 2 2n n
  =  1

228 4n
.

Lehko pokazaty, wo isnu[ absolgtna konstanta  C  taka, wo  g( )
,

5
1 1−[ ]

  ≤  Cn3.

Poklademo  f : = 
g

Cn3 .  Oçevydno,  f ( )
,

5
1 1−[ ]

 ≤ 1.  Krim toho, dlq dovil\noho

P n∈P  I ∆3   ma[mo

f P In
−   ≥  1

228 7C n
.

Z inßoho boku, pry vsix  x ∈ In   ρn x5( )  < 6
7 5n , ,  zvidky v svog çerhu vyplyva[ teo-

rema 1.
Dovedennq teoremy 2 [ analohiçnym dovedenng teoremy 1, qkwo zamist\

s x( )   vzqty

s x0( )  : =  

0

1

2 2 2

2 2 2

, ,

–

–
, , ,

, .

x h

h u du

h u du
x h h

x h

h

x r

h

h r

≤ −

( )
( )

∈ −[ ]

≥














−

−

−

−
∫
∫
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