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STOCHASTIC INTEGRAL OF HITSUDA -SKOROKHOD TYPE
ON THE EXTENDED FOCK SPACE

CTOXACTUYHHWMI IHTET'PAJI TUITY XITIIYAH - CKOPOXOIA
HA PO3IIUMPEHOMY ITPOCTOPI ®OKA

We review some recent results connected with stochastic integrals of Hitsuda— Skorokhod type acting on the
extended Fock space and its riggings.

HaBeneHo orsin nesKUX OCTaHHIX PE3yNbTaTiB, MOB’SI3aHHUX 13 CTOXaCTHYHUMH iHTETpalaMd THITYy XiTIYAH —
Ckopoxoja, 110 Ji0Th Ha po3IHrpeHoMy Hpoctopi Doka Ta Horo oCHaIICHHSIX.

1. Introduction. The problem of extension for an It6 stochastic integral is a subject of
interest of many researchers. First who proposed such extensions were M. Hitsuda [1],
Yu. L. Daletsky [2, 3], A. V. Skorokhod and Yu. M. Kabanov [4-6]. The definiti-
ons of the extended stochastic integral proposed by M. Hitsuda and A. V. Skorokhod
were equivalent and given in terms of the Fock space structure by using the Chaos
Representation Property (CRP) of the Wiener process (this property was derived by It6
in [7]). Yu. L. Daletsky used another approach: his extension based on the integration by
parts formula. In [6] Yu. M. Kabanov introduced the notion of the Hitsuda — Skorokhod
type stochastic integral in the case of integration with respect to a compensated Poisson
process (this process also possesses the CRP, see, e.g., [8]). Afterwards it became clear
that in the construction of the Hitsuda— Skorokhod type integral, the Gaussian and Poi-
sson character of processes never appears. One uses only the CRP of Wiener or Poisson
processes. Thus in [9] (see also [10, 11]) it was shown that the Hitsuda— Skorokhod
integral as an operator on the Fock space is an extension of the Itd integral not only in
the Wiener and Poisson cases but in the case of any normal martingale with CRP (the
reader can find examples and properties of normal martingales with CRP in, e.g., [9,
12-16])).

In the present paper we will explore the Hitsuda — Skorokhod type integral connected
with some normal martingales without CRP. But in order to explain our motivation and
make our considerations clear, first we recall the Gaussian case (see, e.g., [17—19] for
more detailed presentation).

Let p1 be the Gaussian measure on the Schwartz distributions space D’ = D'(R.)
and L?(D', uc) be the corresponding L2-space. By definition the space D' = D'(R)
is the dual one of the Schwartz space D = D(R.) of infinite differentiable functions
on R, with compact supports. Denote by (x,¢) the action of € D’ or ¢ € D and
construct a Wiener process {W; };cr, by the formula

Wi(@) = (@, 1) = lim (z,0n)  (limit in LD, ug)), (1.1)
where {(,,}°° , C D is a sequence converging in L?(R ) = L?*(R,, dt) to the indicator
function 1o ;) of the set [0,%). Note that passing to a limit in (1.1) is possible due to
properties of the Gaussian measure (i, see Section 2 for details.

The CRP of {W;},cr, implies that for any function F € L*(D’, ug) there exists a
uniquely defined vector f = (f,)5%, from the symmetric Fock space
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F=Cao P LA(R.)® !

n=1

such that
F=Y IL(fn), In(fn):=n! / Faltiy o tn) dWe, ... dWs, (1.2)
n=0 An

where A™ = {(t1,...,t,) € R |t < ... < t,} and I,(fy) is a multiple stochastic
integral. More exactly, the mapping (the so-called Wiener —It6 — Segal isomorphism)

Ig: F — L*(D', ug), f=Un)nzo— Iaf _ZI (fn), (1.3)

n=0

is a well-defined isometrically isomorphic (unitary) operator. Note that Wy (z) = (I¢(0,
1}0,1),0,0,...)) ().

It should be noticed that the isomorphism I has a simple and naturale interpretation
from the spectral point of view. Namely, it is possible to understand the mapping I
as the Fourier transform of a certain family (the so-called free field) of commuting
selfadjoint operators that act in the Fock space F and have a Jacobi structure. This
result was obtained by V. D. Koshmanenko and Yu. S. Samoilenko in [20]; see also [21].
Taking into account this fact, we can rewrite representation (1.3) in the form

(o)
(Iaf)() =D _(Pa(); fn) € (D', p16), (14)

n=0
where each (P, (-), f») is a polynomial of the first kind connected with the free field or,
in other terminology, (P, (-), f») is a generalized Hermite polynomial on 7’| see, e.g.,

[21, 17, 22].

Now we are ready to pass to the definition of the Hitsuda— Skorokhod integral. Let
F e L>(Ry; L*(D, ug)) & L3(D', pe) @ L2(R4.). Then, for almost all ¢ € R, we can
apply Wiener —It6 - Segal expansion (1.2) to the function F(t) = F(-,t) € L*(D’, puc)

and write
oo

Z /fn o tns t) dWy, .. AWy, (1.5)

=0 An
If F is integrable by It6 with respect to W then using term by term integration we obtain

/F(t) AWy = (n+1)! / Falte, .. o, ) AWy, ... AW, dW; =

An+1
=Y " La(fa) € LD, o),
n=0

where fn is the symmetrization of f,, (¢1, ..., t,;t) with respect to n + 1 variables. This
representation of the It6 integral suggests us to define its extension by

/ t) dW; := Zln+1 (1.6)

Ry
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forall F € L?(Ry; L*(D’, ug)) such that
Z Ini1(fn) € LX(D', pug)  or, equivalently, (0, fo, f1,...) € F.
n=0

Note that exactly in such a way the extended stochastic integral was defined by Hitsuda
and Skorokhod.

Clearly, one can identify / F(t) dW, with the vector (0, ﬁ), ﬁ, ... ) from the Fock
Ry
space F and consider this integral as an unbounded operator

Text: 2R3 F) = F,  f() = (fa(-)2Zo = Texe(f) = (0, fo, fr,...), (1.7

with the domain
Dom (Toxt) i= { /() = (fa()20 € LRy F) [ (0. Fo, iy ) € F .

Further, one can interpret the Malliavin’s gradient (the stochastic derivative, see, e.g.,
[17, 19]) as an operator acting from JF to L?(R.;F); to formulate “on this language”
some properties of the stochastic integral and the stochastic derivative (for example, the
stochastic integral and the stochastic derivative are adjoint one to another operators) etc.

If we apply a Wiener—Ito— Segal type isomorphism to the integral I.,; we obtain
a naturale extension of the It integral not only in the Wiener case but in the case of
any normal martingale with CRP. Moreover, the properties of the extended stochastic
integral and the stochastic derivative that can be formulated “on the language of Fock
spaces”, i.e., with using of the coefficients from (1.2)—(1.6) only, coincide (up to the
corresponding Wiener - It0 — Segal type isomorphisms) for all these martingales. Thus
this point of view enables us to treat the stochastic analysis of all these processes in the
one framework (as the analysis on the Fock space F).

In view of this it is natural to ask: “is it possible to construct an analog of the
Hitsuda — Skorokhod integral for processes without the CRP? . Recently it became clear
(see [23-25]) that this is possible at least for the cases of stochastic integration with
respect to Gamma, Pascal and Meixner processes (the processes of Meixner type). In
spite of the fact that these processes are normal martingales without the CRP, they are
connected with Jacobi fields (generalizations of the free field), which act in the so-called
extended Fock space

Fext 1= C O P Frexe. (1.8)
n=1
Here each F,, e consists of symmetric square integrable with respect to some measure
prn functions (see, e.g., [26, 27]). It should be noticed that the theory of Jacobi fields in
the Fock space was created by Yu. M. Berezansky in [28] and carried out by him and
his collaborators, see survey [29] for a more complete bibliography.

So, it follows from results of [30] (see also [31-38]) that for each process of
Meixner type there exists a Jacobi field in the space Fox; that is a certain family
A = {A(p)}pep of commuting selfadjoint operators. These operators have a Jacobi
structure and are connected with the orthogonal decomposition in (1.8). Applying the
projection spectral theorem to this field we can construct a Fourier transform I with
respect to the generalized joint eigenvectors of the family A. This transform has a form
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736 N. A. KACHANOVSKY, V. A. TESKO

similar to (1.4), but the operator [ is a unitary between the spaces Foyxt and L2 (D', p),

o0

I Fext — Lz(Dlmu)a f={fa)nzo = L)) = Z<Pn(')7fn>a (1.9)

n=0

where p is a measure of Meixner type and {P,(x)}>°, = P(x) is a generalized
joint eigenvector of the operator A(yp) corresponding to the eigenvalue (Pi(x),p) =
= (x, ). The sequence {P,(x)}>2, is called the sequence of polynomials of the first
kind connected with the family A.

In this case, the process of Meixner type {M; };cr, is defined by the formula

Mi(z) = (x, 11[07,5)) = (I(O, Lj0,1,0,0, .. ))(z)

Note also that (P,(-), fn), n € Z4, as well as the generalized Hermite polynomials,
are Schefer polynomials, that is orthogonal polynomials with a generating function of
exponential type, see [36, 37, 30] for more details.

In the present paper, using Fourier transform (1.9), we introduce and study extended
stochastic integrals connected with processes of Meixner type. We define these integrals
by analogy with (1.7), but using instead of the Fock space F the extended Fock space
Feoxt- Note that related results to this topic have been established in [39-41].

The paper is organized in the following manner. In the forthcoming section we give
a brief introduction in the Gaussian white noise analysis and recall the construction of
stochastic integrals on a Fock space and its riggings in the framework of this analysis,
this section serves as a model example. In Section 3 we give a necessary information
about the generalized Meixner measure and the extended Fock space. Section 4 is
devoted to the construction and study of the It6 stochastic integral on the extended Fock
space. Finally, in Section 5 we give definitions and establish main properties of extended
stochastic integrals on the extended Fock space and its riggings.

2. Stochastic integrals in the Gaussian white noise analysis. In this section we
recall some basic concepts of the Gaussian white noise analysis (see, e.g., [17, 21, 18] for
more details) and describe a general approach to construction of the extended stochastic
integral.

2.1. Elements of the Gaussian white noise analysis. Denote by D := C§°(R;)
the set of all real-valued infinite differentiable functions on R, with compact supports.
This set can be naturally endowed with a projective limit topology

D =prlimD,,
TeT

where T" denotes the set of all pairs 7 = (71, 72) such that 7 € N and 73 is an infinite
differentiable function on R such that 75(¢t) > 1 for all ¢ € Ry; D, is the closure of
C§°(R4) in the norm | - |p, generated by the scalar product

(. %), = / <i</>(k) ()™ (t)> Ta(t) dt,
R, k=0

i.e., D, denotes the Sobolev space of order 7; weighted by the function 75. Henceforth
we will regard D as the corresponding fopological space.
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As is known (see, e.g., [21, 42]), D, are densely and continuously embedded into
the space L2(R..) of square integrable with respect to the Lebesgue measure real-valued
functions on R ;. Therefore one can consider the chain (the rigging of L?(R . ))

D'>D_,>L*Ry)DD,; DD, (2.1)

where D_,, D’ = ind lim,e7 D_, are the dual of D,, D with respect to L*(R)
spaces respectively. We denote by (-, -) the dual pairing between elements of D’ and D
(and also D_, and D) inducted by the scalar product (-, )2, ) in L%(R,), ie., we
set

(f,o)=(f,0)r2®,y, feL*Ry), €D,

and then extend this definition by continuity. We preserve the notation (-, -) for the dual
pairings in tensor powers and complexifications of chain (2.1).

We denote by C(D’) the generated by cylinder sets o-algebra on D’. Let ¢ be the
Gaussian measure on C(D'), i.e., a probability measure with the Fourier transform

A EEYPAL
\/el<w’§0>ﬂc(dx) —e 2|W‘L2(R+), Y2 e D. (22)
D’

Denote by L?(D’, juc) the space of square integrable with respect to yie complex-valued
functions on D’. It follows from (2.2) that

[t 02ucld) = el v eD.
D/

Therefore, extending the mapping
L*(Ry) DD 3¢ (,9) € LX(D', uc)

by continuity, we obtain a random variable (-, f) € L?(D’, ug) for each f € L*(R,).
Thus we can define a random process {W;}icr, as

Wi(-) == (-, Ljo,q)

(here and below 1 4 denotes the indicator of a set A). It is easy to see that finite-
dimensional distributions of a random process W. coincide with those of a Wiener one.
Namely, for all N € N, ug,...,uy € Rand t,...,txy € Ry

N N
/exp (ZZUkWtk (x)) e (dz) = /exp (2 <x, Zuk]l[o,tk]>> pe(dz) =
k=1

D’ k=1 D’
1| ’ 1<
=exp | —5 Z“k]l[o,tk] =exp | —5 Z upu; min{ty, t;} ).
k=1 L2(Ry) k.j=1

Hence {W;}.cr, can be interpreted as a Wiener process.
An important technical tool in the Gaussian white noise analysis is the Wiener —
It6 — Segal isomorphism
Ig: F — L*(D', pg)
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738 N. A. KACHANOVSKY, V. A. TESKO

between the symmetric Fock space F := F(L?*(R.)) over L?(R,) and the complex
Hilbert space L?(D’, uc). Let us recall that the symmetric Fock space F is defined as

F=@LAR)®™!,  LAR)P:=C,
n=0
i.e., F is a complex Hilbert space of sequences f = (fn)22, fn € L%(R+)®”, such
that

”fH]-' - Z |fn L2(Ry4 )®n < 0.

Here and below ® denotes a symmetric tensor product (® denotes an ordinary tensor
product), the subindex C denotes the complexification of a real space.

In what follows, we always identify in the natural way the space L%(R+)®’L with the
space Lésym(Ri) of all complex-valued symmetric functions from L2 (R’ ). Namely,

we identify each element ¢1® ... ®g, € L%(R+)®’L with the symmetric function
1 n
H Z g1 (td(l)) s gn(to'(n)) € L%,sym(R+)

(o running over all permutations of {1,...,n}) and extend this procedure to all elements
of LZ(R4)®™. This is possible because the mapping

~ ~ 1
NE- - Bgn = th(tau)) o In(tom))

after being extended by linearity and continuity to the whole space L%(R+)®” is a
unitary operator acting from L%(R+)®" to L2 sym(R%). Naturally
|f"L2(]R /|fn (t1,...,tn)|?dt1... dt, =

Rn

=nl / |fn(t1>~-~,tn)|2dt1... dt,
ATL

for all f, € LA(Ry)®" = L2 (R%), where A" = {(t1,...,t,) € RY [t; < ...
<t}

Return to the Wiener — It — Segal isomorphism /. There are several equivalent ways
of construction of I: using multiple stochastic integrals either the Jacobi fields approach
or the system of infinite-dimensional Hermite polynomials. We do not discuss this in
details (see, e.g., [17, 19-22] and references therein), but we note that I is completely
characterized by the following properties:

(i) Ig: F — L*(D', ug) is a unitary operator (an isometrical isomorphism);
(i) I¢(fo,0,0,...) = fo for all fy € C;
(iii) foreachn € N and any disjoint Borel sets a1, . . . , o, of finite Lebesgue measure

(IG((),...,o,nale@..@11%70,0,...))(-) = W, (-) .. Wa (),

n times

where Wy, (+) := (-, 1,,) forall k € {1,...,n}.
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It should be noted that properties (i) —(iii) of I and the fact that the set

(C@span{( 0,...,0,]la1®...Q@]lan,O,O,...) ‘
——

n times
neN; a; € BR;); aiﬂajzg,i;éj}

is dense in the Fock space F play a fundamental role in the construction of the Itd
integral and its extensions in terms of the Fock space structure, see below for more
details.

Let us construct a convenient for our considerations rigging of F. For 7 € T" and
q € N we set

o0

F(r,q) = @D?g(n!)%q", Fi = prlim F(7,q),

n—=0 T7€T,qeN

where F(7,q) denotes a complex Hilbert space of sequences f = (f,)5>, such that
fn € DEL(DER := C) and

n=0 m

It can be shown that for all ¢ € N and 7 € T the dense and continuous embedding
F(r,q) — F takes place. Thus one can construct a rigging of the Fock space F

F_ D F(—T1,—q) D F D F(r,q) D F4, (2.3)
where the spaces
F(-7,-q) = gD?%Z‘q”, F- = indlim F(~7.~) 2.4)

are dual ones of F(r,q) and F; with respect to the zero space F respectively. The
(generated by the scalar product in F) pairing between elements of F_ and F, (and
also F(—7, —¢q) and F (7, q)) will be denoted by ({-,-))~.

Using rigging (2.3) and the isomorphism I one can construct the rigging

oo F S5 F
e e
(D/)— ) LQ(D/MU/G) o (D)-i-a

where the space of test functions (D) := IgF, is the Ig-image of the Fock space
F+ with the topology that is inducted by the topology of F, the space of generalized
functions (D’)_ is the dual one of (D), with respect to L?(D’, uc). Note that I can
be extended to an isomorphism between F_ and (D’)_. We keep the same notation I
for the corresponding extension.
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Now we recall definitions of some important operators on Fock spaces.
For each £ = (&,)22, € F_ we define the S-transform by the formula

o0

(SN =D (€., A®"), X €D,
n=0
where the series converges absolutely in a (depending on &) neighborhood of 0 € D¢.
Each vector ¢ from F_ is uniquely determined by its S-transform. More exactly, let
Hol¢(D¢) be the set of all (germs of) functions that are holomorphic at 0 € D¢. It
follows from [43] that the S-transform is a one-to-one map between F_ and Hol o(D¢).

Taking into account that Hol o(D¢) is an algebra with ordinary algebraic operations
we can define a Wick product £0¢ of £, € F_ by the formula

£0¢ = 571(8¢-5¢) e F_.

It is easy to calculate that for all £ = (£,)5%, ¢ = (¢n)22, € F—

£0¢ = (Z gme%cnm) : 2.5)
m=0 n=0
Furthermore, if £ = (£,)%2, € F- and
()= ha(—&)": C—C
n=0

is a holomorphic at (S¢)(0) = & function then one defines the Wick version of h by
hO(€) := ST h(S¢) € F_.
As is easy to see,

hO€) = ha(0,61,62,...)%", (2.6)
n=0

where €97 := €0 ... O¢ (n times) and £90 := 1.

Using the isomorphism I, all the above definitions and results can be reformulated
in terms of the generalized functions space (D’)_. In particular, a Wick product and
Wick versions of holomorphic functions can be defined on (D’)_ and used in order to
study so-called stochastic equations with Wick-type nonlinearities (see, e.g., [44, 17]).

For each ¢t € R we define the annihilation operator a_(d¢) on F and the creati-
on operator ay(d¢) on F_ (here J; denotes the delta function at t) by setting “on
coordinates”

(a—(5)@n)(t1, -+ tn1) = n@n(ts, ... tn1,t), on € DE™
2.7)

(aJr((St)gn) = 5t®£n» fn c Déj@m

It is easy to show (see, e.g., [22]) that the operators a_(d;) and a (J;) can be extended
to linear continuous operators on F (7, ¢) and F(—7, —q) respectively, and a (d;) is the
dual operator of a_(d;) in the sense that for all £ € F(—7,—¢q) and ¢ € F(1,q)

(a4 (00)€,0)) 7 = ((§, a—(de)p)) 7
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It is obvious that
ay(0:)€ =£0(0,0.,0,0,...), &€ F(—1,—q). (2.8)
Also we note that
0(d:) == Iga_ (5t)151: D)y — (D)+
is the Gateaux derivative in the direction ;:

(0(3)F)(x) = lim Fla+ 55;) —F@)  pew),, sep,

see, e.g., [17]. The operator 9(d;) is called the Hida derivative.

2.2. Stochastic integrals on a Fock space and its riggings. In this subsection we
recall the construction of stochastic integrals on a Fock space and its riggings in the
framework of the Gaussian white noise analysis. Namely, starting from the classical Itd
integral with respect to a Wiener process, we define the It6 integral on the Fock space
F and construct its generalization — the extended (Hitsuda— Skorokhod type) stochastic
integral on F and its riggings. We stress that this approach enables us to define the
extended stochastic integral not only with respect to a Wiener process but also with
respect to any normal martingale with the Chaos Representation Property (CRP).

We start from a definition of the classical It6 integral (we refer, e.g., to the books
[45, 46] for details). Let {A; };cr. be a natural filtration of o-algebras A; = o{W|s <
< t} generated by a Wiener process {W;};cr, (this filtration is made complete and
right continuous). We denote by L2(R, x D’) the set of all adapted with respect to
{A¢}ier, functions from the space

LY (D' x Ry) := LA(D' x Ry, C(D') x B(Ry), e x dt) = L*(D', pg) ® L*(Ry),

where B denotes the Borel o-algebra. It can be shown that L2(R, x D’) is a subspace
of L2(R; x D') (a linear closed subset of L?(Ry x D’)). We will refer to L2 (R, x D’)
as to the space of Ito integrable functions.

Let us recall that a function F' € L?(D’ x R, ) is adapted (or nonanticipative) with
respect to the filtration {A;};cg, if for almost all ¢ € R the function F(-,t) is A;-
measurable. In other words, F' € L?(D’' x R.) is adapted with respect to {A; }scr, if
F(-,t) = E[F(-,t) |A;] for almost all ¢ € R, where E[-|.A;] denotes the conditional
expectation with respect to the o-algebra A;. We note that E[- |A;] is the orthogonal
projection in L?(D', uc) onto the subspace of all A;-measurable functions.

Let F(t) = F(z,t) be a simple 1t6 integrable function. That is, F € L2(R; x D')
can be written as

n—1
F() =Y FoyLiu() € La(D x Ry),
k=0

where 0 < £y < t; < ... < t, < oo (evidently, every F(j) is an A, -measurable
function from the space L?(D’, ug)). The Itd integral of F with respect to a Wiener
process W. is defined by the formula

n—1
/F(t) th = Z F(k) (Wtk+1 - Wtk) € LQ(D/a ,U'G) (29)
R, k=0
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742 N. A. KACHANOVSKY, V. A. TESKO

and has the isometry property

[roa, 2

Ry L*(D’,ua)

| F )2 en, = / IFOI2 2 ey dt. (2.10)
Ry

Since the set Lz’S(D’ x Ry ) of all simple It6 integrable functions is dense in
L2(D’' x R,) (with respect to the topology of L?(D’ x R )), isometry property (2.10)
allows us to extend the Ito integral to the set L2(R, x D’) of It6 integrable functions,
and (2.10) still holds on this set. Namely, extending the mapping

L (D'xRy) > F /F(t) dW; € L*(D', ug)
Ry
by continuity we obtain a definition of the It6 integral on L2 (D’ x R, ).

Let us now turn from the Itd integral on the space L?(D’, i) to one on the Fock
space F. This integral will be defined in the simplest possible way as the I !_image of
the It6 integral / F(t) dW;. To be precise, denote by L?(R; F) the Hilbert space of

R
F-valued functions (more exactly, of equivalence classes)

Riote ft)eF,  |flig.r = / 1f (£)]I% dt < oo
Ry

with the corresponding scalar product. It is clear that any function f from the space
L?(Ry; F) has a form f(t) = (fu(t))olg, Where each f,(t1,...,t,;t) belongs to
the space L2(R;)®" ® L?(Ry). This means that f, belongs to LZ(R*") and f, is
symmetric with respect to first n variables.
Since the spaces L?(D’ x R ) and L?(R,; F) can be interpreted as tensor products
L*(D', ug) ® L*(Ry) and F @ L?(R) respectively, we conclude that
Ic®1: L*(Ry; F) — L*(D' x Ry)

is a well-definite unitary operator.
Definition 2.1. We say that a function f € L*(Ry; F) is It integrable if (Ig®1) f
belongs to L2 (D' x R,), i.e., if

fEL2RyF) = (Ic®1) 'LI(D' xRy).
The It6 integral of f € L?(R;F), denoted by 1(f), is defined by

I(f) = 15" /IG(f(t))th e F.

Ry

Remark 2.1. 1t follows from definition of I and equality (2.10) that, for all f €
€ Lg (R-‘r? ]:)7

L)% = / (D)2 dt.
Ry

As a consequence, the operator I acts isometrically from the subspace L2 (R, ;F) of
L?(Ry; F) into the Fock space F.
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It is natural now to ask: “How to verify that a function f(-) = (fn(-))%, €
€ L?(R,;F) is Itd integrable and how to express the corresponding Itd integral in
terms of the Fock space structure?” The answer is following.

Theorem 2.1. The following statements are fulfilled:

(D A function Ry 3t — f(t) = (fn(t))2, € F is It6 integrable (i.e., | belongs
to L2(Ry; F)) if and only if f € L*>(Ry; F) and for almost all t € R,

f(t) = (fo(t), fr(t) Lo, fa(t)Lj0,0)2, - - )
(D) For each f(-) = (fu(-))pZo € L2(R4; F)
I(f) = (0, fo, f1,...) € F, @2.11)

where ﬁ € L%(R+)®”+1 denotes the symmetrization of fy,(t1,...,tn;t) with respect
to all variables, or, equivalently, f, is the projection of f, € L:(R4)®" ® L*(Ry) onto
LA(R1)®™FL. Since the function fy(t1, ... tn;t) is symmetric with respect to first n
variables, its symmetrization f, is given by

N 1 n+1
falty, oo tngr) = ] Zfn(tla-~-a%a~~~7tn+1§tk)'
k=1

Although this theorem easily follows from the results of, e.g., [19, 9, 11], for the
reader’s convenience we present here a proof.
Proof. In order to prove (1), it is sufficient to show that

Ellg fol Al = I (Lj0,0)n fn) (2.12)

forany f,, € L(QC(R+)®" (here and below in this proof we identify f,, with (0,...,0, f,,0,
0,...) € F, where f, standing at the n-th position). Moreover, since functions

frn=148...81,,, @ €BRY), a;Na; =92, i},

form a total set in L<2c (R+)®”, it is sufficient to check (2.12) for these functions. Using
property (iii) of I, properties of a conditional expectation and the fact that

E[WS|At] = Wt, t < S,
since the Wiener process 1 is a martingale with respect to {A; }¢cr. , we get

EllG fo Al = Ellg(10,®...81,,)

A =E[W,, ... Wy,

A =
n
=E H (Wasnor) + Wasnitoo)) | At | =
=1
= Wanlo,t) - - - Wa,m[o,t) =
=Ic(Layno,n®- - ®La,no.0) = Ia(Ljon fr)-

The first part of the theorem is proved.
Let us establish the second part of the theorem. First of all we note that according to
Remark 2.1 and Theorem 3.2 from [11] we have
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Hﬂ(f)\lfr=/||f(t)\|3rdt and H(O,fmfl,.--)llfr:/IIf(t)IIQfdt
Ry Ry

for all f € L2(R,;F). Hence, the linear mappings

f1(f) and f— (0, fo, f1,...)

act continuously (more exactly, isometrically) from L2 (R, ;F) to JF. Therefore, it is
sufficient to check (2.11) for simple functions f € L2 (R ; F) of form

f(t) :g]]'(31732](t)7 9= ﬂa1®"'®ﬂan, (2.13)

where n € N, Borel sets «; € B(Ry), i € {1,...,n}, are disjoint and (s1, s2] C R4
(these functions form a total set in L2(R; F)). We note that if f(-) = gl(,, () €
€ L%(Ry; F) has form (2.13) then by assertion (I)

9=14,8...3La, = (10;®... 814, ) L[,

So in this case a; C [0, s1]. In particular «; N (s1,80] = @ forall i € {1,...,n}.
Let f() = gl(s, 5 (-) € L2(R4; F) be of form (2.13). Evidently, in this case

ft) = (0, .50, fu(1),0,0,. ) fat) = (10, ® ... ®La, )L, 0, (1),
N———

n times

and
F=(Ic®1)f= IG(9)1(81,S2]

is a simple It integrable function with respect to W, i.e., F € L2 (D' xR ). Therefore,
using Definition 2.1, equality (2.9), property (iii) of the isomorphism I and taking into
account that o; € B(Ry), ¢ € {1,...,n}, are disjoint and a; N (s1, s2] = &, we get

I(f) = 15" / Ie(f(t) aw, | = 151 / T6/(0) L ey g () AW | =

= Iél(fg(g)W(sl,é,z]) = Iél(Ig(]lm@ c @]lan)W(shs2]) =
=I5 (Way oo Wa Wisy 5]) = Loy ® ... @1, ®1 (s, 65 =
= (0,...,0,ﬁ,0,0,...).
N——
n+1 times

The theorem is proved.

Remark 2.2. This theorem is one of the most useful results for our purpose.
Analyzing the proof, we see that it does not depend upon the Gaussian character of the
Wiener —[t6 — Segal isomorphism /. One only makes use the properties (i) —(iii) of the
isomorphism I and the fact that the Wiener process W is a martingale. This observation
plays a crucial role in the construction of the extended stochastic integral with respect
to any normal martingale with the CRP (see Remark 2.7).
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Remark 2.3. Let (s1,s2] C Ry be fixed. Choose a vector g = (g,)52, € F such
that g = (g0, 911{0,s,)5 921[0,5,)2, - - -) and define a simple function f € L2(R,; F) by

@) = g1(s,,5,)(t) = (fu(O))nzos  fa(t) = gnl(s,,s5(1).
Then, according to (2.11) and (2.5) we obtain
1(g1 (s, 5)) = 1(f) = (0, fo, fr,...) =
= (01 gO(/gz]l(sl,sz]791®1(sl,82]3 .- ) = 90(07 ]l(sl,SQ]aOv 0,.. ) (2.14)

If we compare (2.14) with (2.9) we will see the relationship between the Wick multipli-
cation ¢ on F and the ordinary multiplication on L?(D’, ji). Namely, suppose ¢ € R,
and F € L?(D’, ug) is an A;-adapted function. Then for each interval (s1, so] C (¢, 00)
the function (W, — Wy, ) belongs to L2(D’, u¢) and the I -image of F(W,, — W,)
has the form

Iél(F(Wsz - WS1)) = Iél(F)Olél(Wsz - Wsl) = Ial(F)O(O?1(81,52]50707 H )

However it can be shown that in general case the I5-image of the Wick multiplication
¢ distinguishes from the ordinary multiplication.

We next turn our attention to generalizations of the It6 integral I. The most naive
and natural idea is to define a generalization of I by formula (2.11) for all functions
FO) = (fa())22y € L2(Ry; F) such that (0, fo, f1,...) € F. Namely, we accept the
following definition.

Definition 2.2. For a function f(-) = (fu(-))5%, € L*(Ry;F) such that

(O,fo, fi,.. .) € F or equivalently, Z |fn ig(ﬂh)@nﬂ(n +1D)!I<oo  (2.15)

n=0

we define its extended stochastic integral by the formula

Text (f) == (0, fo, f1,-..)-

Applying the Wiener—1Ito—Segal isomorphism to I, we obtain the extended
stochastic integral introduced by Hitsuda and Skorokhod.

Properties of I can be easily obtained from the corresponding properties of the
extended stochastic integral on L?(D’ xR ). In particular, let us consider the annihilation
operator a_(d;) (see (2.7)) as an unbounded one

a-(0.): F = L*(Ry; F), g =(ga)ao > a-(8)g = ((n+ 1)gn+1())lo

(2.16)
with the dense in F domain
Dom(a_(4.)) := {g =(gn)2 o €F Z \gn|i%(ﬂh)®nn!n < oo} .
n=0

Note that the I-image of a_(¢.) is the so-called Malliavin's gradient, see, e.g., [19].
The following statement follows from, e.g., [47] (see also [17, 19]).
Theorem 2.2. The extended stochastic integral loy : Lz(RJr;}') — F and the
annihilation operator a_(8.): F — L*(Ry; F) are adjoint one to another: In particular,
these operators are closed.
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Remark 2.4. The fact that in the Gaussian case the Skorokhod integral is adjoint
to the stochastic derivative (the Malliavin gradient) was proved for the first time in
[47]. This result is a starting point in developing of a stochastic calculus for nonadapted
processes (the so-called anticipating stochastic calculus). We refer here to the book
[19] and reference therein for an exhaustive presentation of results, techniques and
applications of the anticipating stochastic calculus.

Remark 2.5. Note that one can get rid of restriction (2.15) and introduce elements
of a Wick calculus considering stochastic integrals on the I5-pre-image of a so-called
regular rigging of L?>(D', ug), see, e.g., [25] for details.

We will now show that the extended stochastic integral Lo can be regarded as an
ordinary Bochner one. Before establishing the corresponding result, let as first look at
the following heuristic argumentation.

According to Remark 2.3 for a simple It6 integrable function

)= fo Lt () € LERGF),  fuy € F,

we have
Zf O]lt;, tk+1]70’07"')'

Using this equality, (2.8) and the formal representation

(0. L0 0,1,.0.0,...) = / (0,6,,0,0,...)dt

(thotrt1]
we obtain (at least formally)
n—1
IF) =Y fuy 00, Lt 1,4,1,0,0,...) =
k=0
_Zf(k)o / 05t7070,~~~)dt:
(trstrri]
n—1
= Z / f0(0,6,,0,0,...)dt =
O(tkvtk-#l]
n—1
- /(Zf(k)]l(tk,tk+l](t)> 0(0,6:,0,0,...)dt =
B, \k=0

- /f(t)O(O,ét,0,0,...)dt: /a+(6t)f(t) dt.

R+ R+

Since the delta-function §; is not a square integrable one, the last formula can not be
accepted as a definition of the extended stochastic integral on L2(R; ; F). However from
results of [17, 11] the correctness of the following definition follows.
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Definition 2.3. The extended stochastic integral of a function
() = (&()nlo € L* (R F(=7,—q))

is defined as a Bochner one in the space F(—1,—q) (see (2.4)), T is such that
/ |0¢|3,__dt < oo, by the formula
Ry

T (6) = /a+(5t)§(t)dt:/g(t)O(O,ét,O,O,...)dtE]—"(fT,—q). 2.17)
R

Ry

Not complicated direct calculation shows that

~

Hext(&) = (05507217 o ')7

where each &, € D@‘El is the projection of &,(-) € D?fﬁél ® L?*(R4) onto D?fjél.

This property means in particular that iext is an extension of Ly, i.€.,

]cht(f) :i\cxt(f) = /a+(6t)f(t) dta f € Dom (]cht)~

R

This result explains the same name for the integrals I, and iext.
It can be easily shown that the analog of Theorem 2.2 holds true for operators

Text: L2(Ry; F(—7,—q)) — F(=7,—q), a_(8.): F(r,q) — L*(Ry; F(r,q)),

where a_(0.) is the restriction of operator (2.16) on F(, ). Moreover, now Texe and
a—(4.) are continuous operators.
Remark 2.6. The [5-image of integral I.,; has the form

Ig(Tex(6)) = [ 0T (0)W(t)dt = [ W()OpW; dt,
/ /

Ry

where W (t) := IgE(t), 91 (6;) := Igay(6;)I5": (D')- — (D')_ is an adjoint operator
to the Hida derivative 9(;), Wy := (-, ;) = I(0,0+,0,0,...) € (D’)_ is the so-called
Gaussian white noise and ¢ p denotes the Wick product in (D’)_, i.e.,

VOp® = Ig(I5 VoI ®), ¥, & e (D) .
Thus in such a way we obtain the well-known presentation
/xp(t)ciwt - /a+(5t)\p(t) it = /\If(t)oDWt dt,

where fR+ o(t)c?Wt denotes the extended (Hitsuda — Skorokhod) integral with respect to
W (see, e.g., [17, 48, 44] and reference therein for more details).

Remark 2.7. Let (92, A, P) be a complete probability space with a right continuous
filtration {A,; };cr, , i.e., As C A if s <t and A, = [),., A, forall £ € R, . Suppose
that A coincides with the smallest o-algebra generated by UtE]R+ A; and Ay contains
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all P-zero sets of A. In addition, suppose that Ay is trivial, that is for each o € Ay we
have P(a) =0 or P(a) =1

By definition a process N = {N;}ier,, No = 0, is a normal martingale on
(Q2, A, P) with respect to {A;}ier, if {N;}ier, and {N? — t}icr, are martingales
with respect to {A; };cr, . This means that for all s,z € Ry such that s < ¢

E[N, — N,|A ] =0, E[(N; — N,)?|A] =t — s,

where as before E[ - |.4;] denotes the conditional expectation with respect to .A;.
It is known (see, for example, [13, 15]) that a mapping

In: F — L*(Q, A, P), f=n)nto = INS ::ZIN’"(f")’

n=0

is a well-defined isometry. Here I o(fo) := fo and, for each n € N,

IN,n(fn) = 77,' /fn(tla e 7tn) dNt1 e (,‘U\Ztn7
A

A" ={(tr,....ty) ERY | t1 < ... <tn},

is an iterated stochastic integral with respect to N. The integrals Iy ,(f,) have the
isometry property

2
HIN’n(fn)HL2(Q,A,P) = (n')2 / |fn<t17 e 7tn)|2dt1 .. |fn LQ(R ®,Ln!7
A

and, moreover, the orthogonality property

0, n #m,
(IN,n(fn)aIN,7n(f7n))L2(Q,A,P) =
| fr LZ(R+)®7Ln! n=m.
When Iy: F — L?(Q,A, P) is a unitary operator (i.e., Iy isometrically maps
the whole space F onto whole L?(£2, A, P)) one says that N possesses the Chaotic
Representation Property (CRP). The unique decomposition of F' € L?(Q, A, P) as
F = Z Inn(fn) is called the chaotic expansion of F. We observe that the standard
Wiener process W, the compensated Poisson process and some Azéma martingales are
examples of normal martingales, which possess the CRP. We refer to [13, 15, 9, 16, 49]
for more information about normal martingales and their properties.
Let NV be a normal martingale with CRP. Then as in the Gaussian case the mapping
I is completely characterized by the following properties:
() In: F — L?(Q, A, P) is a unitary operator;
(i) Ino(fo) = fo forall fo € C;
(iii) for each n € N and any disjoint Borel sets aq,...,a, of finite Lebesgue
measure,
INn(1g,®...81,,) = N(ay)-...- N(ay),

where B(Ry) 3 a — N(a) € L?(€, A, P) is a vector-valued measure generated by the
normal martingale N, i.e., we set

ISSN 1027-3190. Vkp. mam. scypH., 2009, m. 61, Ne 6



STOCHASTIC INTEGRAL OF HITSUDA - SKOROKHOD TYPE ON THE EXTENDED FOCK SPACE 749

N((31>32D:N32_N31, N({O}) = Ny =0, N(@) =0,

and extend this definition to all Borel subsets of R .

Since Iy has properties (i)—(iii) and the proof of Theorem 2.1 is based on the
corresponding properties of the Wiener — [td — Segal isomorphism only, we can conclude
that the Iy-image of I is the It0 integral with respect to the normal martingale N and
as a consequence the Iy-image of Iy gives an extension of this It6 integral. We refer
to [9] for properties and applications of extended stochastic integrals connected with
normal martingales.

3. The generalized Meixner measure and the extended Fock space. Recall the
definition of the generalized Meixner measure on D/, see [30].

Let us fix arbitrary functions

a: Ry = C, B: Ry —C
that are smooth and satisfy the conditions
0(s) := —a(s) — B(s) € R, n(s) == a(s)B(s) € Ry

for each s € R;. We also assume that the functions 6 and 7 are bounded on R. Note
that in a certain sense 7 is a “key parameter”, which will be used often below.

For each s € R denote by v (s) 3(s) @ probability measure on R that is defined by
its Fourier transform

/ei/\t Va(s),ﬁ(S)(dt) = exp <—i)\(a(8) + 5(8)) +

R

oy s [fj " (852 + Bls)™a(s) + ... + a(g)w)] ) .

m n!

m=1 n=2

Definition 3.1. We say that a probability measure p on the measurable space
(D',C(D’)) with the Fourier transform

_ . 1
/6Z<I"'°> wu(dx) = exp // (GZW(S) -1- Zt‘ﬂ(S))tj Va(s),8(s)(dt) ds |, ¢ €D,
D’ R, R

is called the generalized Meixner measure.

Theorem 3.1 [30]. The measure i is a generalized stochastic process with inde-
pendent values in the sense of [50]. The Laplace transform of n is a holomorphic at
0 € D¢ function.

Let a and 3 be constants. Accordingly to the classical classification [51] (see also
[36, 37, 30]) p is the Gaussian measure for o = 3 = 0; p is the centered Poissonian
measure for a # 0, § = 0; u is the centered Gamma measure [26, 31] for « = 3 # 0;
1t is the centered Pascal measure [33] for o # 3, a8 # 0, «, 8 € R; pu is the centered
Meixner measure for a = 3, Im(c) # 0. Thus the “key parameter” n = 0 if and only
if w is the Gaussian or Poissonian measure.

Denote by (L?) := L?*(D’, u) the space of complex-valued square integrable with
respect to u functions on D’. A function
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D’BxHF(x):Z(m®k7<pk>€C, apkeDg’k, on, # 0,
k=0

is called a continuous polynomial on D’ of order n. Since the measure p has a
holomorphic at 0 € D¢ Laplace transform (Theorem 3.1), the set of all continuous
polynomials on D’ is dense in (L?) [52]. Due to this fact, using the procedure of
orthogonalization of polynomials (see, e.g., [21] for details) one can construct an
orthogonal decomposition of the space (L?). Namely, for n € Z, let P, be the set
of all continuous polynomials on D’ of order < n, P,, be the closure of P,, in (L?) and
(L2) := P, © Pn_1, where © denotes the orthogonal difference in (L2), (L3) = C.
Thus we can regard (L?) as the orthogonal direct sum of subspaces (L?2), i.e.,

o0

(L) =P (L3).

n=0

We pass now to the construction of the extended Fock space. To this end, for each
on € DZ" we define : (z®", ¢,,) : as the orthogonal projection of (", ¢,,) onto (L2).

It follows from results of [30] that : (&7, ¢,.): = (P,(z), ¢n), where P, (x) € D'®"
and for p-almost all z € D’

and for all p,, € Dg’", ¥ € D¢

<Pn+1(x)a (Pn®7/}> = <PTL(I)7 QOTL><P1(Z')7 ¢>7
_n<P7L('T)7 Pr [0()7/}()90n(3 2y ey n)]> -
= n(Pa1(), ¢3) = n(n = 1)(Pai(@), Pr ()0 (enlyyseoall). G
Here Pr denotes the symmetrization operator and
OY( 1y m) = /@n(-l,...,-n,l,t)z/)(t) dt € DE" 1,
Ry

It should be noticed that (P, (-), ¢n), n € Z,, are Schefer polynomials, i.e., orthogonal
polynomials with a generating function of exponential type, see [37, 36, 30].

Let F,, ext be a Hilbert space that is obtained as the closure of Dg" with respect to
the norm | - |7, .., generated by the scalar product

(Pns 60)5, 1= 2y [ (Pali) o) (Pae). ) ), o 5 € D"
D/

(note that since this scalar product is real, | - | £, ... = 1/(,7) #,.o.. ). Note that Fy, exe
depends on a parameter 77; but we omit this parameter for simplification of notation. In
the situations when the dependence on 7 is significant we specify this.

It is possible to give an inner description of the scalar product in the space F;, ext.
Namely, according to [25] (see also [30]) we have
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Z n!
(¢n7wn).7:n,ext = Zsl lsk | 'X
L 1 -l S10.. .Sk
k,lj,s;€N: j=1,... )k, l1>l2>... >,
11514 +lpsp=n
X / Spn(tlv'"7t17"‘7t817"'7t51a"'7t51+...+skw~'7t51+,..+sk)x
——
sl+...+sk 1
]R+ 1 ll lk
X'Q[Jn (tl, cey bty 7tsl7 . 7t51, - 7t51+...+sk7 . 7t51+-~~+5k> X
——

ll ll lk
Xn(tl)ll_l' .- n(t81)l1_1n(t81+1)l2_1 s 77(?551+52)l2_1 s n(t81+~-+8k—1+1)lk_1 s
. n(t81+m+5k)lk—1 dt] . dtsl+...+sk~ (32)

It follows from (3.2) that actually F, o« is not connected directly with the measure
w and depends on the function 1 only. Moreover, it can be shown that for all n € N

Frext C L2(R?, p) = {fn € L* (R, p,): f, is symmetric in all variables}, (3.3)

where the Borel measure p,, is constructed by using (3.2). In particular, p; is the Lebesgue
measure on R . If p is the Gaussian or Poissonian measure then n = 0 and therefore
pn is the Lebesgue measure on B(R’; ). We refer a reader to [32] for a more detailed
discussion of spaces like F;, ext.

Definition 3.2. We define the extended Fock space Fo. by the formula

LS
Fext i= @fn,extn!a ]:O,ext =C.
n=0

Thus Fexy is a complex Hilbert space of sequences f = (fn)5 g, fn € Fn,ext Such that

o0

10 = D 1l ! < o0

n=0

Remark 3.1. Let us explain the term the extended Fock space. It is not difficult to
show by analogy with [32] that the space F, cxt 1S, generally speaking, the orthogonal
sum of L%(R+)®” and some another Hilbert spaces. In this sense F, cxt is an extension
of L% (R+)®" and therefore F.,; is an extension of F.

One can give another explanation of the fact that F,, o« is a more wide space than
L%(R+)®”. Namely, let f,, € L%(Rg@" (fr is an equivalence class in L<2c (R+)®”). We
select a representative (a function) f,, € f, with a “zero diagonal”, i.e., f,,(t1,...,t,) =
= 0 if there exist 4,5 € {1,...,n}, i # j such that ¢; = t;. This function generates the
equivalence class fn in F,, ox¢ that can be identified with f,, (see [25] for details).

Let Fgy denote the set of all finite sequences (¢,)22 ), ¥n € Dg@". It is clear that
Ftin 1s a dense subset of F.y¢ and the mapping

o0

Fext D Fan 3¢ = (pu)io = (I9)() 1= D (Pul-), ) € (L)

n=0

(the series, in fact, finite) is isometric. Extending this mapping by continuity to the whole
space Foxt WeE obtain a unitary operator acting between Foyt and (L2). We keep the
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notation I for the extension, and we will refer to the operator I: Feyy — (LQ) as to the
generalized Wiener - It6 — Segal isomorphism. Note that [ is the Fourier transform of
a Jacobi field that act in the extended Fock space Foxt, see [30] and also [31-38].

In what follows, for each f,, € F,, ext We set

(Pr, fn) :=I(0,...,0,fn70,...).
——

n times

Then for each f = (f,)22, € Fext We have

If =Y (P, fa) € (L?). (3.4)
n=0

4. The It0 integral on the extended Fock space. We consider the Meixner random
process

{Mt() = < , ]l[ovt)>}tER+

on the probability space (D’,C(D’), u1). It follows from Theorem 3.1 that this process
has orthogonal independent increments. Since in addition M. is locally square integrable,
this process is a normal martingale with respect to the natural filtration of o-algebras
A, = 0{M, | s < t} (the filtration is made complete and right continuous).

Remark 4.1. Note that if the parameter n from the definition of the measure p
is not a constant then M. is not a Lévy process because in this case M. is not a time
homogeneous one.

We will define the Itd integral on the extended Fock space as the I~ !-image of the
classical It6 stochastic integral with respect to the Meixner process. Namely, denote by
(L?) ® L*(R4)" the set of all adapted with respect to the filtration {A; };cr, functions
from the space L?(D’ x Ry,C(D’) x B(R4), u x dt) = (L?) ® L2(Ry), i.e.,

(L?) ® LA(R,)" = {F € (L2) @ LA(Ry) | F(-,t) = E[F(-,t) |a,] for aa. t € R+}.

4.1)

Definition 4.1. We say that a function f € L?(Ry; Foxt) = Fexr ® L2(Ry) is 1t6
integrable if (I ® 1) f belongs to (L?) @ L*(R,)*, i.e., if

f € L2(Ry; Foxt) = Foxy ® L*(Ry)" = (I @ 1) H(L%) @ L*(Ry)".

On this case the 1t integral of f € L2(R; Foy) is defined as an element of Foyy given
by

I(f) =171 / I((t)) dM,

R

Before giving an inner description of the set L2 (R ; Fo;) and express the Itd integral
in terms of the extended Fock space Feyt, let us look at the generalized Wiener—It6 —
Segal isomorphism I more carefully. First of all we note that this isomorphism has
analogs of properties (i) — (iii) of the Wiener —It6 — Segal isomorphism I, i.e.,

(i) I: Fext — (L?) is a unitary operator;

(i) I(f0,0,0,...) = fo forall fy € C;
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(iii) for each n € N and any disjoint Borel sets a1, . . . , a;, of finite Lebesgue measure

(I(o,...,o,na@...@]1%,0,07...))(-) =My, (1) ... My, (-),
W—/
n times
where M, (+) := (-, 1,,) forall k € {1,...,n}.
However in contrast to the Gaussian case if 7 # 0 then the isomorphism [ is not
uniquely determined by its properties (i) —(iii) because the set

(C@Sp&ﬂ{((),...,0,1041@...@]1%,0,0,...)‘

n times
neN; a; € BRL); oy N :®,z’7éj},

is not dense in the extended Fock space F.x;. Therefore in order to give a description of
the set L2(R, ; Fext) and to express the It integral in terms of the extended Fock space
structure one can not use the (based on (i) —(iii)) scheme of the proof of Theorem 2.1.
Somehow one must use another properties of the isomorphism 7. As it follows from
[25] an appropriate property of [ is recurrence relation (3.1), see details below.

We have the following result (cf. Theorem 2.1).

Theorem 4.1. A function f(-) = (fn(:))3y € L?(Ry; Fext) belongs to L2(R;
Fext) if and only if for almost all t € R,

F&) = (fol®), i) Lo,y - s fr(E)Dpogyn, - - ).

Taking into account (4.1) and the definition of the space L2 (R ; Feyt ), Theorem 4.1
is an immediate consequence of the equality

E[(Po, fo)|A:] = (Po, fo) = fo, teRy, foeC,

and the following statement:
Theorem 4.2. Let f, € Fpoxt, n € N. Then for all t € R

]E[<Pn7 fn>‘-’4t] = <Pn7 fn]l[O,t)">' (4.2)

Proof. Let us fix t € R,. Since a conditional expectation E[-|.4;] is an orthogonal
projection in (LQ), it is sufficient to prove (4.2) on a total in F,, oxy set. We use the
induction with respect to n. For n = 1 equality (4.2) is fulfilled because

E[(P1, L p)) | Ae] = E[(Pr, Ljg))[A] = E[(P1, Lj0,0))]As] =
= E[My|4,] — E[My|As] = Mpin(o,t} — Mmin{a,ey = (Pr, Lo, Lio,e))

and the set of indicators 1, ) of intervals [a,b) C Ry is total in Fi ey = LZ(Ry).
Assume (4.2) is fulfilled for n € {1,2,...,m} and let us prove this statement for
n = m + 1. To this end, we need the following technical result.

Lemma 4.1. Lett € Ry andn € N. The set

{<p®k®¢®"’k | ,¢ € De, suppp C [0,t), supp ¥ C [t,00), k € {0, 1,~--,n}}
(4.3)
is total in the space F, cxt .
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Proof. Lett € Ry and n € N. For ¢ € D¢ we set ¢1 := ¢ljgy), ¢2 := ¢l o0)-
Then

¢E" = (¢1 + ¢2)® ZC’“¢®’“®¢>®H, (44)

where ¢$*®¢5" % denotes the symmetrization with respect to all variables of the
function

$1(1) - - 01(k)D2(kt1) - - D2(n)

(note that (b?k@(ﬁé@"_k is a symmetric function, but not necessary from Dg"). One
can show by direct calculation that each ¢$*@p5™ ¥ belongs to F, cy; and can be
approximated in this space by a sequence

{wi@’“é@w?”’k 1,91 € De, supp @; C [0,), supp ¢y C [LOO)}}l_O (4.5)

(one can select p; — ¢1, ¥ — ¢2 pointwisely as | — oo, then pPF@¢pP"F —
— ¢PFRpS™F in F,, ext as | — oo by the Lebesgue theorem).

Let now f,, € Fy, oxt be fixed. In order to prove the lemma, it is sufficient to check
that f,, can be approximated by linear combinations of elements of set (4.3). Since the
set {¢®™ | ¢ € D¢} is total in F, ext, for arbitrary e > 0 there exist N € N, constants
¢1,...,cy and functions ¢(y), ..., ¢(n) € Dc such that

N

QXn

In— g Cs(b(s)
s=1

Decomposing each ¢, in the sum ¢ (), + ¢(5)2 as above and using (4.4) we get

ZCS =33 kot B0

s=1 k=0

(0

[\)

Fnext

Let {<p( g l®wg?l 17, be sequence (4.5) for (;5( n® ‘2;2 k¥ Then

ZZ T
s=1k=0 Fr ext
N
< fn - ch ((8) +
s=1 Fr ext
N n
+ ZZC Ck ¢®)1® ®n E S)l®¢®n k) <e,
s=1 k=0 Fnoxt

if [ is sufficiently large.

Thus the lemma is proved.

We return now to the proof of the theorem. Taking into account the result of this
lemma it is sufficient to prove (4.2) for arbitrary f,,+1 of the form

a1 = PP @pEmTITE,
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where ¢,1 € Dg¢, suppe C [0,t), suppt C [t,00) and k € {0,1,...,m + 1}. We
will use recurrent relations (3.1) and the induction hypothesis. The following cases are
possible.

1. Letk=m+1, ie., frny1 = @™ FL. Since supp ¢ C [0,t), we see that

(Pat1 (1, 95741 = (Prns (), L 2741
and the function (Py(-), ¢) is .A;-measurable. Hence using (3.1) we get
E {<Pm+17 P®mH) ’At] =E [<P1, @) (P, ™) ‘ At} —
I [(P, PrIBC)2 ()™ (1)) | A =
—mE {(meh (@, )e®m 1) ’ At} -
—m(m = DE[(Pr-1, Pr [n)6* (9™ 2 (1, omo2)] )| ] =

= <P1a §0><Pma ¢®m> - m<Pm7 Pr [0(')302(')@@7”71('17 ceey 'm—l)]>7

~{Pr—1, (0, 009%™ 1) = m(m = 1)(Pr—1, Prn()e* ()" (1, rme2)]) =

®m+1> _ ®m+1>.

= <Pm+17 ¥ = <P7n+1a ]l[O,t)erl(p

2. Letk =0,ie., frr1 = ¥»®m+L. Since supp 1) C [t, o0), we conclude that

<Pm+1('), ]l[(),t)m+1’¢®m+1> == O

Hence
E[(Pry1, 0™ | A] = E[(P1, ) (P, &™) | Ar] —
—mE[(Ppn, Pr0()9?()E™ 1,y me1)]) | A =
—mE[(Pr—1, (4, 9)0°™ ) [ A] -
—m(m — DE[(Py—1, Pr[n()e* (Do 2 (1, om2)]) [ A =
= E[(P1, ) (P, ®™)] = 0= (Prnt1, L ym1 ™)
if m > 1, and

E[(P2, 9®%) |A] =
=E[(P,v)* [ A] —E[(P1,00%) | A] = E[(Po, () | Ae] =
= E[<P1»1/1>2] - <¢a¢> =0= <P2a]1[0,t)2¢®2>

if m = 1 (here E[-] denotes an expectation).
3. Letk € {1,...,m}, ie., fms1 = @®F@yY®" 1=k Since supp v C [t, 00), we
see that
<Pm+1(~), ]l[o,t)m-u (p®k(§)’¢®m+l_k> =0.

In view of the latter and A;-measurability of (P;(-), @) (because supp ¢ C [0,t)) we
obtain
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E[(Prs1, 92 @uE™H1FY | 4] = E[(Py, @) (P, ®F 1RO TR | A ] -
_mE[<Pm7 Pr [9()90() (§D®k_l®w®m+l_k)('v "2y 00y m)D ‘ At] -
—mE[(Pp—1, (¢®F @O TR 9) | A, ] -

7m(m - I)E[<P7n—17 Pr [77()90() (§0®k71®w®m+lik)('7 RPN 'm)D |At] =
=0= <Pm+1, 1[01t)¢yL+1 (p®k®’¢®m+l_k>.
The theorem is proved.
In order to express the It6 integral I( f) in terms of the extended Fock space Feyt, we
accept the following convention.
Convention 4.1. When we consider elements of the space L?(Ri;F, ext) =
= Fpext @ L2 (R4) we always select a representative that vanishes on the set

i1 = {(tl,...,tn;t) c Riﬂ‘atj :t}.

Such a choice of representative will not affect our discussion because in compliance with
(3.3) we have F,, cs ® L2(Ry) C LA(R?, p,) @ LA(Ry) and (p, ® m)(dpi1) = 0,
where m denotes the Lebesgue measure on R .

Now we have the following statement (cf. (2.11)).

Theorem 4.3. For each f(-) = (fu(-))2o € L2(Ry; Foxt),

I(f) = (0, fo, f1,--.) € Foxt, (4.6)

where fn € Fuilext IS the symmetrizations of fn(t1,...,tn;t) with respect to n + 1
variables.

Proof. The correctness of the definition of ]?n was proved in [25], Lemma 3.2.
Equality (4.6) is based on (3.1) and easily follow from Theorem 4.1 and [25] (see the
proof of Theorem 3.1 therein).

5. Extended stochastic integrals on the extended Fock space and its riggings. In
this section we define and study generalizations of It6 integral (4.6). These generalizations
are constructed by analogy with the case of Fock spaces (see Definitions 2.2 and 2.3).

5.1. An extended stochastic integral on Foy¢. Taking into account Theorem 4.3
the simplest way to define an extended stochastic integral on Foy is the following.

Definition 5.1.  For a function f(-) = (fu(-))sZo € L*(Ry; Fexe) such that

o0
(0, ﬁ], fh ...) € Fext or equivalently, Z |']/C;L|2-7:n+1,ext (n+1)! < oo

n=0

we define its extended stochastic integral by the formula

Hext(f) = (Oafoaflw")efe?(t' (51)

Thus the extended stochastic integral Iy is defined as an unbounded operator
Loxt: L2(Ry Foxt) = Foxts F() = (Fa()i20 = Lo (£) = (0, fo, 1, )

with the dense in L?(R ; Foy;) domain
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Dom (]Iext) = {f() - (fn())zo:o S L2(R+;fext) (Oa f()v.]?lv .. ) S fext}~

It follows immediately from Theorem 4.3 and Definition 5.1 that if f is integrable
by Itd (i.e., f € L2(Ry; Fext)) then f is integrable in the extended sense (i.e., f €
€ Dom (Iext)) and Text (f) = I(f). Hence Loyt is an extension of the Itd integral I.

Let us establish an analog of Theorem 2.2. To this end at first we introduce an
annihilation operator a_(¢.). According to [25] if g,, € F}, ext then g, can be considered
as an element of F,,_1 xt ® L?(R;) and, moreover,

190|701 cw@r2®e) < |90l Fo e

Due to this fact the following definition is correct.
Definition 5.2. An annihilation operator a_(0.) is defined as an unbounded
operator

CL_((S.)I fext - LQ(R+;Fext)7
9= (gn)nzo — a—(3.)g :== ((n + 1)gn+1(-))nZ0; (5.2)
(a—(04)@)n(t1y- s tno1) =ngn(t1, ... tn_1,t)

with the dense in F.y, domain

DOl’Il(CL_ (5)) = {g = (gn)zozo € Fext

(o]
5 100 oty < oo}.

n=0

From the corresponding statement in [25] we obtain.

Theorem 5.1. The extended stochastic integral Ty : L2(R ;5 Foxt) — Foxs and
the annihilation operator a_(6.) : Fexy — L?(Ry; Fext) are adjoint one to another. In
particular, these operators are closed.

Remark 5.1. 1t is possible to consider I and L.y on intervals [0,¢], t € R, using
functions f(-)1,4(-) instead of f(-) in the corresponding definitions. But in this case
it is necessary to keep in mind that the domain of L. depends on ¢ and (even in the
case 7 = 0) it is possible that f is integrable in the extended sense on R but is not
integrable on [0, t]. Note that the extended stochastic integral on riggings of Fey (see
below) has no this lack.

5.2. An extended stochastic integral on the “regular” rigging of Fext. The space
Foxt has the following “lacks”: the extended stochastic integral Ty : L? (R, Foxt) —
— Foxt 1s an unbounded operator (and, moreover, the domain of Hext(O]l[(),t]) depends
on t); there is no a multiplication on Fy that is naturally connected with Iy. This
constricts an area of possible applications of L. In this subsection we consider a natural
in a sense extension of F.y; that has no the mentioned lacks.

Letg € N,

]:ext(q) = @fn,ext (n|)22qn

n=0

be a Hilbert space of sequences f = (1), fn € Fn,ext, such that

1 15y = D [l . (R)?27 < o0,
n=0
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We consider the (“regular” in a terminology of [25]) rigging of Fext

Foxt = indelglm Fext(—q) D Foxt(—q) D Foxt D Fexs(q) D priim Furi(q) = Fifs,
q

qeN
(5.3)
where the space

2 —qn
Foea2 | <00

Fext(—q) = @fn,ext 27, Hf”%—‘ext(—q) = Z | fn
n=0 n=0

is dual of Fox(q) with respect to Foxt.

The extended stochastic integral Toy : L2(Ry; Fext(—q)) — Fexs(—q) and the anni-
hilation operator a_(6.): Fext(q) — L*(R4; Fext(q)) can be defined by formulas (5.1)
and (5.2) respectively, one can show by analogy with [25] that now these operators are
adjoint one to another and continuous. Moreover, L.y and a_(d.) can be continued to
adjoint one to another linear continuous operators acting from F,_, ® L?(R,) to F._,
and from F., to F., ® L?(R,) correspondingly. Elements of the Wick calculus on
Foxt can be defined and applied by analogy with the Gaussian analysis.

But rigging (5.3) is not suit in order to define [,y as a Bochner integral by analogy
with (2.17) (because 6; & L?C(RJF)), this can lead to inconvenience in some applications.
In the forthcoming subsection we consider the analog of rigging (2.3) that is similar to
(5.3) but has no such a lack.

5.3. The “nonregular” rigging of Foxt and elements of the Wick calculus. Exclu-
ding from 7" some indexes (and preserving for this modified set of indexes the notation
T) we can formulate the following statement that is a suitable reformulation of Proposi-
tion 2.3 in [25].

Proposition 5.1. For each 7 € T there exists qo = qo(7) € N such that for all
q € Ny, :=={q0,90+1,...} the dense and continuous embedding F (7, q) — Fex, takes
place.

In what follows, we accept on default 7 € T" and ¢ € N,,. Due to Proposition 5.1
one can construct a rigging of the extended Fock space Fext

fext,f D fext(_7—7 —Q) D) »/Text D f(Ta q) D) JT+7 (54)

where Foxt(—7, —q), Fext,— = ind limrer gen,, Fext(—T, —q) are the dual spaces of
F(7,q), Fy with respect to Fey correspondingly. It is not difficult to show that

fEXt(_Ta _q) = @ D£"27C2—qn7 D§)27C = (Ca
n=0

where DS”T) c» " € N are the negative spaces of the chain

indlim D" ¢ = D¢V 5 D) 5 Foext O DS O DE™ = prlim DEE.
TE ’ ’ ’ reT

Hence Fext(—7, —q) consists of sequences £ = (£,)22, &n € D(_"T)(C such that

o0
HE”Zfext(—T,—q) = Z |§"L|2D(n)c2iqn < 00.
n=0 -
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Remark 5.2. 1t is easy to see that if n = 0 then F(7,q) C Fext(q), therefore
Fext(—q) C Fext(—T7,—q). But in the general case there are no such embeddings, this
is connected with the structure of norms in F,, ex.

Let us denote by ((-,-))x., the dual pairing between elements of Fext(—7, —¢q)
and F(7,q) (just as Fex,— and F), this pairing is generated by the scalar product in
Fext- The spaces Fex (—7, —q) and Fexy,— have a complicated structure as against usual
symmetric Fock spaces. However since the positive spaces in riggings (5.4) and (2.3)
coincide, there exists a uniquely defined isomorphism

U: Foxt,— — F-
such that for all { € Fex,— and all o € F

<<§a ()0>>]'—ext = <<U§7 90>>.7:

It is clear that U = @, , U,, where each U, : D’((Cn) — D’g” is defined by

(&n, (pn>]:n70xt = (Unén, @n), &n € D/((Cn)v ¥n € Dg"~

One can show [25] that the restrictions of U,, on D(—nf)xc are isometrical isomorphisms

between D@,c and D@L’C, therefore the restrictions of U on Fexi (—7, —q) are isometri-
cal isomorphisms between Fey (—7, —¢) and F(—7, —q). In what follows, it is conveni-
ent for us to understand Fey, — and Fexy(—7, —q) as the U —l.images of F_ and
F(—1,—q) respectively.

Above mentioned realization of the space Fqx¢,— is convenient for developing of a
Wick calculus on it. We do not discuss this in details, but we give a definition of a Wick
product on Fexy,—. For given & = (£,)520,C = ((n)5%y € Fext,— a Wick product
EQext( € Foxt,— is defined by

oo

§0ext = UTH(UEOUC) = (X €m o Gum)
m=0

n=

where for each &, € D' and each ¢,,, € D'{"™
&n ©Cm = Un_—&m (Ungn ® UmCm)~

The correctness of this definition (and, moreover, the fact that (e is a continuous
operation in the topology of Fox¢,—) follows from results of [25]. We note also that if
n = 0 (the Gaussian and Poissonian cases) then the product ¢ moves to the symmetric
tensor product ® and Oeyxt moves to O.

In order to describe an important property of the product ¢ we adopt the following
convention.

Convention 5.1. Elements of the space F, ext ® Fm ext are equivalence classes,
and considering such elements we always choose representatives that vanish on the set

{(tla--'7tn;tn+1a~~'7tn+m) ERi+m|E|Z € {L---an}a
je{n+1,...,n+m}:t; =1t;}.

The following statement follows from [25], Lemma 4.1.
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Proposition 5.2. Let f, € Fp cxts 9m € Fm,ext- Then

fnonm = fngm € -/q:n+m,ext;

where ﬁ\gm is the symmetrization of f, ® g, with respect to n + m variables.
Finally, let us consider the creation operator aex,+ (d;) that is defined by

aext,+(5t)i fext(*ﬂ *Q) - ext(*T, *Q)a aext,+(5t) = Uﬁla+(5t)U7 (5.5

where ay (d;) is given by (2.7). It is easy to show that the operator @ext +(J¢) is dual
of the annihilation operator a_(d;): F(7,q) — F(7,q) with respect to the zero space
fcxt:

((text, +(0)E, ) Foue = ((§,0-(0)9)) Ferey € € Foxi(=T,—q), ¥ € F(7,9).
(5.6)
Moreover, a trivial calculation gives

aext,+(5t)5 = £<>ext(07 5t7 Oa 07 .. ~)v 5 € fext(_7—7 _q)

5.4. An extended stochastic integral on the “nonregular” rigging of Fexi. It
follows from Theorem 4.3 and Proposition 5.2 that the It6 integral I(f) of a simple
function

n—1
f() = Z f(k)ﬂ(tk:gtk+1](') € Li(R+;feXt)
k=0

has the form
n—1

H(f) = Z f(k)oext((), 1(tk7tk+1]707 0,.. ) € Foxt-
k=0

Using the same arguments as in Subsection 2.2 it is natural to give the following definition
of the extended stochastic integral on the extended Fock spaces.
In what follows, let us fix 7 € T such that

/ 162, _ dt = efr) < oo (5.7)
Ry

and ¢ € Ny () = {qo(7),qo(7) + 1,...}, where qo(7) € N is given in Proposition 5.1.
The existence of 7 with the required property is proved in, e.g., [42], Chapter XIV.
Definition 5.3. The extended stochastic integral of a function

g € Lz(R-‘r;fext(iTa 7q))

is defined by the formula

~

]Iext(g) = /aext,Jr((st)f(t) dt S fext(_7—7 —Q) (58)

Ry

as a Bochner integral of the vector-valued function

Ry 31 oxs, 4 (00)€(t) = £(1) 0ext (0,61, 0,0,...) € Fext (=7, —q).
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The correctness of this definition from the following statement follows.

Proposition 5.3. Forall £ € L*(Ry; Fexi(—T,—q)) integral (5.8) is well-defined
as a Bochner one and is continuous as an operator acting from L*(R.; Fext(—7,—q))
10 Fext(—T, —q).

Proof. Let& € L*(Ry; Fexi(—7, —q)). Using the estimate

laext.+ (6)E O Fo(—r,—0) < 27 E 18D NED | e (—r—0)

(this inequality follows from (5.5) and results of [22]) we obtain

Ry

/ Gt 1+ (B)E(t) dit < / text s (5)EE) | e d <
q B+

fext(—‘r»—

<202 [l 60 5o <
Ry

1/2

1/2
< 9-a/? /\5t|2D_T dt /Ilﬁ(t)Hffext(—T,—q) il =
Ry

Ry

= 279 2¢(7) 2 |€l| L2y Fane (o)) < OO

whence the necessary statement follows.
Remark 5.3. 1t follows from [25] that in the case where (5.7) does not hold,
integral (5.8) is well-defined as a Pettis one. Namely, for all £ € L2(R ., Foxt(—7, —q)),

7 €T, q € Nyy(7), a function

C: R+ - fcxt(_T; _q)a t— C(t) = acxt,Jr((st)'g(t)

is Pettis integrable, i.e.,
the function (({(-), ¢)) .., is measurable for any ¢ € Fext(T,q);

((C(), @) Fone € LM (R, dt) for all ¢ € Fexe (T, q)-
The corresponding Pettis integral of ¢ is defined as a unique element of the space

Fext(—T7, —q), denoted by / ¢(t) dt, such that

R+
<< / <<t>dt,so>> - / (C(E), ) p .
R

fext R+

Let us point out a relation between the extended stochastic integral fext and the
annihilation operator a_(4.).

Theorem 5.2. The integral Loy : L*(Ry; Foxe(—7,—q)) — Fext(—T7,—q) is
adjoint of the annihilation operator a_(8.): F(1,q) — L*(Ry,F(7,q)) in the sense
that

<<ﬁext(£), s0>> P LR CATONZICRE (5.9)

forall ¢ € LA(Ry; Fexi(—T7,—q)) and all p € F(1,q).
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Proof. Using (5.8) and (5.6) we obtain

(Lo (), 9)) e = << / aext,+<6t>s<t>dt7w>> - / (et + (B)E(L), ) ol =

Ry Ry

ext

- / (EW), a_(0)e)) Fdt = (€0 (0)6)) 2R i)

Ry

for all ¢ € L?(Ry; Fext(—7, —¢q)) and all p € F(7,q).

From this statement and Theorem 5.1 we obtain the following corollary.

Corollary 5.1. Let f € L*(Ry; Fexi) C L*(Ry, Fext(—7, —q)) be integrable in
the sense of Definition 5.1. Then the extended stochastic integral il\cxt( f) that is defined
by (5.8) coincides with the extended stochastic integral lexi (f) from Definition 5.1, i.e.,

~

cht(f) = ]cht(f)a f € Dom (]cht)

(this explains why we use the same name for these integrals).
In order to rewrite integral (5.8) by analogy with (5.1) we define

& = Uy (Pr((Un ® 1)6,)) € DUV

for all ¢, € DS"T)@ ® L*(R, ), where Pr denotes the symmetrization operator. The next
statement follows from [25], Theorem 4.4.
Theorem 5.3. Let & = (£,)5%, € L*(Ry, Foxi(—T7,—q)) (now &, € DE"T)V(C ®
® L2(Ry)). Then R o
Hext(é-) = (0> 607 613 . ) € fext(_Tv _q)

Remark 5.4. All results of this subsection can be rewritten with obvious modifi-
cations for the space Fexi,— instead of Fexi(—7, —q).

Remark 5.5. Using the generalized Wiener —It6 —Segal isomorphism [: Feyy —
— (L?), defined by (3.4), one can reformulate all the above definitions and statements
in terms of test and generalized functions on D’ whose dual paring is generated by the
scalar product in the space (L?). In such a way one obtains a natural generalization of
the It6 integral with respect to Meixner processes, see [25] for more details.
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