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A MODULAR TRANSFORMATION FOR A GENERALIZED
THETA FUNCTION WITH MULTIPLE PARAMETERS

MO/YJIAPHE IIEPETBOPEHHS 1J151 Y3ATAJIbHEHOI
TETA-OYHKIII 3 BATATbMA ITAPAMETPAMU

We obtain a modular transformation for the theta function

o oo

2 Z qa(mz+nm)+('n2+)\m+un+V§Am+BnZCm+Dn

—o0 —oo

We are thus able to unify and extend several modular transformations in literature.

Opep2kaHo MOAYJIsIpHE MIEPETBOPEHHS /151 TeTa-pyHKILii

0 oo

tl(m2+mn)+cnz+7\,m+p,n+v Am+Bn _Cm+Dn
q g z ,

—oo —oo

1110 /1a€ MOJKJIMBICTb YHi(piKyBaTH Ta y3arajbHUTH AEKi/IbKa MOAYJIAPHUX NEPETBOPEHb, BiJOMUX 3
JliTepaTypHu.

1. Definitions. We define, for |g|<1 and {# 0 #z, the function, which we call a
theta function with multiple parameters,

oo oo

a(q, C’ za,b,c\, W, V;A,B,C,D) := 2 2 qQ(m,n;a,b,c;?»,u,v)cAm+BnZCm+Dn . (11)

where
O(m,n;a,b,c; A, L, V) = Q(m,n;a,b,c)+7um+|.1n+v
with
Q(m, n;a,b,c) = am® + bmn +cn> .

Our main concern here, however, will be (1.1) with a = b, that is, with the function

o oo

2 2
a(q, C’ za.a,c; )\" I, v; A, B:C, D) — 2 an(m +mn)+cn +7um+|,1n+V€Am+BnZCm+Dn )

—o0 —oo

(1.2)

In what follows, we freely use many relations that simply follow from the above
notations, for instance,

Qm = a—Q = 2am+bn,
om

Qn = B_Q = bm+2cn,
on

0,,(B,~A)¢+ 0, (D,~C)8 = Q, (B¢ + D8, —Ap — C6),

where
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A MODULAR TRANSFORMATION FOR A GENERALIZED THETA FUNCTION ... 1041

0,,(m,n) := Q,,(m,n;a,b,c).
A special case of (1.2), namely,

oo oo

(.G LL10,0,0:111,—1) = 3 3 g tmmanipmen nom (1.3)

—o0 —oo

denoted briefly by a(g,(,z) was introduced by S. Bhargava in [1] and was shown to
have properties which unified and generalized several known properties of the
Hirschhorn — Garvan — Borwein cubic analogues [2] of the classical theta function.

S. Bhargava and S. N. Fathima obtained in [3] a modular transformation a(q,&,z) of

(1.3) which unified several modular transformations established by S. Cooper [4] for
the Hirschhorn — Garvan — Borwein cubic theta functions. Other special cases of (1.2)
with A= = v = 0 have been studied by various authors including S. Bhargava and
N. Anitha [5], who have recently obtained a triple product for (1.3) and C. Adiga,
M. S. Mahadeva Naika and J. H. Han [6]. Thus, (1.2) unifies and extends several
works in literature [2 — 4, 6 — 8].

The objective of present paper is to obtain a modular transformation for (1.2). It
would be interesting to try and extend our results to (1.1) which we leave as an open
question. It is possible to first treat (1.1) with A=pu=v=0, A=B=1=C,D =-1
and then effect suitable transformations on { and z to obtain our main result (4.3).
However, we have preferred to present our main result and all the related lemmas
directly and in detail in order to bring out the motivation and lucidity of the inter play
between the various parameters all through, than would be the case in the abbreviated
alternative approach.

A basic lemma is established in Section 2, which shows that one can express (1.1),

under the condition a | b, in terms of the Jacobian theta function

=

_ 2
flaz.qz”™) = D q" 2",

where, in Ramanujan’s notation [7],

oo

fla,b) := Y "V 2pn= D2 b < 1L (1.4)

—oo

In Section 3, we obtain modular transformations for the various Jacobian theta
functions which constitute a(q,{,z;a,b,c; A, U, v; A, B;C,D) ( when a|b). Our

main result is established in Section 4. The remaining sections are devoted to special
cases.

2. Relation between a(q,C,z;a,b,c;A, 1, v; A, B;C,D) and the Jacobian

theta function when a|b. The following lemma is basic to the remainder of this
work.

Lemma 2.1. Given that a|b, we have

a(q.C za,b,c; A1, v; A, B;C, D) =
- qu(qa‘f')\,cA C’qa—}»c—AZ—C)f(qa,‘l'}\,’CA,ZC,’qd’—}»’c—A’Z—c’) +

+ qV+H+CCBZDf(qa+b+7LCAZC,qa—b—kC—AZ—C)f(an A CA Mo ’q—x C_A 2 € ), (2.1)
where

a =Aa",  A=dac-b*, N =0,W-Na,
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1042 S. BHARGAVA, M. S. MAHADEVA NAIKA, M. C. MAHESH KUMAR

A =0,B,-Aa”',  C =0,D-Ca.

Proof. We define an auxiliary function P, following the method in [8], for
instance,

P(q C 21) = i iqamz+bmn+cn2+Xm+pn+VCAm+Bn2ntm (2.2)

—oc0 —oo

We immediately have that the function a of (1.1) satisfies
a(q.G, za,b,c; M, v A, B;C, D) = P(q,5,2",2°). (2.3)

. - . . N b L Sl
Collecting coefficients of 22" in (2.2) and setting m = m+ —n, which is valid since
a

a | b by assumption, we have, on slight manipulations,
s 2 ’ ’,
Pe[22n] — qv+a n”+A ncA ntfbn/af(qa+7»§At, qafkcfAtfl) i

with f asin (1.4). This immediately gives, on putting back = £, =7,

< A2 a2 ArA C  a-hp—A_—C WA A NN —C
N P21 = ¢V f (g g AT fg T g ).

2.4)
This establishes a part of (2.1). For the remaining part, we proceed similarly, by
collecting coefficients of Z 2+l , and we obtain,

ZPOdd[ZQnH]ZAZnH — qv+u+CCBZDf(qa+b+xCAZC’qa—b—kC—AZ—C) «

X [N g ). 2.5)
We omit the details. Adding (2.4) and (2.5), we get the required result (2.1).
3. Some auxiliary modular transformations. In this section, we obtain modular

transformations for the Jacobian theta functions occurring on the right-hand side of
(2.1). For this, we need the classical theta function transformation [7] (Entry 20)

2 2 2 2. 2 .
\/&f(e_a o =0 —noty {exp[%]}\/ﬁﬂe—ﬁ +an’€—[3 —an) (3.1)

provided that oy = © and Re (ocz) > (. In fact, the following two special cases of
(3.1) are repeatedly used:

f(e—nt+i6 e—m—ie) _ L {ex [_ i ] }f( 6_7%6 e_nT_e J (3.1
’ B Jr P 4mt ' .
and

, ) 21+26 2120
-mt+i0  —i0 2 T i0 0 t t ”
s = 1/— —_————— — ,— . (3.1
f(e e ) ; {exp( s 2 2nt]}f( e e 3.1
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Indeed, putting o = \/7 B= \/7 and n= N in (3.1) yields (3.1)" and putting

=

:\/%, BZ\/? and n \/7+z\/:9 in (3.1) gives (3.1)".

Lemma 3.1. With g = ¢, { = ¢, and z = ¢, we have the modular
transformations

;\'2
athyAC  aAp-A_~C\ 2a IMAQ+CH) | _
@, ¢ g exp(—za

2 _ m A@+CO imh  m  AQ+CO  imh
— 1 Xp(_wjf(e 2at 2at a e 2at+ 2at " a } (3.2)

€
\2at 8mat
22
f(qu’+}»'CA’ZC a ?\C 4a eXp(ll (A(PTCG)J _
2a
y ‘o2 _T _Ae+C®_imh m | A'e+C imh
= ;exp _M f e 2at 2a’t a , e 2a’t+ 2a't * a (3.3)
N2a't 8ma’t

in the notations used in (2.1),

(b+M)’ .
atbtdpA_C a-b-Ay—A_~Cr  4q i(b+M)(A9+CH) | _
f@7 g T g eXP( >

T AQ+CO im(b+A) T AQ+CO im(b+A)

2 _t _AQTLuY  OwoeTA) _ . AQrLu b TA)
1 exp(— (Ap +CB) ]f(e 2at  2at a e 2t 2w T 4 J’ (3.4)
at

(@+1)? .
, _ ; ila+MN)Ao+C0O
@A g g 4a eXp( ( )éa,(p )) =

, ) . AQ+Ce im) _n  AQ+Ce i)
_ Lexp _M f —e 2a’t 2a’t a’ ,—e 2a'l+ 2a’t * a’ .
2a’t 8ma’t
3.5
Proof. The proof is straight forward. We need only make repeated use of (3.1) or
its special cases (3.1)" and (3.1)”. We omit the details.

Remark 3.1. We have already assumed that a|b. If, further, 2 is an odd
a

integer, then the factors gtimbla appearing in the arguments of f on the right-hand

side of (3.4) both equal — 1 and, hence, (3.4) takes the form

(b+1) .
f(qa+b+7\CAZC’ qa—b—XC—AZ—C)q 1a exp( i(b+ 7»)(2A(P +C0) J _
a
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2 A _
1 _(A(p+C9) —e¢ 2at  2at a  _¢ 2at  2at a ] (3.4

= €X

\2at p[ 8mat
Lemma 3.2. We have
f(qa‘l'?\,CAZC’ q(l*?\.C*AZ*C)f(qa,‘l';\.,cA'ZC,’qa,*x,C*A,Z*C,) X

J ( _m AQ+CO _imA b +A(p+C9+@

7\‘2 7\‘/2
B . W4 ’ 7
X gtattd exp(m(A(zp:CG)er(A;;ce)) _

Lol (Ap+CO)* (A'¢’+C'9)’ y
8nat 8ma’t

2at a

_ T A@+Ce _imh b +A(p+C9+@
X f(e 2at 2at a e 2at ]X

2a’t a o 2dt 2a’t a
b

nAQ+C’8 im\ n, AgHCe  im
( ), (3.6)

f(q(l‘l'b‘f')»CAZC’ qa—b—)\.C—AZ—C)f(qza"i'}\,,CA,ZC’, q—)\./C—A'Z—C,) %

4a 4a’
2a 2a’

(b+0)? (a'+N)? . ) ma ,
><q7+ exp(z(b+7»)(A(p+Ce)+z(a +k)(A(p+C9)) _

2 ’ 1oy 2
1 . _(A(p+Ce) +(A(p+C9) y
8mat 8na’t

4+

_imb _ m AQ+CO_imh imb _ m  AQ+CE  imh
Xf(e a ¢ 2at 2at a ede 2at 2at a)x

_m Ae+C6 inh _L+A’(p'+C'9+ink'
X f(—e 2a't 2a’t a  _e 2a’t 2a't a’ J’ 3.7

and

q4a 4a" ex -
a a

)\’2 }\/2
o] [ i { MAQ+CO)  N(A'Q+C’0) H
p 5 + X

% [f(qa"'}\.CAZC’qa*}\,C*AZ*C)f(qa,‘i'}\,,CA,ZC,’qa'*x,C*A,Z*C,) +

+ qu+ccBZDf(qa+b+7ucAZC’ qa—b—lc—AZ—C)f(QZa +A CA ZC , q—?x C—A Z_C )] —

1 _(Ap+ Co)? Ao+ o)’ .
23A eXp[ 8mar 8ma't ](O‘B o), (3.8)

where

_m A@+Ce _imh n+Aq>+Ce+@
2at 2at a 2at 2at a
fle , € )
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’

n Ae+C'® im\ _L+A’q>’+C'9+ink’
B — f(e 2a't 2a’t a e 2a’t 2a’t a J,

_imb _® _A@+CO _imh  imb %  Ae+CO  imh
f(e a o 2at 2at a e ae 2at 2at a J

. AetCO _imd  m +A’(|>’+C’9+in7»’
B' = f(e 2a’t 2a’t a’ e 2a’t 2a’t a )
Proof. Equations (3.6) follows on multiplying (3.2) and (3.3). Similarly, (3.7)

follows from (3.4) and (3.5). Equation (3.8) follows from (3.6) and (3.7) once we see

b> +2b\ .\ a’?+2a\N
4a 4a’

W+ec

and

b(Ap + CO) N Aop+C0
2a 2

B+D.

However, these are simple consequences of the definitions of A, a’, A", A" and C’
given in (2.1).

4. Main result. We first obtain a lemma by employing the following result from
the classical theory of theta functions [7]:

fXNFEZW)+ f(-X,-Y)f(-Z,-W) =
X Lav4 W Z 4.4
, XY)f(Z,WZW H 4.1

= 2[f(X3Y, XY F(Z?W, ZzW3) + XZf(§ ”

. b . . .
Lemma 4.1. Assuming — to be an odd integer, we have, in the notations of

a
(3.8),
1 _2n AQ+CO  2imh _2j+A@+C9+2ink
E(aB_i_(x/B/) = f(e at at a , e at at a JX

X f e at a’'t a e @t a’t a

>

( _2n Ae+C® 2im) 2l+ A'p+C’0 + 2imd J
+

2n( 1 1 1 A A c A .
——| =+ |- =t [e+| =+ |0 ;—in| —+—
2t\a d 2t [\a d a d a da %

Ap+CHO N 2imh 4m A@+CO  2imh
X f [ e at a e at at a J X

’ ’

Xf[e a’'t a e a’t a’'t a

A’(p+C’9+2in7»' 4t A'e+C’06  2im)\
] 4.2)

Proof. The proof follows from (4.1) on employing for X and Y the arguments in
o defined in (3.8) and for Z and W those of B also defined in (3.8).
We are now finally in a position to establish our main result.

ISSN 1027-3190. Ykp. mam. xypH., 2009, m. 61, N° 8



1046 S. BHARGAVA, M. S. MAHADEVA NAIKA, M. C. MAHESH KUMAR

Theorem 4.1. If g= 2™, {=¢'%, and z= ¢, we have
a(q.C za,a,¢; M W, v; A, B;C,D) :=

oo

.= z 2qa(m2+mn)+cn2+?\,m+pn+vCAm+BnZCm+Dn

—o0 —oo

2 2
| —+— |+v . roAr ’
1 (4a 4aJ exp[_i{K(A(p+C9)+K(A(p+C6)}:|X

2 a a’

2 ’ 70N 2
Xexp[_L{(Amce) L Wo+CO) HX

8t a a
_2rn .
x a(e A e e®:a.a,¢:0,0,0,1,1; 1,-1) (4.3)
with
2n

ate M,e® e a,a,¢;,0,0,0;1,1;1,-1) :=

o oo 2
= Z zéa(n12+mn)+cn2gm+nzmﬂz , q — E_E, 7= i’ (44)
o _ _Ap+CH imk 3 A9+C'0 3im)\ E =0 @.5)
¢ 4at 2a 4 a’t 2a" ’ '
. A(p+C9+@_lA(p+C(-)_m7u’ Z:eié. 4.6)
4at 2a 4 a’t 2a’

Proof. From (2.1), (3.8), and (4.2), we need to prove that the right-hand side of
(4.2) equals (4.4). To do this, we make another use of (2.1) with ( ¢, {, z; A, B; C, D;

(4.6) above and
(A,B) = (1,1), (C.D) = (1,-1), (A, V) = (0,0,0). 4.7)

We however retain (&, b,¢) = (a, b, ¢)=(a, ¢, ¢), so that, from the notations of (2.1),

- A - ~
A=A, d=d==, N=0,000a" =0,
a
-0, (1,-1 - 0, (-1,-1) =2a-
=@l e LD Sama g
a a a

In fact, on using the various definitions in (4.7), (4.8) and in (2.1), we at once have

n 2t _AQ+C0 2wl _2ma _ A'(p'+C’6+2nik'
qtiiiii;&zié . At )T a't a’ e At a’'t a’ i (49)
_ 2n _( Ap+CO 2miA
~dENFEA S C _%éi(i¢_3ie) _;J—r( ‘Pm a J
g* T Y = Aa = e , (4.10)
2n 2na | _( A'¢’+C’0  2mi\’
cathaiprizec _ ar\ &)\ @ T a )
gt = e (asin (4.9)) =
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e a’t a’t a’
= . ’ 4.11)
A'Q’+C’8 + 2miA
e a1 a | respectively,
dmA 4m AQ+CO 2mik
T+ VA C —Xn7+(i(p—319) _Am_AeTeY_Sm .
q 7~ =e ALa = e @ at @ (asin (4.10)) (4.12)
and, similarly,
~ B 3 Ap+CO  2miA
WA -C T a . ,
g "tz =e . 4.12)
Further,
. _inC
GNTECBP = ¢ M 4 i(GB+OD) =
—7 2 ~
it(A+a )+i(¢—e) . 5 ~ ~
= ¢ 4alt (since 4ac—a” =A, B=-D=1) =
inf 1 a Ap+CO miA Ae+C’O  ml
T4 Z+X B 2at +7+ 2a’t a’
= ¢ , 4.13)

on using (4.5) — (4.6). Now using (4.9) — (4.13) in (4.2), (3.8) and (2.1) sequentially

with ¢, (, z; ... changedto g, {, Z;... we have (4.3) read with (4.4) — (4.6) and in

the notations of (2.1).
The theorem is proved.
In the following sections we specialize our Theorem 4.1 into various known cases.

Before that, we will record a slightly more “balanced” form of (4.3) as follows:

A a2 ' ) o
PPNV Vexp[é{(A(P+C9)7u+(Aq)+C9)k H .

q

’

a a

o oo

2 2
a(m”+mn)+cn”+Am+un+vy Am+Bn _Cm+Dn
x 2 2.4 grmeii

—oc0 —oo

2 ’ 70\ 2
1 { 1 {(A(p+C6) , W+ C) HX

- 8t

exp
A

’

a a
% i i qa(m2+mn)+cnzim+n2m—n (4 3)/
Or, what is the same,
1[x2+x'2J_v
g Laa exp[%{(mﬁce)x LA (p+/CG)k H y
a a

x a(q,C, z;a,a,¢c;h U, V; A,B;C,D) =

2 ’ 4 2
1 {(A(p+C9) , W+ C) HX

’

1
= —=exp| —
t\/X p|: 8mt a a

x a(4,8 % a,a,¢;0,0,0;1,1;1,~1). (4.3)"
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5. The a-functions of [1, 6]. We have the following special case of Theorem 4.1.

Theorem 5.1. If g= ¢ ™, { =€, and z= ¢, then

i iqa(m2+mn)+chz;m+an—n —

—oc0 —oo

_(2a+0)0° +2(c—a)9 + cg’

1
T Nt T { 2mia(de - a) } "

% i iéa(m2+mn)+cnzim+nzm7n , (51)

—oc0 —oo

where

= . { (5a—2c)0—(a+2c)p }

s e_ta(4c—a) , P4 —
i e 2a(4c—a)t

5~ ex 2c+a)®—(a—2c)p
T e 2a(4c —a)t '

Proof. The proof is a direct consequence of Theorem 4.1 on putting A=pu =v =0

and A=B=C=1, D=-1, there.
Corollary 5.1. Putting a=1, we have (5.2) of [6].
Remark 5.1. We note that (5.1) with a = ¢ =1 is the same as (1.4) of [3], taking

into account that the left-hand side of (5.1) is unchanged with 0 and ¢ changed to
—0 and — @ and using the simple fact that

o oo m—n o oo
qm2+mn+n2 (x3y)m+n (i) — z Z qm2+mn+n2(y2 )m+n(x2)m—n )

22

—oc0 —oo

6. The a’-functions of [1, 6]. We have the following theorem.
Theorem 6.1. If g=e¢>™, {=¢'%, and z= ¢, then

- _a(6® - 09) + o’ } y

< a(m2+mn)+cn2 m_n _ 1
q {"7z" = ———=exp
z 2 tJa(4c — a) { 2na(4c — a)t

% i iéa(m2+mn)+cn2im+nszn ) 6.1)
where
__ 2
é = e a(4c—a)t i = exp 2(61—C)(p—3ae 5= exp 20(p—a9 .
’ 2a(4c—ay |’ 2a(4c — a)t

Proof. To prove the theorem, it is enoughtoput A=u=v=0, A=1, B=0,

C=0, D=1 in Theorem4.1.
Corollary 6.1. By rewriting the series on the right-hand side of (6.1) as

i iéa(m2+mn)+cn2irmzrn i

—o0 —oo

where

ISSN 1027-3190. Ykp. mam. sxypn., 2009, m. 61, N° 8



A MODULAR TRANSFORMATION FOR A GENERALIZED THETA FUNCTION ... 1049

F_Fs_ 920

= = —"

¢ S (4c—a)t

and then putting a =1, we get main result, namely, Theorem 4.1, of [6].
Remark 6.1. We note that by putting a =c =1, we have

_(a-2c)p—ab

and 7' =
a(4c—a)t

1
{
IS

exp{ 9 —9(P+(P }z qu +mn+n® Cm+n m-n 6.2)

—oc0 —oo

2n
" 0 i 20-6
—e 3, =exp| —— |, = ex ,
g=e g p( ZI] Z p( o )

which is the same as (1.16) of [3] on noting the simple facts that

i iqm2+mn+nzcmzn — i iqm2+mn+n2(c—l)m(z—l)n —

—oc0 —oo —oo0 —oo

where

oo oo

— z qu2+mn+nzzmcn )

—o0 —oo

Further, (6.2) is also equivalent to (1.15) of [3].
One could also obtain a slightly more general result than (6.1), namely, the
following theorem.

Theorem 6.2. If g = e 2™ {= e and 7= e®, then

[i i qa(m2+mn)+cn2+7»m+un+vcmzn ]ex [ i(=2U + L0 + i(u— 27‘*)(P :|

4a—-c
X exp[Zn(v—i’Z:i)t] =

_ a(62 -00)+ C(Pz }i i qa(m2+mn)+cnzzm+nzm—n (6.3)

1
Nate—a) { 2na(de —a)

—o0 —oo

—oc0 —oo

where
— Zn .
G=e Wt F e 2(a—c)p —3ab N mi{2Mc —a) — 3ap} ’
2a(4c—a)t a(4c—a)
and
5 = ex 2c¢@ —ab N Ti(2ch — ap) . (6.4)
2a(4c —a)t a(4c—a)

7. The b-functions of [1, 6]. The series on the left-hand side of the first formula
in the next theorem reduces to the b-series of [6] on putting a=1 and A =pu=v =0

, 27i
and changing { to Q{/® and z to z®/Q° with Q= exp(4 mlJ-
c—
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Theorem 7.1. If g= e 2™, { = €%, and z= ¢, then

2 2
a(4a—c)

x exp[;){(Z(p—9)X+(29—(p+2n)u}:| x

a(4c—a

0o oo ) )
a(m”+mn)+cn”+Am+un+vem_n, m—n
x Y Yg HEEVE™ 2

—oc0 —oo

2
{a(ez—e(p)+c(p2+2na9+43n(c—a)(p+£“9t(2a+c)}
1

——exp| - X
t\Ja(4c — a) 2na(4c — a)t

oo oo

% Z zéa(m2+mn)+cn2im+nzm—n , (7.1)

—o0 —oo

where

B 2n
q =e a(4c—-a)t

F = exp {_ [ Aa=c)p+3ad  2m(2a+c)  mi{2(c—a)h+3au} ”
2a(4c—a)t 3a(4c —a)t a(4c—a)

(7.2)

;e [ 2c9p—ad  2m(c-a) +Tci(2c7»—a|.L)]'
2a(4c—a)t 3a(4c—a)t a(4c—a)

Proof. We need to putin Theorem4.1 A =1 =D and B =0 =C and change ¢

4
to @+ ?Tc and 6 to 6+ ?n Routine calculations then give (7.1) read with (7.2).

Remark 7.1. By putting a=c =1 and A = =v =0 in the above, we see that
the series on the left-hand side of (7.1) would be the same as the b-function of (1.27) in

[1] and the series on the right-hand side of (7.1) would be the same as the a-function of
(1.25) there. The equation (7.1) itself will become

oo oo

2 zqm2+mn+nzcmznmm—n —

—oc0 —oo

1 92 —9(P+(P2 0 2n (¢ ¢ ~m®+mn+n’ Fman zm—n
= —exp{-——— 2 _Z_ =2 73
¢ 3exP{ ot % o 2 24 ¢ (73)

—oc0 —oo

with

- P 0 2 . 20 -6
g=e 3, (= exp(—2—t—3—7:), Z= exp(q;—t). (7.4)

Further, since the series on the left-hand side of (7.3) also equals (on first changing m
to —m and then n to —n and then interchanging m and n)
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o oo

z Zqm2+mn+n2(C—l)m(z—l)nwm—n ,

we have that

oo oo

Z qu2+mn+n2§mznwm—n —

—o0 —oo

PW&J%}“ S

1051

z zqm2+mn+nzi/m+nzzm—n , (7.3)/

3 67t 3t ; ==
where
21
- = P 2n - ®—-26
= 3t’ = ex 2__, 7 = ex =
1= ¢ p( 2 3 ) A
= Lexp _ 62 —9(p+(p2 +2 ql/?’i i[]'mz+mn+n2+m+nénm+nznm—n (7 4)/
3 6t 3t == ' ’

P 2 =n __ 26_(p
4 —exp[Zt), Z exp[ p )

Thus, we have shown that

0 oo 2 2
z z (e—ZTr,t )mz-*—mn+n2 (et(p )m(ele)nmm—n — L exp[_ 0 G(P +0 +

< = 3

6mt

2 2 1
m-+mn+n-+m+n+— m-—

3 0 m+n 20-¢ n
(621) (e etJ ,

. i(;i’f)

which is the same as (1.16) of [3].

8. The ¢ -functions of [1, 6]. The series on the left-hand side of the first formula

in the next theorem reduces to c-series of [6] by putting a = 1.

Theorem 8.1. If g= e ™, { =€, and z = ¢®, then

3am 2c+a 2a+c

2 2
21(p > a(m®+mn)+cen”+ A + A n+ A2 pmen_m-n
eXp| ——— Z
p(a(4c_a))2 2 -

—o0 —oo

I © v ~a(m?+mn)+cn® Fm+n =m—n
- q C z X
t [ 2 2

—oc0 —oo

< oxol c®” +2(2a + ¢)8* + 2(c — a)pB
P Yna(dc — ay ’

where

G=e M, A= aldc—a),
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‘- exp[_{Z(c+a)(p+9(2c—5a) L mi H
2a(4c —a)t a(4c—a)

5~ ex (ZC—a)(p+(20+a)6+ T
LT e al4e—ayt ate—a) |

Proof. The proof is straight forward. We need only do some routine calculations

on puttin l—3—a _ cta V_2a+c
p g A > I"L A > A2
Remark 8.1. By putting a=c =1, we see that the series on the left-hand side of
(8.1) is the same as the c-function of (1.28) in [3] and (8.1) reduces to

in Theorem 4.1.

1 > Zrmnten’+ ++l
exp(le(P)z qu mn+cn”+m+n 3Cm+"zm_n
2 2
exp[_M] .

(5,73 ~m>+mn+n’Fm+n=m—n
= Z
5 > DG 4

—o0 —oo

with

_2n

3 . 0-¢ N P+30 mi
= 3t = _ I = _ L 4 =L
g=e 3, ( exp{ ; } Z exp{ ; 3}

This is the same as (1.18) of [3] with ¢ changed to —¢ and on realizing that

(=) o (=) oo P m
2 Zém2+mn+n2gm+n2mﬂz — 2 Zc}m2+mn+n2 ((DAZJ ((DZZN;Z)(D"FH )

—oc0 —oo —o0 —oo
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