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UTOÇNENYE NERAVENSTVA 

TYPA XARDY – LYTTLVUDA – POLYA 

DLQ STEPENEJ SAMOSOPRQÛENNÁX 

OPERATOROV V HYL|BERTOVOM PROSTRANSTVE

The well-known Taikov refinements of the Hardy – Littlewood – Polya inequality for  L2 -norms of

intermediate derivatives of a function defined on the real line are extended to the case of powers of self-
adjoint operators in the Hilbert space.

Vidomi utoçnennq Tajkova nerivnosti Xardi – Littlvuda – Polia dlq  L2 -norm promiΩnyx po-

xidnyx funkci], zadano] na dijsnij osi, uzahal\neno na vypadok stepeniv samosprqΩenyx operato-

riv u hil\bertovomu prostori.

Oboznaçym çerez  Lr
2 2, ( )R , r ∈ N ,  prostranstvo vsex funkcyj  x L∈ 2( )R ,  (r –

– 1)-q proyzvodnaq kotor¥x lokal\no absolgtno neprer¥vna y  r-q proyzvodnaq

prynadleΩyt prostranstvu  L2( )R .  Dlq  x Lr∈ 2 2, ( )R   yzvestno neravenstvo

Xardy – Lyttlvuda – Polya (sm., naprymer, [1], [2], § 1.6):
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V 1991 h. L. V. Tajkov [3] predloΩyl sledugwee utoçnenye neravenstva (1).

Esly  r, k ∈ N ,  k < r  (pryçem  r > 2  pry  k = 1)  y  h > 0,  to dlq lgboj funkcyy

x Lr∈ 2 2, ( )R   v¥polnqetsq neravenstvo
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V sluçae  k = 1,  r = 2  ymeet mesto neravenstvo

′ ≤ + ′′x
h

x h xh2 2 2

1 1 1

2π π∆ .

Zdes\  ∆hx t x t( ) : ( )=  – x t h( )+   dlq  x Lr∈ 2 2, ( )R   y  h > 0.
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V 1992 h. L. V. Tajkov [4] rasprostranyl neravenstvo (2) na proyzvol\n¥j

porqdok  n,  n ∈ N , n < k < r,  raznosty funkcyy  x :

x
r k
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h x
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r
h xk k

n h
n r k r( ) ( )

2 2 2

1

2
≤

−
+− −∆π . (3)

Zdes\  ∆h
nx t( )  = ∆ ∆h h

n x t−( )1 ( )   dlq  x Lr∈ 2 2, ( )R   y  h > 0.

Pust\  H — hyl\bertovo prostranstvo so skalqrn¥m proyzvedenyem  (x, y)  y

normoj  x  = ( , ) /x x 1 2
,  A — lynejn¥j, neohranyçenn¥j, samosoprqΩenn¥j

operator v  H,  D A( )  — oblast\ eho opredelenyq.

Dlq  k, r ∈ N ,  k < r,  y dlq lgboho  x D Ar∈ ( )   v¥polnqetsq neravenstvo

(sm., naprymer, [2], § 5.1)

A x x A xk k r r k r
≤ −1 / /

, (4)

predstavlqgwee soboj neravenstvo typa Xardy – Lyttlvuda – Polya dlq ste-

penej samosoprqΩennoho operatora, yly πkvyvalentnoe emu (dlq lgboho  h > 0 )

neravenstvo

A x
r k

r
h x

k

r
h A xk k r k r≤

−
+− −

. (5)

V dannoj rabote m¥ poluçym estestvenn¥j analoh neravenstv (2) y (3) dlq

stepenej samosoprqΩennoho operatora  A,  utoçnqgwyj neravenstvo (5).

Pryvedem nekotor¥e svedenyq yz spektral\noj teoryy samosoprqΩenn¥x

operatorov, kotor¥e moΩno najty, naprymer, v [5] (§ 67, 75, 88).       

RazloΩenyem edynyc¥ naz¥vaetsq odnoparametryçeskoe semejstvo proekty-

rugwyx operatorov  Et ,  zadannoe v koneçnom yly beskoneçnom yntervale  α[ ,

β]   (esly otrezok  α β,[ ]   beskoneçen, to, po opredelenyg, prynymaetsq  E−∞  =

= lim
t

tE
→ −∞

,  E E
t

t∞ → ∞
= lim   v sm¥sle syl\noj sxodymosty) y udovletvorqgwee

sledugwym uslovyqm:

a)  E E E uu sv = ∀ , v ∈[ ]α β, ,  hde  s u= { }min , v ,

b)  v sm¥sle syl\noj sxodymosty

E Et t− =0 ,    α < t < β,

v)  Eα = 0 ,  E Iβ =   (I — toΩdestvenn¥j operator: I x x x H= ∀ ∈ ).

Polahaem  Et = 0   pry  t ≤ α  y  E It =   pry  t ≥ β.

Yz opredelenyq sleduet, çto dlq lgboho  x H∈   funkcyq

σ( ) ( , )t E x xt= ,    – ∞ < t < ∞,

qvlqetsq neprer¥vnoj sleva, neub¥vagwej funkcyej ohranyçennoj varyacyy,

dlq kotoroj

σ α( ) = 0 ,      σ β( ) ( , )= x x .

Sohlasno spektral\noj teoreme kaΩdomu samosoprqΩennomu operatoru  A
sootvetstvuet razloΩenye edynyc¥  Et , t ∈ R ,  takoe, çto vektor  x  prynadle-

Ωyt  D A( )   tohda y tol\ko tohda, kohda
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t d E x xt
2 ( , ) < ∞

−∞

∞

∫ ,

y esly  x D A∈ ( ) ,  to

Ax tdE xt=
−∞

∞

∫ .

Pryvedenn¥j zdes\ yntehral — πto operatorn¥j yntehral Stylt\esa (sm., na-

prymer, [5], § 72).  Pry πtom

Ax t d E x xt
2 2= < ∞

−∞

∞

∫ ( , ) .

Funkcyej  ϕ( )A   ot operatora  A  naz¥vaetsq operator, opredelqem¥j

formuloj

ϕ ϕ( ) ( )A x t dE xt=
−∞

∞

∫

na vsex tex vektorax  x H∈ ,  dlq kotor¥x v¥polneno sootnoßenye

ϕ( ) ( , )t d E x xt
2

−∞

∞

∫ < ∞ .

Pry πtom

ϕ ϕ( ) ( ) ( , )A x t d E x xt
2 2=

−∞

∞

∫ .

V çastnosty, dlq  x D Ak∈ ( ) , k ∈ N ,

A x t dE xk k
t=

−∞

∞

∫

y

A x t d E x xk k
t

2 2=
−∞

∞

∫ ( , ) .

Sledugwye svedenyq, kasagwyesq spektral\noj teoryy unytarn¥x operato-

rov, moΩno najty v [5] (§ 73).

Lynejn¥j operator  U : H → H  naz¥vaetsq unytarn¥m, esly: 

a)  ( , ) ( , )U x U y x y=   ∀ x , y H∈ ,
b)  oblast\ znaçenyj operatora  U  sovpadaet s  H.

Pust\ dano semejstvo unytarn¥x operatorov  Us ,  zavysqwyx ot odnoho pa-

rametra  s, – ∞ < s < ∞,  y udovletvorqgwee sledugwym uslovyqm:

1)  U U Us t s t= + ,

2)  U I0 = ,

3)  ( , )U x yt  — neprer¥vnaq funkcyq ot  t  pry lgb¥x  x, y H∈ .
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Yz uslovyj 1 y 2 sleduet, çto  U Ut t
−

−=1
.  A tak kak  U Ut t

∗ −= 1
  (sm., napry-

mer, [5], § 40), to  U Ut t
∗

−= .

Oçevydno, çto rassmatryvaemoe semejstvo predstavlqet soboj neprer¥vnug

abelevu hruppu.

Lgbomu razloΩenyg edynyc¥  Es , – ∞ < s < ∞ ,  v hyl\bertovom prostranst-

ve sootvetstvuet hruppa unytarn¥x operatorov  Et , – ∞ < t < ∞,  tak çto dlq lg-

boho  x H∈

U x e dE xt
ist

s=
−∞

∞

∫ . (6)

Y naoborot, kaΩdoj hruppe unytarn¥x operatorov  Ut   sootvetstvuet nekoto-

roe razloΩenye edynyc¥  Es ,  tak çto dlq lgboho  x H∈   spravedlyvo ra-

venstvo (6).

Sledugwaq teorema qvlqetsq obobwenyem neravenstv (2) y (3).

Teorema.  Pust\  A — samosoprqΩenn¥j, v obwem sluçae neohranyçenn¥j
operator v hyl\bertovom prostranstve  H ,   Et  — razloΩenye edynyc¥, pry-
nadleΩawee operatoru  A,   Us  — hruppa unytarn¥x operatorov, kotoraq
sootvetstvuet razloΩenyg edynyc¥  Et .  Pust\ takΩe  n , k , r ∈ N ,  pryçem

n = k = 1  y  r > 2  yly  n < k < r.  Tohda dlq lgboho  h > 0  y lgboho  x D Ar∈ ( )
v¥polnqetsq neravenstvo

A x
r k

r
h U I x

k

r
h A xk k

n h
n r k r≤

−
− +− −1

2
( )π . (7)

Esly operator  A  takov, çto dlq lgb¥x dejstvytel\n¥x  u,  z,  – ∞  ≤ u <
< z ≤ ∞,

( )E E D Az u
r− ( ) ≠ { }2 θ , (8)

to dlq lgboho  h  > 0  neravenstvo (7) qvlqetsq toçn¥m v tom sm¥sle, çto

ono perestanet b¥t\ vern¥m dlq nekotoroho  x D Ar∈ ( ) ,  esly xotq b¥ odnu
yz konstant v pravoj çasty (7) zamenyt\ men\ßej.

Dokazatel\stvo.  Poskol\ku  Et  — razloΩenye edynyc¥, sootvetstvug-

wee operatoru  A,  to

A t dEt=
−∞

∞

∫ .

Rassmotrym funkcyg ot operatora  ϕ( )A ,  hde

ϕ( )

,
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t

t
k

r
h t t t
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r k
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−
(9)

V¥berem  x D Ar∈ ( ) .  Spravedlyva ocenka

A x A x A x A xk k≤ + −ϕ ϕ( ) ( ) . (10)
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Ocenym velyçynu vtoroho slahaemoho v pravoj çasty (10):

A x A x t dE x t dE x t tk k
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Ravenstvo
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r
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proverqetsq neposredstvenn¥m v¥çyslenyem.

Ocenyvaq slahaemoe  ϕ( )A x ,  vospol\zuemsq spektral\n¥m razloΩenyem

funkcyy ot operatora  ϕ( )A   y ravenstvom  ϕ( )t = 0   pry  t
r

k h
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.

Polahaq  τ = τ (r, k, h) = 
r

k h
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,  ymeem
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Zdes\

U x e dE xh
i ht

tπ
π=
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∞

∫ ,

ysxodq yz yntehral\noho predstavlenyq (6).
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Uçyt¥vaq ustanovlennoe v [4] dlq sluçaq  n  < k < r  y v [3] dlq sluçaq  n =
= k = 1  pry  r > 2  neravenstvo

max
0

1

2

1
< ≤

−−

−
≤

−
t

k r k r

i ht n n k

t
k

r
h t

e

r k

r hτ π1
,

ymeem ocenku

ϕ π( ) ( )A x
r k

r
h U x xk n

h
n≤

−
−− −2 . (12)

Obæedynqq (11) y (12), poluçaem trebuemoe neravenstvo (7).

PredpoloΩym, çto neravenstvo (7) ne qvlqetsq toçn¥m, t.Ke. dlq nekotoroho

h > 0  y dlq nekotoroho  δ > 0  pry vsex  x D Ar∈ ( )   v¥polnqetsq neravenstvo

A x
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r
h U I x

k

r
h A xk k
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2
δ π . (13)

V¥berem  ε > 0  yz uslovyq

( )1 1
2

+ < +h
k

rε
δ

. (14)

Yspol\zuq (8), dlq dann¥x  h  y  ε  v¥berem πlement  x D Ah
r

, ( )ε ∈ 2
:
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x
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Analohyçno moΩno pokazat\, çto

A x
h

xr
h

r

h, ,ε εε≤ +





1
. (16)

Krome toho, ymeet mesto ocenka

( ) ( , ), , ,
/

/

U I x e d E x xh
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h
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ε

π
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Podstavlqq (15) – (17) v neravenstvo (13), ymeem
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1
1
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r
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n
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h
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, ,( )ε εδ ε≤ −
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⋅ + +
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r

hx , ε .

Uçyt¥vaq (14), poluçaem neravenstvo

r k≤ +
1

2
,

a πto protyvoreçyt tomu, çto  k, r ∈ N ,  k < r.  Poluçennoe protyvoreçye poka-

z¥vaet, çto koπffycyent pry pervom slahaemom v pravoj çasty neravenstva (7)

umen\ßyt\ nel\zq.  Analohyçno moΩno pokazat\, çto nel\zq umen\ßyt\ koπf-

fycyent pry vtorom slahaemom v pravoj çasty.  Sledovatel\no, neravenstvo (7)

qvlqetsq toçn¥m.
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