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THE SCHUR CONVEXITY AND SCHUR MULTIPLICATIVE
CONVEXITY FOR A CLASS OF SYMMETRIC FUNCTIONS

WITH APPLICATIONS"
OIIYKJIICTH 3A IIIYPOM I MYJIbTHIIJIIKATUBHA

OIIYKJIICTD 3A IIYPOM [1JI5A OJTHOI'O KJIACY
CUMETPUYHUX OYHKIIN TA IX 3ACTOCYBAHHA

For x = (x,x,,...,x,) € (0, 1]" and re {1,2,...,n}, the symmetric function F,(x,r) is defined
by
— . —_ J
Fn(x’r) - F;l(xl’XZ""’xn’r) - 2 H ’
10, <iy i <0 =1 i
where i, i,, ..., i, are positive integers.

This paper deals with the Schur convexity and Schur multiplicative convexity of F (x,r). As

applications, some inequalities are established by use of the theory of majorization.

Ons x = ()cl,x2 ,,,,, xn) e (0, 1]” Ta re {1, 2,...,n} cumerpuyHa QyHKIis Fn(x, r) BHU3HaAYa-
€TbC3 CITIBBIIHOILIEHH M

r1-x.
1
F (x,r) = F (x,%,y,...,%,;7) = E I I L

S X,
I<i <i,...i <n j=1 i

J
ne iy, i, ..., i, — NOAATHI Wi/ yuca.

Y cTaTTi po3rJIssHyTO BJIACTUBOCTI omykJiocTi 3a Illypom Ta MyJ/IbTHILJIIKATUBHOI OMYyKJIOCTI 3a
Mypom mna dyukuii F, (x,r). Sk 3acTocyBaHHs, BCTAHOBJIEHO [€AKi HEPIBHOCTI 3 BAKOPUCTAHHAM

Teopii MaXKOpyBaHHS.

1. Introduction. The Schur convex function was introduced by I. Schur in 1923 [16].
It has many important applications in analytic inequalities [7 — 9, 11, 15, 19, 26, 28, 31,
32], extended mean values [4, 23, 24, 27], theory of statistical experiments [29].
graphs and matrices [6], combinational optimization [13], reliability [14], stochastic
orderings [25] and other related fields. G. H. Hardy, J. E. Littlewood and G. Pdlya
were also interested in some inequalities that are related to the Schur convexity [12].
The following definition for Schur convex or concave function can be found in many
references such as [4, 9, 16, 20, 22].

Definition 1.1. Letr ECR" n =2, be a set. A real-valued function F on E
is called a Schur convex function if

Flxy,x0,...,%,) < F(Y15 Y2, -5V

for each pair of n-tuples x = (xy,...,x,) and y = (y,...,Y,) in E such that x
is majorized by y (in symbols x <y), i.e.,

k k
Zx[i] < Zy[,'], k=1,2,...,n-1
i=1 i=1

and

S
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n n
zfx[i] = 214 i1
i= i=

where X denotes the i-th largest component of x. F is called Schur concave if

—F is Schur convex.
Recall that the following so-called Schur’s condition is very useful for determining
whether or not a given function is Schur convex or Schur concave.

Theorem 1.1 [8, 9, 11, 15, 16]. Let f: (O, 11"> R, n =2, be a continuous
symmetric function. If f is differentiable in (0, 11", then f is Schur convex on
(0, 11" if and only if

o (x) If(x)
(xi—x,-){ . o ] >0 (1.1

i J
forall i,j=1,2,...,n and x =(xy, x5, ... ,x,) € (0, )" And f is Schur
concave if and only if inequality (1.1) is reversed. Here, f is a symmetric function

on (0, 11" which means that f(Px)= f(x) for all x € (0, 11" and any nx n
permutation matrix P.

Remark 1.1. Since f is symmetric, the Schur’s condition in Theorem 1.1, i.e.,
(1.1) can be reduced as

(Y@ @
(x; xz)( ax, ox, ) > 0.

Recently, C. P. Niculescu [21] introduced the multiplicatively convex function,
which reveals an entire new world of beautiful inequalities. And the Schur
multiplicative convexity was introduced and investigated by K. Z. Guan [9, 10], and
Y. M. Chu, X. M. Zhang and G. D. Wang [5].

Definition 1.2 [5, 9, 10]. Letr I be a subinterval of (0, «). A positive real-

valued function F on I", n =2, is called a Schur multiplicatively convex function

if
Flxy,x0,...,%,) < F(Y15 Y2, -5
for each pair of n-tuples x = (x|, ...,x,) and y = (y,...,y,) in I" such that
x is logarithmically majorized by y (in symbols log x < logy), i.e.,
k k
ITxg <TIow- k=12...n-1,
i=1 i=1
and

n n
me = Hyw
i

i=1

1
F is called Schur multiplicatively concave if 7 is Schur multiplicatively convex.

Theorem 1.2 [5, 9, 10]. Ler f: (0, 11"-> (0,0), n =2, be a continuous
symmetric function. If f is differentiable in (0, 1)", then f is Schur multi-

ISSN 1027-3190. Ykp. mam. xypH., 2009, m. 61, N° 10



1308 WEI-FENG XIA, YU-MING CHU

plicatively convex on (0, 11" if and only if

(x; - x)| % m—xz LACTN I (1.2)
ox, ox,
forall x = (x;,%y,...,x,) € (0, 1)". And f is Schur multiplicatively concave if

and only if inequality (1.2) is reversed.
The main purpose of this article is to discuss the Schur convexity and Schur
multiplicative convexity of the symmetric function

r 1—x.

F,(x,r) = F(x1,Xy,...,X,;F) = Z H i (1.3)

10 <iy...i,<n j=1 i

for x=(x;,%,...,x,)€ (0, 11", n=2, and r=1,2,...,n, where i, i,,...,i, are

positive integers.
Our main results are the Theorems 1.3 and 1.4.
Theorem 1.3. 1. F,(x, 1) is Schur convex on (0, 1]".
2n—r—1

2. F,(x,r) is Schur convex on | 0,
2n—2

n
] for 2<r<n.

n
M,l for 2<r<n.
2n—-2

Theorem 1.4. 1. F,(x, 1) is Schur multiplicatively convex on (0, 11",

3. F,(x,r) is Schur concave on |:

2. F,(x, n) is Schur multiplicatively concave on (0, 17"

n
3. F,(x, r) is Schur multiplicatively convex on (0, n ;:| for n 23 and
n—

2<r<n-1.
n—r

n

4. F,(x,r) is Schur multiplicatively concave on |:—1,1:| for n>3 and
n—

2<r<n-1.

As applications of Theorems 1.3 and 1.4, some inequalities are established by use
of the theory of majorization in Section 4.

2. Lemmas. In this section, we establish and introduce several lemmas, which are
used in the next sections.

For t=(t;,ty,...,t,) € (0,)" and re {0,1,2,...,n}, n =2, the rth

elementary symmetric function (see [3]) is defined as

-
t; r=12,....n
24lsil<i2<...<ir3n szl N Pl

1, r=0,

E\(t,r) = E(t],ty, ..., 1, 1) =

where iy, i, ..., i, are positive integers.
Lemma2.1. If 1<r<n-1, then
E (t,r) 2 E(t,r—=DE,(t,r+1)

for t=(t),tys.... 1) € (0, 0)"
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Proof. We use mathematical induction to prove Lemma 2.1.

(i) By simple computation, it is not difficult to verify that Lemma 2.1 is true for
n=2 and 3, and n>4 and r=2.

(i1) Assume that Lemma 2.1 is true for 3<n<m -1 and 2 <r < n. Then the
definition of E,(t, r) yields that

E,t,r) = E,_(t;,th,.c,t,_sr=Dt,+E, _  (t1, 8y, ..., t,_157),
E,t,r-1)=E, _ (t;,tr, ..., t,_1;r=2)t,+E, _,(t;,th,...,t,_;;r=1), (2.1)

E,t,r+1)=E, |(t),t),..., ¢t st +E,_ (t,0,...,t sr+1).

m—1- m—1 -2

Equation (2.1) leads to
EX(t,r) —E,(t,r—= )E,(t,r+ 1) =
= [Ei_l(tl, tz, ey tm_l;r— 1)—Em_1(t1, tz, ey tm_l;r—2)><

2
XEm_l(tl’tz"" ’tm—l;r)]tm + [Em—l(tl9t2,-..,tm—1; V—l)x

XEm_l(t],[2,...,tm_l;r)—Em_l(tl,tz,...,tm_];r—z)x

. 2 .
XEm—l(tl’ t2, ceey tm—l s r+ 1)]tm+ Em_] (tl’ tz, caey tm—l 5 r)—
- m_l(tl,tz,...,tm_l;r—1)Em_1(t1,t2,...,tm_1;r+1). (22)
By induction hypothesis we have

Em—l(tl’IZ""’tm—l;r) > Em—l(tl’IZ""’tm—l;r_l)
E, _(t),ty,....t,_sr+]) E, _((t,ty sty 51)

E,_((t,ty, ...t ;7 —2)
E, _((t),ty,.st,_sr=1)

(2.3)

Now, equations (2.2) and (2.3) imply that

EX(t,r) 2 E,(t,r— 1)E,(t,r+1).
Therefore, Lemma 2.1 follows from (i) and (ii) together with the mathematical
induction.
Lemma 2.2. If n>3 and 1 <r<n-1, then the function

F,(x;,%5,...,x,;r+1)

O (X1, X0, ., X5 7) =
F (X1, X5,...,%,51)

is decreasing with respect to each x; in (0,1), i=1,2,...,n.

E (t;,t,,....t ;r+1 1—x;
G L ) and f; = L then
E, (t,ty,...,1,57) X;

4

Proof. Let y,(t,1t,...,1;7) =

. 1-
from the symmetry of ¢, and w,, and the monotonicity of —x, we need only to
x

prove that (1, %, ..., t,; r) is increasing with respect to #; in (0, o). The proof is
divided into three cases.
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1310 WEI-FENG XIA, YU-MING CHU
Case 1. If r=1, then

tlz:lzz i+ 223i<j£n it
2?:1 !

lljn(tl’t2’ ey tn, l) =

and

no 2
oy, (t,ty,....1,;1) Zi=2 fi +22£i<an it

= > 0.
or a2
(2]
Case 2. If r=n-1, then
1
\Ifn(tl,tz,...,tn;n—l)z 1,
X,
i=1 t;
we clearly see that y,(f{,f,,...,t,; n—1) is increasing with respect to f; in (0, o).

Case 3. If n>4 and 2<r<n-2,then

LE, ((th,t5,.. 1 )+ E,_((th,15,...,1,;17 +1)
HE, _(ty 13, s r =D+ E,_((ty,15,...,1,57)

Y, (t, b, ..., ;1) =

and
O, (1o tyses b37) 0
o, B
From above Cases 1 — 3 we know that wy,(#, t,, ..., t,; r) is increasing with

respectto f; in (0,e0) for n =3 and 1 <r <n -1, and the proof of Lemma 2.2 is
completed.

Lemma 2.3. Let x =(x{,X,,...,%,) € (0,%)" and z:,z:lxi =s. If A <1,
then

s—?»x=(s—7bx1 s—Ax, S_}”x”)<(x1,x2,...,xn) = X

n—A»a n-A " n=-%2 """ n-»A
Proof. Forany x=(x;,%,,...,x,) € (0,)", we clearly see that
1 1 1
—Zx.,—Zx.,...,—Zx.J < (X, X5,..,%,) = X,
(n_li;tl ln_li;tz l n_1i¢n l !

multiply by n—1, add (1-2A4)x to both sides and divided by n—A, we get

s—Ax [ s=Ax; s—Ax, s—Ax,
n-A n-2 " n=\2 """ n=-»A

] < (X, X9,..0,X,) = X.

Remark 2.1. Lemma 2.3 was prove by S. H. Wu [30] in the case of 0 <A< 1.
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3. Proof of Theorems 1.3 and 1.4. Proof of Theorem 1.3. 1. If r =1 and x =
= (X1, %, ...,X,) € (0, 1)" then (1.3) leads to

1-x;

Fyx,1) = F(x, X, X, 1) = ) (3.1
i=1 Y
and
_ 2
(XI_xz)(aFn(x,l)_aFn(x,l)) _(x x2)2(:1+x2) S 32
a.xl a.xz xl _xz

Therefore, Theorem 1.3(1) follows from (3.2) and Theorem 1.1 together with
Remark 1.1.

2n—r—1

2. If 2<r<n and x=(x;,x,...,x,)€ | 0,
2n-2

n
] , then the proof is

divided into six cases.

n
Case 2.1. If n=2, r=2 and x=(xq,x,) € (0,%) , then

A=x)=xy)

Fz(.x, 2) = F2(.X1,)C2;2) = (33)
XX
and
2
(= %) 8F2(x,2)_8F2(x,2) _ (x; = x,) (1=x; — x,) > 0.
a.xl a.x2 xlzx%
Case 2.2. If n=3, r=n and x=(x,%,,...,X,) € (O%J , then
nol—x,
F(x,n) = Fy(x, %, ..., x;n) = [] i (3.4)
=1 Xi
and
2
= xy) oF,(x,n) 0F,(x,n) | _ (x;=x))"F,(x,n) (=%-x,) > 0.
ox; ox, xxy(1=x))(A = x,)
3 n
Case 2.3. If n=3, r=2 and x=(xy,xp,x3) € (O,ZJ , then
F3(x, 2) = F3(.X1,X2,X3;2) =
_ (=x)-xy)  (A=x)(-xy)  (1=x)(1-xy) 55)

XX X1X3 XoX3
and
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1312 WEI-FENG XIA, YU-MING CHU

5 - xz)[ OFy(x,2) 0F3(x,2) ] _

ox, ox,

(x; - x,)*

1
= T[(l_xl —Xy)+(x; +x2)(x——l):| 2
Xy x5 3

_ 2

> (= x)” 1—2(x1+x2) > 0.
x2x2 3
142

2n-3Y\"
Case 24. If n=4, r=2 and x=(x1,x3,...,%,) € (O,zn—z) , then
n—

Fo(x,2) = F(x1,%,...,x;2) =

_ (l—xl)(l—x2)+[1—x1+1—x2]i1—xi+ 3 (I-x)(1-x)) 3.6)

X% X1 X Ji=3 X 3<i<j<n XX

and

(¥ %) BFn(x,2)_8Fn(x,2) B
TR ox, ox, -

2 n1_ .
= %{(l—xl—x2)+(xl+x2)zl x'] >

X1 X i=3 X

(xl—x2)2 n—1
> 5 1—2n_3(x]+x2) 2 0.

X1 X3

n
Case 2.5. It n>4, r=n—1 and x= (x|, Xy, ..., %,) € (o,ﬁ) , then
P

F,(x,n-1) = F,(x;, %, ..., x3n—1) =

) |:(1—x1)(1—x2) nox, +1—x1+1—x2:| n - x, a7
1

X1 X2 i3 1%

and

0F,(x,n—1) 0F,(x,n—1)
(X —x,) 3 - =
X, ox,

2 n n
X, —X X+ x X; 1—x;
= —( 1 > 22) I—x;—x, + 12 L L >
Xp Xy S no X il x )iz X

=31-x;
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_ 2 _1 n . n 1_ .
z(ﬁz?)[p”n<ﬁ+@ﬂ(21% ﬁj i o,

XX

m—r—1Y
2n—-2 ’

Case 2.6. If n=5, 3<r<n-2 and x=(x1,%p,...,X,) € (O,

then (1.3) and Lemma 2.2 yield that

F,(x,r) = F (x|, %, ..., x;1) = —— F, 5(x3,X4,...,%,57r=2) +

1- 1-
+ ( x1+ xz]Fn—Z(x3,x4,-..,xn;r_1)+Fn—2('x3"x4""’xn;r) (38)

Xl x2
and
aF s BF , B )
(xl_XQ)( n(.x V)_ n(-x r)) = (.X'l 2)(22) Fn—Z(x3,X4,...,xn;r_2) X
ox, ox, e
i ex sr—1
X[(l_xl‘xzﬂ n2 (X3 Xgoo s X3 )(x1+xz)] >
Fn—Z(x3,X4,...,xn;r_2)
(x;—x )2
> %Fn—z(x39X4,...,xn;r_2)x
x1x2
(n—2)!
(r=D'(n—-r-1)! r—1
" l_x - ’ X+ Xx =
e (=2 e GRS
(r=2)!(n—-r)!
(x, = x,)° | o >
= TFn—Z(-x39-x4’---,xn9r_2) l_m(xl+x2) = O
X1x2

Therefore, Theorem 1.3(2) follows from Cases 2.1 — 2. 6 and Theorem 1.1 together
with Remark 1.1.
2n—r—

] n
,1 ], then the similar
2n—2

3. If 2<r<n and x =(x,xp,...,%,) € (

2n—2
Proof of Theorem 1.4. 1. If r=1 and x=(x, Xy, ..., x,) € (0, 1)", then (3.1)
yields that

. . 2n-r-1 T
proofs as in Theorem 1.3(2) show that F,(x, r) is Schur concave on [L , 1:| .

> 0. (3.9)
XX

OF, (x,1) OF (x,1) (x,— x,)*
(X = x)| x; 3 - X ) =
X1 Xo

Therefore, Theorem 1.4(1) follows from (3.9) and Theorem 1.2.
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2. If r=n and x=(x1,%,,...,x,) € (0, 1)", then (3.3) and (3.4) lead to that

~ OF,(x,n)  OF,(xm))_ (% -x)°
(x; xz)(xl ox, X, ox, )— (l—xl)(l—xz)F"(x’n)SO' (3.10)

Therefore, Theorem 1.4(2) follows from (3.10) and Theorem 1.2.

> n
n

n
3. n=23, 2<r<n-1and x= (x1,Xx5,...,X,) € (O,n—_’lﬁ) , then the proof

is divided into three cases.

Case 3.1. If n=3, r=2 and x=(x,X5,...,X,) € (O,H_?) , then (3.5) and
n—
(3.6) yield that
oF (x,2) oF (x,2) (X, —x,)° 51— x,
- n - 2 = -1+ L1 >0.
(1 xz)(xl ox, 2 ox, XX, g; xX;

1 n
Case 3.2. If n24, r=n-1 and x = (x,Xp,...,X,) € (0,—1] , then (3.7)
n—

implies that

oF,(x,n—1) oF,(x,n—1)
()cl—xz)(x1 -Xx ) =

ox; 2 ox,

_( xz)
X142 [ Z ]3 Xi

n
Case 3.3. If n25, 3<r<n-2 and x=(x1,%p,...,X,) € (O,n—_:] , then
n—

from (3.8) and Lemma 2.2 together with (1.3) we see that

oF,(x,r) oF,(x,r)
(XI_XZ)(XI X ) =

ox, ox,

2
— ) 9. ) _1
= MF,I2(X3,X4,,__,_X”;V—2)[ Z(x% %4 Tnr ! )—1:| >
XX n_z(x3,x4,..., no -2)
(n—2)!
—x,)° “Dn=r=01!r—-1
2 MFn—z(x3,x4,-- -2) (r =D (nzr‘ Dt r -1| =0.
XX _ =2)!  n-r
(r=2)!(n-r)!

Therefore, Theorem 1.4(3) follows from Cases 3.1 — 3.3 and Theorem 1.2.

4. The proofs is completely parallel to that in Theorem 1.4(3).

4. Applications. In this section, we establish some inequalities by use of
Theorems 1.3, 1.4 and the theory of majorization.

ISSN 1027-3190. Ykp. mam. xypH., 2009, m. 61, N° 10



THE SCHUR CONVEXITY AND SCHUR MULTIPLICATIVE CONVEXITY ... 1315

Theorem 4.1. If n>2, x=(x;,%,,...,x,) € (0,1]" and s = Z?zlxi, then

(1 2 il >z =)= M= x) for A<1;

i=1 X s = Ax;

n
2n-r=11 a <t
2n—12

() F(x.r)> F, ( s=hx
n

o ;r) for 2<r<n, xe (O,

(3) F(x.r)< F, ( s=hx,
n

2n—r—1 "
x,r for 2<r<m, xe A and ML 1.

2n—2

Proof. Theorem 4.1(1) follows from Theorem 1.3(1), Lemma 2.3 and (1.3);
Theorem 4.1(2) follows from Theorem 1.3(2) and Lemma 2.3; and Theorem 4.1(3)
follows from Theorem 1.3(3) and Lemma 2.3.

If we take s =1 in Theorem 4.1(1), then we get the following corollary.

Corollary 4.1. If 122, x = (x;,%,...,x,) € (0, )" with " x; =1, and
A <1, then

n
If we take r = n in Theorem 4.1(2) and (3), respectively, then we have the
following corollary.

Corollary 4.2. If n>2, s = 2?:1 x; and M<1, then

1 n
_IJ for (x;,%y,...,x,) € (0,5] ;

1) Jor (x1,%5,...,x,) € |:% :|

Theorem 4.2. If n22, x=(xy,x,, ..., x,) € (0, 17" A, (x)=

= (]‘[;’:l x; )lm and H,(x)=

< 1
> (n—X .
o )gl‘l—?»xi

1
1 X

(1 " n
o 115 -)= 11

o )

i=1

n , then
1

5

(1) A,(x) 2 H,(x);

1<i) <ip<..<i,<n j=1 ri(n—r)! An(x)
n
velo ==y,
2n -2

ISSN 1027-3190. Ykp. mam. xypH., 2009, m. 61, N° 10
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SRR O v En

l(n—7r)!
1<iy<iy<..<i,<n j=1 ri(n—r)!

2n—r—1 8
xe| —,1] ;
2n—-2

4 G,(x) 2 H,(x);

5 G,(x)+G,(1-x) <

©) 2 H(_— )— n! [GZ;)C());]] for n>23, 2<r<n-

"'(n—r)!
I<i|<ip<.. <i.<n j=1 r'(n l").

-1 and x e (0,”—_}1’] ;

O 2 H(_— )— n! |:G"G(x()x;1] for n>23, 2<r<n-

'(n—17)!
I<i|<ip<.. <i,<n j=1 r'(n r)-

n
—1 and x € {n—r’l} .

n—
Proof. We clearly see that
(A, (), Ap(x)y oo s AY(X)) < (X5 X5 een s Xy) 4.1
and
log (G,(x), G,(x), ..., G, (x)) < log(xy, Xy, ..., X,). 4.2)

Therefore, Theorem 4.2(1) follows from Theorem 1.3(1), (4.1) and (1.3). Theorem
4.2(2) and (3) follow from (4.1), (1.3) and Theorem 1.3(2) and (3), respectively.
Theorem 4.2(4) follows from Theorem 1.4(1), (4.2) and (1.3). Theorem 4.2(5) follows
from Theorem 1.4(2), (4.2) and (1.3). Theorem 4.2(6) and (7) follow from (4.2), (1.3)
and Theorem 1.4(3)and (4), respectively.

If we take r =n in Theorem 4.2(2), then we get the following corollary.

1 n
Corollary 4.3. If n=2 and x=(x,%y,...,X,) € (0’5] , then

G,(1-x) S A,(1-x)
G,(x) A, (x)
Remark 4.1. The inequality in Corollary 4.3 is known as Ky Fan’s inequality [20,

p- 363; 2, p. 5]. There are already at least ten proofs of this result, see, for example, [1,
17, 18] and references cited therein.

Theorem 4.3. Let A =A|A,...A,,, be a n-dimensional simplex in R", n >
2, and P be an arbitrary point in the interior of A. If B; is the intersection

point of straight line A;P and the hyperplane 21’ =A1A . A AL A,
=1,2,...... ,n+1, then
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W S S e
—L > n(n :
i=1 PB[
SPA

PB. PA.
e/ B 1 and zln:ﬁ = n. Therefore,

i=1 A.B. ,
11 11
Theorem 4.3 follows from Theorem 1.3(1) and (1.3) together with the fact that

11 L) ( P8 PB PB,.,
n+l n+1 n+l AB, AB, A B

n+l

Proof. One can easily see that z

and

n n n < PA,  PA, PA,
n+l n+l n+l AB, AB, A _B. )

n+l
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