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where  i1 , i2 , … , in  are positive integers. 

This paper deals with the Schur convexity and Schur multiplicative convexity of  F x rn ( ), .  As

applications, some inequalities are established by use of the theory of majorization. 

Dlq  x x x xn= ( … )1 2, , ,  ∈ ( 0, 1 ] 

n
  ta  r ∈ { 1, 2, … , n  }  symetryçna funkciq  F x rn ( ),   vyznaça-
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de  i1 , i2 , … , in — dodatni cili çysla.

U statti rozhlqnuto vlastyvosti opuklosti za Íurom ta mul\typlikatyvno] opuklosti za

Íurom dlq funkci]  F x rn ( ), .  Qk zastosuvannq, vstanovleno deqki nerivnosti z vykorystannqm

teori] maΩoruvannq.

1.  Introduction.  The Schur convex function was introduced by I. Schur in 1923 [16].
It has many important applications in analytic inequalities [7 – 9, 11, 15, 19, 26, 28, 31,
32], extended mean values [4, 23, 24, 27], theory of statistical experiments [29].
graphs and matrices [6], combinational optimization [13], reliability [14], stochastic
orderings [25] and other related fields.  G. H. Hardy, J. E. Littlewood and G. Pólya
were also interested in some inequalities that are related to the Schur convexity [12].
The following definition for Schur convex or concave function can be found in many
references such as [4, 9, 16, 20, 22]. 

Definition 1.1.  Let  E ⊆ Rn,  n ≥ 2,  be a set.  A real-valued function  F   on   E
is called a Schur convex function if

F ( x1 , x2 , … , xn )  ≤  F ( y1 , y2 , … , yn )

for each pair of  n-tuples  x =  ( x1 , … , xn )  and  y =  ( y1 , … , yn )  in  E  such that  x

is majorized by  y  (in symbols  x ≺ y ),  i.e.,

x yi
i

k

i
i

k

[ ]
=

[ ]
=

∑ ∑≤
1 1

,      k  =  1, 2, … , n – 1

and
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where  x i[ ]   denotes the  i-th largest component of  x.  F  is called Schur concave if

– F  is Schur convex. 
Recall that the following so-called Schur’s condition is very useful for determining

whether or not a given function is Schur convex or Schur concave. 
Theorem 1.1 [8, 9, 11, 15, 16].  Let   f : ( 0, 1 ] 

n →  R ,  n  ≥ 2,  be a continuous

symmetric function.  If  f  is differentiable in  (  0, 1 ] 
n,  then   f  is Schur convex on

( 0, 1 ] 
n  if and only if
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for all  i, j = 1, 2, …  , n   and   x  = ( x1 , x2 , … , xn ) ∈  ( 0, 1 ) 
n.  A n d   f  is Schur

concave if and only if inequality (1.1) is reversed.  Here,  f  is a symmetric function
on  ( 0, 1 ] 

n  which means that  f ( P x ) = f ( x )  for all  x  ∈  ( 0, 1 ] 
n  and any  n  ×  n

permutation matrix  P. 
Remark  1.1.  Since  f  is symmetric, the Schur’s condition in Theorem 1.1, i.e.,

(1.1) can be reduced as

( − ) ∂ ( )
∂

− ∂ ( )
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Recently, C. P. Niculescu [21] introduced the multiplicatively convex function,
which reveals an entire new world of beautiful inequalities.  And the Schur
multiplicative convexity was introduced and investigated by K. Z. Guan [9, 10], and
Y. M. Chu, X. M. Zhang and G. D. Wang [5]. 

Definition 1.2 [5, 9, 10].  Let  I  be a subinterval of  (  0, ∞  ).  A positive real-

valued function  F  on  I 
n,  n ≥ 2,  is called a Schur multiplicatively convex function

if

F ( x1 , x2 , … , xn )  ≤  F ( y1 , y2 , … , yn )

for each pair of  n-tuples  x =  ( x1 , … , xn )  and  y =  ( y1 , … , yn )  in   I n   such that

x  is logarithmically majorized by  y  (in symbols  log x ≺ log y ),  i.e.,
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F  is called Schur multiplicatively concave if  
1

F
  is Schur multiplicatively convex. 

Theorem 1.2 [5, 9, 10].  Let  f : ( 0, 1 ] 
n →  (  0, ∞  ),  n  ≥ 2,  be a continuous

symmetric function.  If  f  is differentiable in  (  0, 1 ) 
n,  then   f  is Schur multi-
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plicatively convex on  ( 0, 1 ] 
n  if and only if
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for all  x  = ( x1 , x2 , … , xn ) ∈  ( 0, 1 ) 
n.  And  f  is Schur multiplicatively concave if

and only if inequality (1.2) is reversed. 
The main purpose of this article is to discuss the Schur convexity and Schur

multiplicative convexity of the symmetric function

Fn ( x, r )  =  Fn ( x1 , x2 , … , xn ; r )  =  
1 11 2
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(1.3)

for  x = ( x1 , x2 , … , xn ) ∈ ( 0, 1 ] 
n,  n ≥ 2,  and  r = 1, 2, … , n,  where  i1 , i2 , … , in  are

positive integers. 
Our main results are the Theorems 1.3 and 1.4.
Theorem 1.3.  1.  Fn ( x, 1 )  is Schur convex on  ( 0, 1 ] 

n.

2.  Fn ( x, r )  is Schur convex on  0
2 1

2 2
,

n r

n

n− −
−





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  for  2 ≤ r ≤ n.

3.  Fn ( x, r )  is Schur concave on  
2 1

2 2
1

n r

n

n− −
−


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


,   for  2 ≤ r ≤ n. 

Theorem 1.4.  1.  Fn ( x, 1 )  is Schur multiplicatively convex on  ( 0, 1 ] 
n.

2.  Fn ( x, n )  is Schur multiplicatively concave on  ( 0, 1 ] 
n.

3.  Fn ( x, r )  is Schur multiplicatively convex on  0
1

,
n r

n

n−
−


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  for   n  ≥ 3  and

2 ≤ r ≤ n – 1.

4.  Fn ( x, r )  is Schur multiplicatively concave on  
n r

n

n−
−





1

1,   for   n ≥ 3  and

2 ≤ r ≤ n – 1. 
As applications of Theorems 1.3 and 1.4, some inequalities are established by use

of the theory of majorization in Section 4. 
2.  Lemmas.  In this section, we establish and introduce several lemmas, which are

used in the next sections. 
For  t = ( t1 , t2 , … , tn ) ∈  ( 0, ∞  ) 

n  and  r  ∈  { 0, 1, 2, … , n  },  n  ≥ 2,  the  r-th
elementary symmetric function (see [3]) is defined as

En ( t, r )  =  En ( t1 , t2 , … , tn , r )  =  1 11 2
1 2

1 0
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where  i1 , i2 , … , in  are positive integers.
Lemma 2.1.  If  1 ≤ r ≤ n – 1,  then

E t rn
2( ),   ≥  En ( t, r – 1 ) En ( t, r + 1 )

for  t = ( t1 , t2 , … , tn ) ∈ ( 0, ∞ ) 
n. 
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Proof.   We use mathematical induction to prove Lemma 2.1. 
(i)  By simple computation, it is not difficult to verify that Lemma 2.1 is true for

n = 2  and  3,  and  n ≥ 4  and  r = 2. 
(ii)  Assume that Lemma 2.1 is true for  3 ≤ n ≤ m – 1  and  2 ≤ r ≤ n.  Then the

definition of  En ( t, r )  yields that

Em  ( t, r )  =  Em−1  ( t1 , t2 , … , tm−1  ; r – 1 ) tm + Em−1  ( t1 , t2 , … , tm−1; r ),

  Em ( t, r – 1 ) = Em−1  ( t1 , t2 , … , tm−1  ; r – 2 ) tm + Em−1  ( t1 , t2 , … , tm−1  ; r – 1 ), (2.1)

Em ( t, r + 1 )  =  Em−1  ( t1 , t2 , … , tm−1  ; r ) tm + Em−1  ( t1 , t2 , … , tm−1  ; r + 1 ).

Equation (2.1) leads to

E t rm
2 ( ),  – Em ( t, r – 1 ) Em ( t, r + 1 )  =

=  [ −Em 1
2 ( t1 , t2 , … , tm – 1 ; r – 1 ) – Em – 1 ( t1 , t2 , … , tm – 1 ; r – 2 ) ×

× Em – 1 ( t1 , t2 , … , tm – 1 ; r ) ]tm
2  + [ Em – 1 ( t1 , t2 , … , tm – 1 ; r – 1 ) ×

× Em – 1 ( t1 , t2 , … , tm – 1 ; r ) – Em – 1 ( t1 , t2 , … , tm – 1 ; r – 2  ) ×

× Em – 1 ( t1 , t2 , … , tm – 1 ; r + 1 ) ] tm + Em−1
2 ( t1 , t2 , … , tm – 1 ; r ) –

– Em – 1 ( t1 , t2 , … , tm – 1 ; r – 1 ) Em – 1 ( t1 , t2 , … , tm – 1 ; r + 1 ). (2.2)

By induction hypothesis we have

E t t t r
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, , , ;

EE t t t r

E t t t r
m m

m m

− −

− −
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1, , , ;

, , , ;
  ≥

≥  
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E t t t r
m m
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− −

− −

( … − )
( … −

1 1 2 1

1 1 2 1

2

1

, , , ;

, , , ; ))
. (2.3)

Now, equations (2.2) and (2.3) imply that

E t rm
2 ( ),   ≥  Em ( t, r – 1 ) Em ( t, r + 1 ).

Therefore, Lemma 2.1 follows from (i) and (ii) together with the mathematical
induction. 

Lemma 2.2.  If  n ≥ 3  and  1 ≤ r ≤ n – 1,  then the function

ϕn ( x1 , x2 , … , xn ; r )  =  
F x x x r

F x x x r
n n

n n

( … + )
( … )
1 2

1 2

1, , , ;

, , , ;

is decreasing with respect to each  xi  in  ( 0, 1 ),  i = 1, 2, … , n. 

Proof.   Let  ψn ( t1 , t2 , … , tn ; r ) = 
E t t t r

E t t t r
n n

n n

( … + )
( … )
1 2

1 2

1, , , ;

, , , ;
  and  ti = 

1− x

x
i

i

,  then

from the symmetry of  ϕn  and  ψn ,  and the monotonicity of  
1− x

x
,  we need only to

prove that  ψn ( t1 , t2 , … , tn ; r )  is increasing with respect to  t1  in  ( 0, ∞ ).  The proof is
divided into three cases. 
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Case  1.  If  r = 1,  then

ψn ( t1 , t2 , … , tn ; 1 )  =  
t t t t

t

ii

n
i ji j n

ii

n

1 2 2

1
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∑
+
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i ji j nt t t

t

t t t
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1 2

1

2
2 21, , , ;

iii

n

=∑( )1

2
  >  0.

Case  2.  If  r = n – 1,  then

ψn ( t1 , t2 , … , tn ; n – 1 )  =  
1

1
1 ti

i

n

=∑
,

we clearly see that  ψn ( t1 , t2 , … , tn ; n – 1 )  is increasing with respect to  t1  in  ( 0, ∞ ).
Case  3.  If  n ≥ 4  and  2 ≤ r ≤ n – 2, then

ψn ( t1 , t2 , … , tn ; r )  =  
t E t t t r E t t t r

t
n n n n1 1 2 3 1 2 3

1

1− −( … ) + ( … + ), , , ; , , , ;

EE t t t r E t t t rn n n n− −( … − ) + ( … )1 2 3 1 2 31, , , ; , , , ;

and

∂ ( … )
∂

ψn nt t t r

t
1 2

1

, , , ;
  ≥  0.

From above Cases 1 – 3 we know that  ψn ( t1 , t2 , … , tn ; r  )  is increasing with

respect to  t1  in  ( 0, ∞ )  for  n ≥ 3  and  1 ≤ r ≤ n – 1,  and the proof of Lemma 2.2 is
completed. 

Lemma 2.3.  Let  x = ( x1 , x2 , … , xn ) ∈  ( 0, ∞  ) 
n  and   xii

n

=∑ 1
 = s .  If   λ  ≤ 1,

then

s x

n

s x

n

s x

n

s x

n
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−
=

−
−

−
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
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

λ
λ

λ
λ

λ
λ

λ
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1 2, , , ≺ (( … )x x xn1 2, , ,   =  x.

Proof.   For any  x = ( x1 , x2 , … , xn ) ∈ ( 0, ∞ ) 
n,  we clearly see that

1

1

1

1

1

11 2n
x

n
x

n
x xi

i
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…

−

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
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(

≠ ≠ ≠
∑ ∑ ∑, , , ≺ 11 2, , ,x xn… )   =  x,

multiply by  n – 1,  add  ( 1 – λ ) x  to both sides and divided by  n – λ,  we get

s x

n

s x

n

s x

n

s x

n
n−

−
=

−
−

−
−

…
−
−





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λ
λ

λ
λ

λ
λ

λ
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1 2, , , ≺ (( … )x x xn1 2, , ,   =  x.

Remark  2.1.  Lemma 2.3 was prove by S. H. Wu [30] in the case of  0 ≤ λ ≤ 1.
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3.  Proof of Theorems 1.3 and 1.4.  Proof of Theorem  1.3.  1.  If  r  = 1  and  x =
= ( x1 , x2 , … , xn ) ∈ ( 0, 1 ) 

n,  then (1.3) leads to

Fn ( x, 1 )  =  Fn ( x1 , x2 , … , xn , 1 )  =  
1

1

−

=
∑ x

x
i

ii

n

(3.1)

and

( − )
∂ ( )

∂
−

∂ ( )
∂







=
( −

x x
F x

x

F x

x

x xn n
1 2

1 2

1 21 1, , )) ( + )2
1 2

1
2

2
2

x x

x x
  ≥  0. (3.2)

Therefore, Theorem 1.3(1) follows from (3.2) and Theorem 1.1 together with
Remark 1.1. 

2.  If  2 ≤ r ≤ n  and  x = ( x1 , x2 , … , xn ) ∈  0
2 1

2 2
,

n r

n

n− −
−







,  then the proof is

divided into six cases. 

Case  2.1.  If  n = 2,  r = 2  and  x = ( x1 , x2 ) ∈ 0
1

2
,







n

,  then

F2 ( x, 2 )  =  F2 ( x1 , x2 ; 2 )  =  
( − )( − )1 11 2

1 2

x x

x x
(3.3)

and

( − )
∂ ( )

∂
−

∂ ( )
∂







=
( −

x x
F x

x

F x

x

x x
1 2

2

1

2

2

1 22 2, , )) ( − − )2
1 2

1
2

2
2

1 x x

x x
  ≥  0.

Case  2.2.  If  n ≥ 3,  r = n  and  x = ( x1 , x2 , … , xn ) ∈ 0
1

2
,







n

,  then

Fn ( x, n )  =  Fn ( x1 , x2 , … , xn ; n )  =  
1

1

−

=
∏ x

x
i

ii

n

(3.4)

and

( − )
∂ ( )

∂
−

∂ ( )
∂







=
( −

x x
F x n

x

F x n

x

x xn n
1 2

1 2

1 2, , )) ( )
( − )( − )

( − − )
2

1 2 1 2
1 21 1

1
F x n

x x x x
x xn ,

  ≥  0.

Case  2.3.  If  n = 3,  r = 2  and  x = ( x1 , x2 , x3 ) ∈ 0
3

4
,







n

,  then

F3 ( x, 2 )  =  F3 ( x1 , x2 , x3 ; 2 )  =

=  
( − )( − )

+
( − )( − )

+
( − )( −1 1 1 1 1 11 2

1 2

1 3

1 3

2x x

x x

x x

x x

x xx

x x
3

2 3

)
(3.5)

and
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( − )
∂ ( )

∂
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∂ ( )
∂


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
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x x
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x1 2
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
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x x

x x
x x x x

x
1 2

2

1
2

2
2 1 2 1 2

3

1
1

1
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


   ≥
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− ( + )





x x

x x
x x1 2

2

1
2

2
2 1 21

2

3
  ≥  0.

Case  2.4.  If   n ≥ 4,  r = 2  and  x = ( x1 , x2 , … , xn ) ∈ 0
2 3

2 2
,

n

n

n−
−





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,  then

Fn ( x, 2 )  =  Fn ( x1 , x2 , … , xn ; 2 )  =

=  
( − )( − )

+
−

+
−



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−1 1 1 1 11 2

1 2

1

1

2

2

x x

x x

x

x

x

x

x

x
i

ii==
∑

3

n

 + 
( − )( − )

≤ < ≤
∑

1 1

3

x x

x x
i j
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(3.6)

and
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∂
−

∂ ( )
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
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
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x x
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x
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x
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  =
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
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x x
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n

n
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2

1
2

2
2 1 21

1
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  ≥  0.

Case  2.5.  If  n ≥ 4,  r = n – 1  and  x = ( x1 , x2 , … , xn ) ∈ 0
2 2

,
n

n

n

−






,  then

Fn ( x, n – 1 )  =  Fn ( x1 , x2 , … , xn ; n – 1 )  =

=  
( − )( − )

−
+

−
+

−

 =
∑1 1

1
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1 2 3
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x
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x
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
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
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−
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∏ 1

3

x

x
i
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n

(3.7)

and

( − )
∂ ( − )

∂
−

∂ ( − )
∂







x x
F x n

x

F x n

x
n n

1 2
1 2

1 1, ,
  =

=  
( − )

− − +
+

−









=∑
x x

x x
x x

x x

x

x
i

i
i

n

1 2
2

1
2

2
2 1 2

1 2

3

1

1







 −











−

= =
∑ ∏x

x

x

x
i

ii

n
i

ii

n

1

1

3 3

  ≥
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≥  
( − )

− − ( + )



 −=

x x

x x

n

n
x x

x

x
i

ii

n
1 2

2

1
2

2
2 1 2

3

1
1

1
∑∑ ∏











−

=

1

3

x

x
i

ii

n

  ≥  0.

Case  2.6.  If  n ≥ 5,  3 ≤ r ≤ n – 2  and  x = ( x1 , x2 , … , xn ) ∈  0
2 1

2 2
,

n r

n

n− −
−







,

then (1.3) and Lemma 2.2 yield that

Fn ( x, r )  =  Fn ( x1 , x2 , … , xn ; r )  =  
1 1

21

1

2

2
2 3 4

− −
( … − )−

x

x

x

x
F x x x rn n, , , ;  +

+ 
1 1

11

1

2

2
2 3 4

−
+

−





( … − ) +− −
x

x

x

x
F x x x r Fn n n, , , ; 22 3 4( … )x x x rn, , , ; (3.8)

and

( − )
∂ ( )

∂
−

∂ ( )
∂







x x
F x r

x

F x r

x
n n

1 2
1 2

, ,
  =  

( − )
( … − )−

x x

x x
F x x x rn n

1 2
2

1
2

2
2 2 3 4 2, , , ;  ×

× ( − − ) +
( … − )
( …

−

−
1

1
1 2

2 3 4

2 3 4

x x
F x x x r

F x x
n n

n

, , , ;

, , , xx r
x x

n; − )
( + )









2 1 2   ≥

≥  
( − )

( … − )−
x x

x x
F x x x rn n

1 2
2

1
2

2
2 2 3 4 2, , , ;  ×

× ( − − ) +

( − )
( − ) ( − − )

( − )
( − ) (

1

2
1 1

2
2

1 2x x

n

r n r
n

r

!
! !

!
! nn r

r

n r
x x

− )

−
− −

( + )

















!

1

2 1 1 2   =

=  
( − )

( … − ) − −
−−

x x

x x
F x x x r

n

n rn n
1 2

2

1
2

2
2 2 3 4 2 1

1

2
, , , ;

−−
( + )



1 1 2x x   ≥  0.

Therefore, Theorem 1.3(2) follows from Cases 2.1 – 2. 6 and Theorem 1.1 together
with Remark 1.1. 

3.  If  2 ≤ r ≤ n   and  x = ( x1 , x2 , … , xn ) ∈  
2 1

2 2
1

n r

n

n− −
−







, ,  then the similar

proofs as in Theorem 1.3(2) show that  Fn ( x, r )  is Schur concave on  
2 1

2 2
1

n r

n

n− −
−







, .

Proof of Theorem  1.4.  1.  If  r = 1  and  x = (  x1 , x2 , … , xn ) ∈  ( 0, 1 ) 
n,  then (3.1)

yields that

( − )
∂ ( )

∂
−

∂ ( )
∂







=
(

x x x
F x

x
x

F x

x

xn n
1 2 1

1
2

2

1 1, , 11 2
2

1 2

− )x

x x
  ≥  0. (3.9)

Therefore, Theorem 1.4(1) follows from (3.9) and Theorem 1.2.
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2.  If  r = n  and  x = ( x1 , x2 , … , xn ) ∈ ( 0, 1 ) 
n,  then (3.3) and (3.4) lead to that

( − )
∂ ( )

∂
−

∂ ( )
∂







= −
(

x x x
F x n

x
x

F x n

x
n n

1 2 1
1

2
2

, , xx x

x x
F x nn

1 2
2

1 21 1

− )
( − )( − )

( ),   ≤  0. (3.10)

Therefore, Theorem 1.4(2) follows from (3.10) and Theorem 1.2. 

3.  If  n ≥ 3,  2 ≤ r ≤ n – 1  and  x = ( x1 , x2 , … , xn ) ∈  0
1

,
n r

n

n−
−







,  then the proof

is divided into three cases. 

Case  3.1.  If  n ≥ 3,  r = 2  and  x = (  x1 , x2 , … , xn ) ∈  0
2

1
,
n

n

n−
−







,  then (3.5) and

(3.6) yield that

( − )
∂ ( )

∂
−

∂ ( )
∂







=
(

x x x
F x

x
x

F x

x

xn n
1 2 1

1
2

2

2 2, , 11 2
2

1 2 3

1
1− )

− +
−









=
∑x

x x

x

x
i

ii

n

  ≥  0.

Case  3.2.  If  n ≥ 4,  r = n – 1  and  x = ( x1 , x2 , … , xn ) ∈  0
1

1
,
n

n

−






,  then (3.7)

implies that

( − )
∂ ( − )

∂
−

∂ ( − )
∂







x x x
F x n

x
x

F x n

x
n n

1 2 1
1

2
2

1 1, ,
   =

=  
( − )

−
−











−

= =
∑ ∏x x

x x

x

x

x

x
i

ii

n
i

ii

n
1 2

2

1 2 3 3

1
1

1
  ≥  0.

Case  3.3.  If  n ≥ 5,  3 ≤ r ≤ n – 2  and  x = ( x1 , x2 , … , xn ) ∈  0
1

,
n r

n

n−
−







,  then

from (3.8) and Lemma 2.2 together with (1.3) we see that

( − )
∂ ( )

∂
−

∂ ( )
∂







x x x
F x r

x
x

F x r

x
n n

1 2 1
1

2
2

, ,
  =

=  
( − )

( … − )
(

−
−x x

x x
F x x x r

F x x
n n

n1 2
2

1 2
2 3 4

2 3 42, , , ;
, ,…… − )

( … − )
−











−

, ;

, , , ;

x r

F x x x r
n

n n

1

2
1

2 3 4

  ≥

≥  
( − )

( … − )

( − )
( − )

−
x x

x x
F x x x r

n

r
n n

1 2
2

1 2
2 3 4 2

2
1

, , , ;

!
!! !

!
! !

( − − )
( − )

( − ) ( − )

−
−

−













n r
n

r n r

r

n r
1

2
2

1
1




  =  0.

Therefore, Theorem 1.4(3) follows from Cases 3.1 – 3.3 and Theorem 1.2.
4.  The proofs is completely parallel to that in Theorem 1.4(3). 
4.  Applications.  In this section, we establish some inequalities by use of

Theorems 1.3, 1.4 and the theory of majorization. 
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Theorem 4.1.  If  n ≥ 2,  x = ( x1 , x2 , … , xn ) ∈ ( 0, 1 ] 
n  and  s = xii

n

=∑ 1
,  then

(1)  
1 1

1 3

−
≥

( − ) − ( − )
−= =

∑ ∑x

x

n s x

s x
i

ii

n
i

ii

n λ
λ

  for  λ ≤ 1;

(2)  Fn ( x, r ) ≥ F
s x

n
rn

−
−







λ
λ

;   for  2 ≤ r ≤ n,  x ∈ 0
2 1

2 2
,

n r

n

n− −
−







  and  λ ≤ 1;

(3)  Fn ( x, r ) ≤ F
s x

n
rn

−
−







λ
λ

;   for  2 ≤ r ≤ n,  x ∈ 
2 1

2 2
1

n r

n

n− −
−







,   and  λ ≤ 1.

Proof.   Theorem 4.1(1) follows from Theorem 1.3(1), Lemma 2.3 and (1.3);
Theorem 4.1(2) follows from Theorem 1.3(2) and Lemma 2.3; and Theorem 4.1(3)
follows from Theorem 1.3(3) and Lemma 2.3. 

If we take  s = 1  in Theorem 4.1(1), then we get the following corollary.

Corollary 4.1.  If  n ≥ 2,  x = ( x1 , x2 , … , xn ) ∈  ( 0, 1 ) 
n  with  xii

n

=∑ 1
 = 1,  and

λ ≤ 1,  then

1 1

11 1x
n

xii

n

ii

n

= =
∑ ∑≥ ( − )

−
λ

λ
.

If we take  r = n  in Theorem 4.1(2) and (3), respectively, then we have the
following corollary.

Corollary 4.2.  If  n ≥ 2,  s = xii

n

=∑ 1
  and  λ ≤ 1,  then

(1)  
1

1 1
1 1x

n

s xii

n

ii

n

−






≥ −
−

−




= =

∏ ∏ λ
λ

  for  ( x1 , x2 , … , xn ) ∈ 0
1

2
,







n

;

(2)  
1

1 1
1 1x

n

s xii

n

ii

n

−






≤ −
−

−




= =

∏ ∏ λ
λ

  for  ( x1 , x2 , … , xn ) ∈ 
1

2
1,







n

.

Theorem 4.2.  If  n ≥ 2,  x = ( x1 , x2 , … , xn ) ∈ ( 0, 1 ] 
n,  An ( x ) = 

x

n
ii

n

=∑ 1 ,  G n ( x ) =

= xii

n n

=∏( )1

1/
  and  Hn ( x ) = 

n

xi
i

n 1
1=∑

,  then

(1)  An ( x )  ≥  Hn ( x ) ;

(2)  
1 11 2

1
1

≤ < <…< ≤ =
∑ ∏ −







≥

( − )i i i n ij

r

r j
x

n

r n r

!

! !

AA x

A x
n

n

r
( − )
( )











1
  for   2 ≤ r ≤ n   and

x ∈ 0
2 1

2 2
,

n r

n

n− −
−







;
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(3)  
1 11 2

1
1

≤ < <…< ≤ =
∑ ∏ −







≤

( − )i i i n ij

r

r j
x

n

r n r

!

! !

AA x

A x
n

n

r
( − )
( )











1
  for   2 ≤ r ≤ n   and

x ∈ 
2 1

2 2
1

n r

n

n− −
−







, ;

(4)  Gn ( x )  ≥  Hn ( x );

(5)  Gn ( x ) + Gn ( 1 – x )  ≤  1;

(6) 
1 11 2

1
1

≤ < <…< ≤ =
∑ ∏ −







≥

( − )i i i n ij

r

r j
x

n

r n r

!

! !

GG x

G x
n

n

r
( ) −
( )











1
  for  n ≥ 3,  2 ≤ r ≤ n –

– 1  and  x ∈ 0
1

,
n r

n

n−
−







;

(7) 
1 11 2

1
1

≤ < <…< ≤ =
∑ ∏ −







≤

( − )i i i n ij

r

r j
x

n

r n r

!

! !

GG x

G x
n

n

r
( ) −
( )











1
  for  n ≥ 3,  2 ≤ r ≤ n –

– 1  and  x ∈ 
n r

n

n−
−





1

1, .

Proof.   We clearly see that

(An ( x ), An ( x ), … , An ( x ) )  ≺  ( x1 , x2 , … , xn ) (4.1)

and

log (Gn ( x ), Gn ( x ), … , Gn ( x ) )  ≺  log ( x1 , x2 , … , xn ). (4.2)

Therefore, Theorem 4.2(1) follows from Theorem 1.3(1), (4.1) and (1.3).  Theorem
4.2(2) and (3) follow from (4.1), (1.3) and Theorem 1.3(2) and (3), respectively.
Theorem 4.2(4) follows from Theorem 1.4(1), (4.2) and (1.3).  Theorem 4.2(5) follows
from Theorem 1.4(2), (4.2) and (1.3).  Theorem 4.2(6) and (7) follow from (4.2), (1.3)
and Theorem 1.4(3)and (4), respectively. 

If we take  r = n  in Theorem 4.2(2), then we get the following corollary.

Corollary 4.3.  If  n ≥ 2  and  x = ( x1 , x2 , … , xn ) ∈ 0
1

2
,







n

,  then

G x

G x

A x

A x
n

n

n

n

( − )
( )

≥
( − )
( )

1 1
.

Remark  4.1.  The inequality in Corollary 4.3 is known as Ky Fan’s inequality [20,
p. 363; 2, p. 5].  There are already at least ten proofs of this result, see, for example, [1,
17, 18] and references cited therein. 

Theorem 4.3.  Let  A  = A1  A2 … An + 1  be a  n-dimensional simplex in  R n,  n  ≥
2,  and  P  be an arbitrary point in the interior of  A .  If   B i  is the intersection

point of straight line  Ai P  and the hyperplane  
i∑  = A1  A2 … Ai – 1 Ai + 1 … An + 1 ,  i

= 1, 2, … … , n + 1,  then
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(1)  
PA

PB
n ni

ii

n

=

+

∑ ≥ ( + )
1

1

1 ;

(2)  
PB

PA

n

n
i

ii

n

=

+

∑ ≥ +

1

1 1
.

Proof.   One can easily see that  
PB

A B
i

i i
i

n

=
+∑ 1

1
 = 1  and  

PA

A B
i

i i
i

n

=
+∑ 1

1
 = n.  Therefore,

Theorem 4.3 follows from Theorem 1.3(1) and (1.3) together with the fact that

1

1

1

1

1

1
1

1 1

2

2 2n n n

PB

A B

PB

A B

PB

+ +
…

+






…, , , , , ,≺ nn

n nA B
+

+ +







1

1 1

and

n

n

n

n

n

n

PA

A B

PA

A B

PA

+ +
…

+






…
1 1 1

1

1 1

2

2 2

, , , , , ,≺ nn

n nA B
+

+ +







1

1 1

.
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