KOPOTKIITOBIJOMJIEHHA

UDC 517.9
Jianglong Wu (Mudanjiang Teachers College, China)

BOUNDEDNESS OF MULTILINEAR SINGULAR
INTEGRAL OPERATORS ON THE HOMOGENEOUS
MORREY - HERZ SPACES

OBMEJKEHICTDH BATATOJIHIHHUX CUHTYJISIPHUX
IHTETPAJIbHUX OIIEPATOPIB HA OJJHOPI/THUX
ITPOCTOPAX MOPPES - I'EPIIA

A boundedness result is established for the multilinear singular integral operators on the homogeneous
Morrey — Herz spaces. As applications, two corollaries about interesting cases of the boundedness of
considered operators on the homogeneous Morrey — Herz spaces are obtained.

BcranoBsieHo 06MeKeHICTh 6araToJTiHIMHUX CUHTYJISIPHUX 1HTErpaJIbHUX ONepaTopiB HA OJHOPIAHUX
npoctopax Moppesi — ['epuia.  SIk 3acTocyBaHH:, OIep2KaHO [1Ba HACJIIKH MPO I[iKaBi BUMA/IKU 00Me-
JKEHOCTI pO3IJIsilyBaHUX ONEepaTopiB Ha OTHOPiAHUX npocTopax Moppes — ['epua.

1. Introduction and main results. Let R",n > 1, be the n-dimensional Euclidean
space and let $"”! be the unit sphere in R” equipped with normalized Lebesgue

measure do = do(x’). Let Q be a homogeneous function of degree zero on R”

and Qe L’(S”_l) for some r € [1, oo], and J.S”_l Q(x)do(x") =0, where x" =

= )c|)c|_1 forany x#0. If f e LL(R"), thatis

1/q
”f”LgJ(R") = (_[ |f(x)|q (D(x)dx] < oo,
Rn

The Calderén — Zygmund singular integral operator 7 is defined by

Q ’
Tf(x) = p.v. jﬁn)f(x—y)dy,
g V]

and the truncated maximal operator T* is defined by

Q ’
T*f(x) = sup l)f(x—y)dy,

€201 _Y|>e |y|n
where y = y|y|_1 e s" ! and fecCy®").
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In 1971, Muckenhoupt and Wheeden [1] proved that if Q(x") € Lr(S”_]), r>1,
then the operators 7 and T* are bounded on L7 s (R"), 1 < g < oo, provided that f3

| x|
be in the interval (max (-n,-1-m-1) q/r'), min (n(q -D,g-1+n- 1)q/r')).

’

Here and in the following, r” denotes the dual exponent of r, i.e., ' = r/(r — 1),

and L7 s (R") denotes the weighted Lebesgue space. For general A, weights,

x|
Duoandikoetxea [2] gave the weighted L7, 1 < g < oo, boundedness of T and T*.
The purpose of this paper is to consider the boundedness on homogeneous Morrey
— Herz spaces for the multilinear singular integral operators T, , and T;, m Which
are defined as follows,

Q(x —
Tynf () = pov. [ Rusr(s x, n— =2 py)dy,
R" |.x_y|
w Q(x —
Thnf@ = swp| | Ruwitds v n—2— 2 ryay),
e>0 [x—y|>e |x_y|

where m is positive integer, A has derivatives of order m in BMO(R"), R,,,(A;

x, y) denotes the (m + 1)-th Taylor series remainder of A at x about y, thatis

Ruci(Aixy) = A~ Y~ DFAG) G- )
luf<m =
and f e Cy(R").
Let B, = B0, 2) = {x e R":|x|<2"} and C; = B\B_, for ke Z. Let
Xk = Xc, for k € Z be the characteristic function of the set Cy .
Definition 1 [3]. Let o e R, O <p <o, 0<g<oo and A 20. The homoge-
neous Morrey — Herz spaces Mf(g: ;‘ (R™) are defined by

ME®MR") = {feL‘{OC(R"\{O}): 1 e <oo},
where

k

1/p
0
. = —koh kop p
I/ "MKS‘:?(R” k(s)uepZZ [k_z_‘mz I 7k "L%R")]

with the usual modifications made when p = oo,
Now, let us state the main results of this paper.
Theorem 1. Let R, . (A; x, y) and A be defined as above, r>1, me N, A >

>0, 0<p <o, 1<g<ow, max(-n/g+h, -llg—m—-D/F +A) < o <
<min(n(1 - 1/g) +A, 1 = Ug+ (m— D/ + ). And let Q be a homogeneous

function of degree zero on R" with Q e L'(InL)(S" ™'Y, that is
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|REES "2 + | Q)

Sn—l

)dc(x’) < oo,

If a sublinear operator fb, m is bounded on LY(R") and there is a constant C inde-
pendent of f such that

| Tpmf)| < C |

R"

O(x —
%IRM(A; x| F0)] dy

for any f e L'(R") with compact support and x & supp f, then fb,m is also

bounded on MK o Zl‘ R™).

Throughout this paper, C denotes the constants that are independent of the main
parameters involved but whose value may differ from line to line.

2. Proof of Theorem 1. Let Q be a homogeneous function of degree zero on
R" and Qe L'(S""") forsome r & [1, o ]. The truncated operator S,., g is de-
fined by

Spanf@ =" | M|

A or Ry 1(4; x, 9)|| F()]dy.
x—-y|<t | X — Y

In this section we give two lemmas which are the key to the proof of Theorem 1.
Lemma 1 [4]. Let A(x) be a function on R" with derivatives of order m in
L'(R") forsome r e (n, «|. Then

1/r

1 ,
Ruthi 2 9] 5 Cuali—o" X =t ] [pracof e .
K " lul=m | Q. y)|fz(xj,y>| |

where Q(x, y) is the cube centered at x with sides parallel to the coordinate axes
and whose side length is 5\/; | X — y| .
Lemma 2 [5]. Let R, .i(A; x, y) and A(x) be defined as above. Let Qe

e L") bea homogeneous function of degree zero on R", me N, r > 1,

|;,L|=m, 1 <g<eoo and D"*A € BMOR"). Set

Eg = infi€>0: |2, In 2+"§"°° <1
. € & )]

If max (—n, -1 -(n- l)q/r’) < B < min (n(q -D,g-1+(n- l)q/r'), then the trun-
R™M with  bound

cated operator S, , g is bounded on L?

|«
Cz\u\:m"DuA||BMO(R,,)§Q.

Here and in what follows, let | /|| denote [/, gn-1). And without loss of ge-

(Sn—l

nerality, we may assume that z‘ w|=m " D" A "BMO(R”)

Proof of Theorem 1. We choose o, 0., € R, such that max (—n/q,—l/q —(n-
-D/r)<oylg <o—A< 0y/q < min(n(l - 1/q),1=1/qg+@m—1)/r"). Write
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fo = X foxm = Y £,

j=—oo j=—oo

Then, we have

X 1/p
"fA,m(f)"Mk;x:;»(Rn) = kiuepzz—kox( i Skap ||kaA,m(f)||iq(R,,)J <

= —oo

1/p

ko k-2 5 b
< Csup 2704 Y 2]“”’[,2 ||XkTA,m(fi)"L"<R")J

+
ko €Z k=—oo j=—oo
ko k+1 ~ n\''”
+ C sup 27RM| Y pkor| N ||XkTA,m(fj)||Lq(Rn) +
ko € Z k=—oo j=k-1
. ko ~ p 1/p
—k ko 7 —
* Ckiuepzz 0 k;wz ! j:§+2||XkTA’m(fj)||L"(R”) N
= E|+ E, + E3.

For E,, bythe LY(R") boundedness of Ty ,, we have

1/p

ko k+1 P
b < o 2it| & z( S s ||m]
ko €Z [ jok-1

ko 1/p
—k()}\, kOCp p —
< CkqupZZ [ 2 2P| f xx ||L4(Rn)] =

k=—oo
= C||f||M1'<;,‘;;(R")'

For Ej, note that when x € Cy,j<k-2, and y € C;, then 2|y|<|x|. Therefo-

re, for x € Cy,

| Tamf;0] < C | R 1(A; x, D] f;00|dy <

|Q(x - y)
R | X

|n+m

<L J M

e ERbis

| Ry 1(A; x, || fi0)]dy < CSyenn,y of5(0).

x=yl< 31
Let Fy = {x es" Q)| < 2} and F; = {x es" 24 < Q)| < 2”’“} for
positive integer d. Denote by f)d the restriction of Q on F;. Then
Syeer . afit) = > Sykrt 0,050
d=0
Thus, by Lemma 2 and the conditions in Theorem 1, we have
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<

Hopn B

“SZM walil, dzoﬂszm néntie

ay R

< Cdgoiﬁd | £; "L“’X‘az & S c| s "fo‘az =) (1)

In obtaining the last inequality, we use the fact that Z:: 0 &Qd < C. In fact, our hy-

pothesis on Q now says that 2 d” Q, ||r <oo. Set &, = d” Q, ||r + 279 TItis

d>0
obvious that

8y 8, 186l o
Ea d|Qq

d
r

This in turn implies that éﬁd <C (d " Qd "r + 2_d). Therefore,

Ya, =bg t Nia, <C+CYd|@] vcY 2 <
d>0 d>0 d>0

d=0

Thus, by (1), it follows that

j=—o00

E < Csup 2 kox[ 2 k(- ocz/q)P[ Y |fa, m(f])||Lq &

k() e’ )
wy R ]

k
< Csup Z—kox[ i Hk(o— Otz/q)P[ > s ||Lq (Rn)] ]

ko €Z k=—co j=—oco

ko
< C sup 2 kot Z k(= %/q)p[ Z “SZkH A Q(fj
k() e k=—c0

IN

kQEZ k=—oc0

j—_°°

< C sup 27kt z 2"7‘17[ 2 =R -atonlg)—jk

1/p

j 1/p\P
X ( 2 olop | £ ||Lq(Rn ] ] <

[=—oo

koeZ k=—oo j=—co

» 1/p
e e (

ko 1/p
*k()}\. k}\.p .
= en? (k;mz ] 1 o ey <
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—koAn koA —
< Ckzuepzz 2 "f"Mf(‘;;;‘(R”) = C"f"MKI‘};;‘(R")'

Now, let us turn to estimate for E3. Note that when x € C;, j =2 k + 2, and
y € Cj, then 2|x|<|y| and

|QCx - )|

| Tamfiv)| < C |,1+,,1|Rm+1<A; x| fm|dy <
o

|QCx - )|

|x—y|<2/*! |x = y|"

< c2n | Ru1(As % || fi0)]dy < CSyim,, of5(0).

Thus, by (1), similar to the proof of E;, we have

1/
2| & N
—k k(oo—oy/
Ey < Csup 27fok| 3 pke-aiop ||kaAm<f,>||Lq @ <
ko€Z k=—co j=k+2
“ » 1/p
< Csup 7—ko z s k(o= ou/q)p 2f'+‘;A,Q(fj ; <
ko €Z k=—oco j=k+2 ‘ | I(R )

1/p
) p
< Csup 27fo i 2k(aul/q)p[ z ”(fJ)"L" (IR”)] :

koeZ [ j=k+2

oo

ko _ '
< Csup 27Ro* D 2krp D yk=o=r=oulg)=jh
koeZ k=—oco j=k+2

1/p

j 1/p\P
x ( 2 2 UAI, ] <

[=—co

1/p

. P
< Csup 2 koh 20: 2khp z k- Dbl "f"MK MR” J <
koeZ K=o j=k+2 o

1/p
ko
< C sup 27kt 2khp . <
kiuepz (k_zoo ”f"MK” ¢ D)

< C sup 2 kohp kol "f"MK“ rRYy T C"f"MI'(;‘:;“(R”)'

Therefore, Theorem 1 is proved.
3. Corollary. The above proof of Theorem 1 also indicates that the boundedness

of operator T~A, m on Lebesgue spaces with power weights implies its boundedness on
homogeneous Morrey — Herz spaces. Similar result is proved by Lu and Xu in [3].
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The following lemma for the boundedness of operators 7, ,, and T:’ m on the
Lebesgue spaces with power weights can be found in [5].

Lemma 3 [5]. Let R, ,1(A; x, y) and A be defined as above, m € N, r > 1,
and Qe L'(nL)(S" Y. If max(-n,-1—-@m-1)g/r) <P < min(a(g - 1), g —
—1+(n-1)g/7) and 1< g< oo, then

|| TA, m f ||L‘qx‘[3 ®") < C " f "L‘qx‘ﬁ R")
and

"TZ””f”Lq
[ x]

XB(R") S C"f”L‘qY‘B(Rn)

As a simple corollary of Theorem 1 and Lemma 3, when r> 1, we have the follo-
wing result.
Corollary 1. Let R,,.1(A; x, ¥y) and A be defined as above, m e N, r>1, 1<

<g<o, 0<p <o, and Q € L'(AnL)(S" ™. If max (—n/g + A, -1/q — (n -

-Dr' + k) <oa<min(n(l-1g) +A, 1-1/g+@—-1)r"+ L), then Ty, and
Ta.,n are bounded on MK%;;‘(R").
Lemma 4 [5]. Let R, .((A; x, y) and A be defined as above, m e N, r =1,

and Qe LAnL)(S" Y. If -1<B<q—-1 and 1< g< oo, then

| T 1 "L‘qX‘B(R") < cls "fo‘s(R")

and

" TA.m f”Lq B = C”f”L‘qX‘B ®R")"

As a simple corollary of Theorem 1 and Lemma 4, when r= 1, we have the follo-
wing result.

Corollary 2. Let R,,.(A; x, y) and A be defined as above, m e N, 1< g <
<oo, 0<p<oo, and Qe LanL)(S"™1). If -1<B<q-1, then Ty , and T;{,m
are bounded on MK,?’ MR").

»q
According to [3] (Theorem 2.1), Corollaries 1 and 2 are proved easily.
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