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BOUNDEDNESS OF MULTILINEAR SINGULAR 
INTEGRAL OPERATORS ON THE HOMOGENEOUS 
MORREY – HERZ SPACES

OBMEÛENIST| BAHATOLINIJNYX SYNHULQRNYX

INTEHRAL|NYX OPERATORIV NA ODNORIDNYX

PROSTORAX MORREQ – HERCA

A boundedness result is established for the multilinear singular integral operators on the homogeneous
Morrey – Herz spaces.  As applications, two corollaries about interesting cases of the boundedness of
considered operators on the homogeneous Morrey – Herz spaces are obtained.

Vstanovleno obmeΩenist\ bahatolinijnyx synhulqrnyx intehral\nyx operatoriv na odnoridnyx

prostorax Morreq – Herca.  Qk zastosuvannq, oderΩano dva naslidky pro cikavi vypadky obme-

Ωenosti rozhlqduvanyx operatoriv na odnoridnyx prostorax Morreq – Herca.

1.  Introduction and main results.  Let  Rn , n ≥ 1,   be the  n-dimensional Euclidean

space and let  Sn−1   be the unit sphere in  Rn   equipped with normalized Lebesgue

measure  d d xσ σ= ′( ) .  Let  Ω  be a homogeneous function of degree zero on  Rn

and  Ω ∈ −L Sr n( )1   for some  r ∈ ∞[ ]1, ,  and  Ω( ) ( )′ ′−∫ x d x
Sn σ1  = 0,  where  ′x  =

= x x −1   for any  x ≠ 0.  If  f Lq n∈ ω ( )R , that is

f f x x dxL
q

q

q n

n
ω

ω( )

/

( ) ( )R
R

=










< ∞∫
1

.

The Calderón – Zygmund singular integral operator  T  is defined by

T f x
y

y
f x y dy

n
n

( ) . .
( )

( )= ′ −∫p v
Ω

R

,

and the truncated maximal operator  T ∗   is defined by

T f x
y

y
f x y dy

n
x y

∗
> − >

= ′ −∫( ) sup
( )

( )
ε ε0

Ω
,

where  ′ = −y y y 1 ∈ Sn − 1   and  f C n∈ ∞
0 ( )R .
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In 1971, Muckenhoupt and Wheeden [1] proved that if  Ω( ) ( )′ ∈ −x L Sr n 1 , r > 1,

then the operators  T  and  T ∗   are bounded on  L
x

q n
β ( )R , 1 < q < ∞,  provided that  β

be in the interval  max (−( n , − − − ′)1 1( ) /n q r , min ( )n q −( 1 , q – 1 + (n – 1) q r/ )′ ) .

Here and in the following,  ′r   denotes the dual exponent of  r,  i. e.,  ′r  = r r/( )− 1 ,

and  L
x

q n
β ( )R   denotes the weighted Lebesgue space.  For general  Aq   weights,

Duoandikoetxea [2] gave the weighted  Lq , 1 < q < ∞,  boundedness of  T  and  T ∗ .
The purpose of this paper is to consider the boundedness on homogeneous Morrey

– Herz spaces for the multilinear singular integral operators  TA m,   and  TA m,
∗   which

are defined as follows,

T f x R A x y
x y

x y
f yA m m n m

n

, ( ) . ( ; , )
( )

( )=
−

−
+ +∫p. v 1

R

Ω
ddy ,

T f x R A x y
x y

x y
A m m

x y
n, ( ) sup ( ; , )

( )∗

>
+

− >
=

−
−∫

ε ε0
1

Ω
++ m

f y dy( ) ,

where  m  is positive integer,  A  has derivatives of order  m  in  BMO( )Rn ,  R Am + 1( ;

x, y)   denotes the ( )m + 1 -th  Taylor series remainder of  A  at  x  about  y,  that is

R A x y A x D A y x ym
m

+
≤

= − −∑1
1

( ; , ) ( )
!

( ) ( )
µ

µ µ

µ
,

and  f C n∈ ∞
0 ( )R .

Let  B Bk
k= ( , )0 2  = x n∈{ R  : x k≤ }2   and  C B Bk k k= −\ 1   for  k ∈ Z .  Let

χ χk Ck
=   for  k ∈ Z   be the characteristic function of the set  Ck .

Definition 1 [3].  Let  α ∈ R ,  0 < p ≤ ∞,  0 < q < ∞  and  λ  ≥ 0.  The homoge-

neous Morrey – Herz spaces  MK p q
n�

,
, ( )α λ R   are defined by

MK f L fp q
n q n

MK p q
n

�
�,

,
(( ) \ :

,
,

α λ
α λR R R= ∈ { }( )loc 0 )) < ∞{ } ,

where

f fMK
k

k k p
k L

p

k
p q

n q n�
,
, ( ) ( )

supα λ
λ α χR Z R

=
∈

−

=0

02 2
−−∞

∑










k p
0

1/

with the usual modifications made when  p = ∞.      
Now, let us state the main results of this paper.
Theorem 1.  Let  R A x ym + 1( ; , )   and  A  be defined as above,  r ≥ 1,  m ∈ N ,  λ  ≥

≥ 0,  0 < p  ≤ ∞,  1 < q  < ∞,  max /− +( n q λ , − − − ′ + )1 1/ ( )/q n r λ  < α <

< min ( / )n q1 1−(  + λ , 1 – 1 1/ ( )/q n r+ − ′ + )λ .  And let  �Ω   be a homogeneous

function of degree zero on  Rn   with  �Ω ∈ −L L Sr n(ln ) ( )1 ,  that is
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� �Ω Ω( ) ln ( ) ( )′ + ′( ) ′ < ∞
−
∫ x x d x

S

r

n 1

2 σ .

If a sublinear operator  �Tb m,   is bounded on  Lq n( )R   and there is a constant  C  inde-

pendent of  f  such that

�
�

T f x C
x y

x y
R A x y f y dyb m n m m

n

, ( )
( )

( ; , ) ( )≤
−

− + +
Ω

1

R
∫∫

for any  f L n∈ 1( )R   with compact support and  x f∉ supp ,  then   �Tb m,   is also

bounded on  MK p q
n�

,
, ( )α λ R .

Throughout this paper,  C  denotes the constants that are independent of the main
parameters involved but whose value may differ from line to line.

2.  Proof of Theorem 1.  Let  Ω   be a homogeneous function of degree zero on

Rn   and  Ω ∈ −L Sr n( )1   for some  r ∈ ∞[ ]1, .  The truncated operator  St b; , Ω   is de-

fined by

S f x t
x y

x y
R A x y f y dyt A

n
m m

x
; , ( )

( )
( ; , ) ( )Ω

Ω
=

−

−
−

+
−

1
yy t<
∫ .

In this section we give two lemmas which are the key to the proof of Theorem 1.

Lemma 1 [4].  Let  A x( )   be a function on  Rn   with derivatives of order  m  in

Lr n( )R   for some  r n∈ ∞( ], .  Then

R A x y C x y
x y

D A z dzm m n
m r

x y

( ; , )
( , )

( ),
( , )

≤ −



∫

1

Ω Ω

µ






=

∑
1/r

mµ
,

where  Ω( , )x y   is the cube centered at  x  with sides parallel to the coordinate axes

and whose side length is  5 n x y− .

Lemma 2 [5].  Let  R A x ym + 1( ; , )   and  A x( )   be defined as above.  Let   Ω  ∈

∈ L Sn∞ −( )1   be a homogeneous function of degree zero on  Rn , m ∈ N , r  ≥ 1,

µ = m ,  1 < q < ∞  and  D A nµ ∈ BMO( )R .  Set

ξ ξ
ξ ξΩ

Ω Ω
= > +









 ≤












∞inf : ln0 2 1r .

If  max ,− −( n 1  – (n – 1) q r/ ′)  < β < min ( )n q −( 1 , q – 1 + (n – 1) q r/ ′) ,  then the trun-

cated operator  St A; , Ω   is  bounded  on   L
x

q n
β ( )R   with  bound

C D A nm
µ

µ
ξ

BMO( )R Ω=∑ .

Here and in what follows, let  f p   denote  f L Sp n( )− 1 .  And without loss of ge-

nerality, we may assume that  D A nm
µ

µ BMO( )R=∑  = 1.

Proof of Theorem 1.  We choose  α1 , α2 ∈ R ,  such that  max /−( n q , – 1 / q – (n –

– 1) / ′)r  < α1/q  < α – λ < α2 /q  < min ( / )n q1 1−( , 1 – 1 / q + (n – 1) / ′)r .  Write
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f x f x x f xj j
jj

( ) ( ) ( ) ( )= ≡
= −∞

∞

= −∞

∞

∑∑ χ .

Then, we have

� �
�T f TA m MK k

k k p
k A

p q
n, ( )

( ) sup
,
,α λ

λ α χ
R Z

=
∈

−

0

02 2 ,, ( )

/

( )m L

p

k

k p

f q nR
= −∞
∑











0
1

  ≤

≤  C T f
k

k k p
k A m j L

j

k

q nsup ( ), ( )
0

02 2
2

∈

−

= −∞

−

∑


Z R
λ α χ �



















= −∞

∑
p

k

k
p

0

1/

  +

+  C T f
k

k k p
k A m j L

j k

k

q nsup ( ), ( )
0

02 2
1

1

∈

−

= −

+

∑
Z R

λ α χ �




















= −∞

∑
p

k

k
p

0

1/

  +

+  C T f
k

k k p
k A m j L

j k
q nsup ( ), ( )

0

02 2
2∈

−

= +

∞

∑


Z R
λ α χ �
















= −∞

∑
p

k

k
p

0

1/

  ≡

≡  E E E1 2 3+ + .

For  E2 ,  by the  Lq n( )R   boundedness of  �TA m, ,  we have

E C f
k

k k p
k j L

j k

k

q n2
1

1

0

02 2≤







∈

−

= −

+

∑sup
( )Z R

λ α χ













= −∞

∑
p

k

k
p

0

1/

  ≤

≤  C f
k

k k p
k L

p

k

k p

q nsup
( )

/

0

0
0

2 2

1

∈

−

= −∞
∑











Z R
λ α χ   =

=  C f MK p q
n�

,
, ( )α λ R .

For  E1 ,  note that when  x Ck∈ , j ≤ k – 2,  and  y C j∈ ,  then  2 y x≤ .  Therefo-

re, for  x Ck∈ ,

�
�

T f x C
x y

x y
R A x y f y dyA m j n m m j, ( )

( )
( ; , ) ( )≤

−

− + +
Ω

1

RRn
∫   ≤

≤  
C

x

x y

x y
R A x y f y dy CS

n m m j

x y x

�Ω( )
( ; , ) ( )

−

−
≤+

− ≤

∫ 1
3

2

22 1k A jf x+ ; , ( )�Ω .

Let  F x Sn
0

1= ∈{ −
 : �Ω( )x  ≤ 2}   and  F x Sd

n= ∈{ − 1
 : 2d  < �Ω( )x  ≤ 2 1d + }   for

positive integer  d.  Denote by  �Ωd   the restriction of  �Ω   on  Fd .  Then

S f x S f xk k
dA j A j

d
2 2

0
1 1+ +=

=

∞

∑; , ; ,( ) ( )� �Ω Ω .

Thus, by Lemma 2 and the conditions in Theorem 1, we have
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S f S fk

x

q n
k

d
x

q nA j
L A j

L2 21

2

1

2

+ +≤; , ( ) ; , (
� �Ω Ω

α αR R ))d =

∞

∑
0

  ≤

≤  C f C f
d

x

q n

x

q n

d
j L j L

ξ
α α

Ω
=

∞

∑ ≤
0 2 2

( ) ( )R R
. (1)

In obtaining the last inequality, we use the fact that  ξΩd
C

d
≤

=
∞∑ 0

.  In fact,  our hy-

pothesis on  �Ω   now says that  d d rd
�Ω

>∑ 0
 < ∞.  Set  ξd  = d d r

�Ω  + 2−d .  It is

obvious that
� � �

�
Ω Ω Ω

Ω
d r

d

d

d

d r

d r

d

dξ ξ
ln ln2 22 1+











≤ ( )∞ + ≤≤ C .

This in turn implies that  ξΩd
 ≤ C d d r

d�Ω +( )−2 .  Therefore,

ξ ξ ξΩ Ω Ω Ω
d d

d d
d r

d

d

d

C C d C C= + ≤ + + ≤
≥ > >

−

>
∑ ∑ ∑� �

0
0 0 0 0

2∑∑ .

Thus, by (1), it follows that

E C T f
k

k k q p
k A m j L

x

q1
0

0 2

2

2 2≤
∈

− −sup ( )( / )
,

Z

λ α α χ
α

�
(( )

/

Rn

j

k p

k

k
p

= −∞

−

= −∞
∑∑























2
1

0

  ≤

≤  C S f
k

k k q p
A j

L
k

x
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sup ( )( / )
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0

0 2
1

2

2 2 2∈

− −
+

Z

λ α α

α
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/

Rn
j

k
p

k

k
p
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−

= −∞
∑∑



























2
1

0

  ≤
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k
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j L

j

k

x

q nsup ( / )
( )

0

0 2

2

2 2
2

∈

− −

= −∞

−

∑
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λ α α
α





















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∑
p

k

k
p

0

1/

  ≤

≤  C
k

k k p

k

k
j ksup ( ) ( – /

0

0
0

22 2 2
∈

−

= −∞

− +∑





Z

λ λ λ α α qq j

j

k
) −

= −∞

−

∑






λ
2

  ×

×  2

1
1

l p
l L

p

l

j p p p

f q n
α

( )

/
/

R
= −∞
∑
























  ≤

≤  C f
k

k k p j k q

j

k

Msup ( ) ( – / )

0

0 22 2 2
2

∈

− − +

= −∞

−

∑
Z

λ λ λ α α
��K

p

k

k
p

p q
n

,
, ( )

/

α λ R





















= −∞

∑
0

1

  ≤

≤  C f
k

k k p

k

k p

MK p q
sup

/

,
,

0

0
0

2 2

1

∈

−

= −∞
∑











Z

λ λ
α λ� (( )Rn   ≤
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≤  C f
k

k k
MK p q

nsup
,
, ( )

0

0 02 2
∈

−

Z R
λ λ

α λ�   =  C f MK p q
n�

,
, ( )α λ R .

Now, let us turn to estimate for  E3.   Note that when  x Ck∈ ,  j  ≥ k + 2,  and

y C j∈ ,  then  2 x y≤   and

�
�

T f x C
x y

x y
R A x y f y dyA m j n m m j, ( )

( )
( ; , ) ( )≤

−

− + +
Ω

1

RRn
∫   ≤

≤  C
x y

x y
R A x y f y dyjn

m
x y

m j
j

2
2

1
1

−

− ≤
+

−

−+
∫

�Ω( )
( ; , ) ( ) ≤≤ +CS f xj A j2 1; , ( )�Ω .

Thus, by (1), similar to the proof of  E1,   we have

E C T f
k

k k q p
k A m j L

x

q3
0

0 1

1

2 2≤
∈

− −sup ( )( / )
,

Z

λ α α χ
α

�
(( )

/

Rn

j k

p

k

k
p

= +

∞

= −∞
∑∑





















2

1
0

  ≤
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k

k k q p
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L
j

x

q
sup ( )( / )

; ,
0

0 1
1

1

2 2 2∈

− −
+

Z
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α
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/
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j k

p

k

k
p
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∞

= −∞
∑∑

























2

1
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k
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j k x
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( )

0
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1

2 2
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



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

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k
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0
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) −
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∑






λ
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1
1
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α
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/
/
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∑




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

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k
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,
,

0

0 12 2 2
∈
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Z
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/
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k

k
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

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

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/

,
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0

0
0
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∈
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∑




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


Z

λ λ
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≤  C f
k

k k
MK p q

nsup
,
, ( )

0

0 02 2
∈

−

Z R
λ λ

α λ�   =  C f MK p q
n�

,
, ( )α λ R .

Therefore, Theorem 1 is proved.
3.  Corollary.  The above proof of Theorem 1 also indicates that the boundedness

of operator  �TA m,   on Lebesgue spaces with power weights implies its boundedness on

homogeneous Morrey – Herz spaces.  Similar result is proved by Lu and Xu in [3].
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The following lemma for the boundedness of operators  TA m,   and  TA m,
∗   on the

Lebesgue spaces with power weights can be found in [5].
Lemma 3 [5].  Let  R A x ym + 1( ; , )   and  A  be defined as above,  m ∈ N ,  r  > 1,

and  Ω ∈ L L Sr n(ln ) ( )− 1 .  If  max −( n , – 1 – (n – 1) q / ′)r  < β < min ( )n q −( 1 , q  –

– 1 + (n – 1) q / ′)r   and  1 < q < ∞,  then

T f C fA m L L
x

q n
x

q n, ( ) ( )
β βR R≤

and

T f C fA m
L L

x

q n
x

q n, ( ) ( )
∗ ≤

β βR R .

As a simple corollary of Theorem 1 and Lemma 3, when  r > 1,  we have the follo-
wing result.

Corollary 1.  Let  R A x ym + 1( ; , )   and  A  be defined as above,  m ∈ N ,  r > 1,  1 <

< q < ∞,  0 < p  ≤ ∞,  and   Ω ∈ L L Sr n(ln ) ( )− 1 .  I f   max /−( +n q λ , – 1 / q – (n –

– 1) ′ + )r λ  < α < min ( / )n q1 1−( + λ , 1 – 1 / q + (n – 1) ′ + )r λ ,  then   TA m,   and

TA m,
∗   are bounded on  MK p q

n�
,
, ( )α λ R .

Lemma 4 [5].  Let  R A x ym + 1( ; , )   and  A  be defined as above,  m ∈ N ,  r  = 1,

and  Ω ∈ L L Sn(ln ) ( )− 1 .  If  – 1 < β < q – 1  and  1 < q < ∞,  then

T f C fA m L L
x

q n
x

q n, ( ) ( )
β βR R≤

and

T f C fA m
L L

x

q n
x

q n, ( ) ( )
∗ ≤

β βR R .

As a simple corollary of Theorem 1 and Lemma 4, when  r = 1,  we have the follo-
wing result.

Corollary 2.  Let  R A x ym + 1( ; , )   and  A  be defined as above,  m ∈ N ,  1 < q <

< ∞,  0 < p ≤ ∞,  and  Ω ∈ L L Sn(ln ) ( )− 1 .  If  – 1 < β < q – 1,  then  TA m,   and  TA m,
∗

are bounded on  MK p q
n�

,
, ( )α λ R .

According to [3] (Theorem 2.1), Corollaries 1 and 2 are proved easily.
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