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CONNECTIONS TO FIXED POINTS AND SIL’NIKOV
SADDLE-FOCUS HOMOCLINIC ORBITS IN SINGULARLY
PERTURBED SYSTEMS

HOE€JHAHHSA HEPYXOMMUX TOYOK TA CIAJIOBI
®OKYCHI TOMOKJIIHIYHI OPBITH CIJIBHIKOBA
B CUHI'YJIAPHO 3B5YPEHUX CUCTEMAX

We consider a singularly perturbed system depending on two parameters with two (possibly the same)
normally hyperbolic centre manifolds. We assume that the unperturbed system has an orbit connecting a
hyperbolic fixed point on one centre manifold to a hyperbolic fixed point on the other. Then we prove
some old and new results concerning the persistence of these connecting orbits and apply the results to find
examples of systems in dimensions greater than three which possess Sil’nikov saddle-focus homoclinic
orbits.

Po3risiHyTO CHHTYISIpHO 30ypeHy CHCTEMY, IO 3aJICKHUTh BiJ JBOX IapaMeTpiB Ta Mae aBa (MOXIHBO,
OIHAKOBi) HOPMAaJIbHO TillepOOIIiYHI EHTPOBaHI MHOTOBHIH. [IpH 1IbOMY NPHUITYCKAa€THCs, IO He30ypeHa
cucTeMa Mae opOiTy, sika MO€JHY€E TinepOoNiuHy HEpyXOMy TOUKY Ha OJHOMY LEHTPOBAHOMY MHOTOBHII
3 TiIepOONIYHOI HEPYXOMOIO TOYKOIO Ha iHmoMy. JloBemeHo JAesKi BiOMi Ta HOBiI PE3yNbTaTH ILOAO
30epekeHHs IMX OpOIT Ta HABEIEHO MPHKIALN CUCTEM PO3MIpPHOCTI Oinblie, HiX TPH, IJ0 MAIOTh CiIJI0Bi
(okycHi romoxIiHiuHI opOiTH CiTbHIKOBA.

1. Introduction. In this paper, which continues [1], we consider a singularly perturbed
system like:

T = Ef(xay>A7€)7
)
y = g(x7y7>‘75)

where z € R™, y € R™, ) and ¢ are small real parameters and f(z,y, A, €), g(x,y, A, €)
are C"-functions in their arguments bounded with their derivatives, » > 1. We suppose
that the following conditions hold:

(i) for any z € R™, the equation

g(x7y’070) :O

has C"-solutions i = v™ () (that may coincide) such that v*(z) and its derivatives are
bounded on R,

(i1) the infimums over x € R™ of the moduli of the real parts of the eigenvalues
of the Jacobian matrix g, (x,v*(z),0) are greater than a positive number &y. Moreover
gy(z, v (x),0) and g, (z, v~ (z),0) have the same number of eigenvalues with positive
(and hence also negative) real parts.

As explained in more detail in Section 2, conditions (i) and (ii) imply the existence of
centre manifolds y = v (z, A\, €) and y = v~ (x, A, €) for the perturbed system together
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with their associated centre stable and centre unstable manifolds. We also assume the
following conditions:
(iii) there exists £y € R™ such that the equation

¥ = 9(&,,0,0)
has a solution y(t) satisfying
yo(t) — v~ (&) as t— —oo, yo(t) = v (&) as t— oo,
(iv) 9o(t) is the unique bounded solution of the linear variational system:

¥ = gy(&0.50(1),0,0)y 2

up to a scalar multiple.

Given these conditions, we would expect the perturbed system to have orbits
connecting the two centre manifolds. However, in this paper, we are particularly
interested in orbits which connect fixed points lying on the centre manifolds. So we
need an additional condition:

(v) both equations on the centre manifolds

i = F*(z) = f(z,v%(2),0,0)

have the same hyperbolic fixed point &, and the matrices F.¥ (&) have the same number
of eigenvalues, counted with mutiplicities, with positive (resp. negative) real parts and
no eigenvalues with zero real part such that if Q. is the projection onto the stable
subspace of Ff (&) and Q_ is the projection onto the stable subspace of F; (&), then
RQ+ NNQ_ = {0}. Under this condition, the perturbed system

&= F*x,\e) = f(z,v5(z,\ e), \€) 3)
has a hyperbolic fixed point £ (), €) and
" (X o) = (& (X o) vF (& (N e), Ae)

is a hyperbolic fixed point of system (1). We make the additional assumption that for
sufficiently small A

€9 (X, 0) =& (1,0) =& (N).

Our objects in this paper are the following:

(a) to extend the result of [1] concerning the existence of solutions of (1) that connect
a fixed point on one centre manifold to a fixed point on the other centre manifold to a
more degenerate case;

(b) to give a general class of singularly perturbed systems in dimensions greater than
three which possess Sil’nikov saddle-focus homoclinic orbits.

In [1] in the homoclinic case, following on from the work of Szmolyan [2] and
Beyn - Stiefenhofer [3], we already gave a nondegeneracy condition (which corresponds
to condition (vi) in Theorem 2 below) under which there is a curve A = A(e) in the
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parameter space along which system (1) has a connecting orbit. This condition says that
the connecting orbit yo(t) in the system

y = g(§O(A)7y7)‘7O) (4)

breaks as A passes through 0. In this paper, in a slightly more general situation, we give
a different and shorter proof of this theorem (see Theorem 2). We proceed in two steps,
first we use the results of [4] to find the connecting orbits between the centre manifolds
and then employ a further argument to pick out from these orbits the ones that connect
the fixed points.

More importantly, we can use these techniques to treat degenerate cases. Such a
degeneracy would arise if yo(t) does not break so that there is a one-parameter family
y(t, \) of homoclinic orbits for (4). Then in Theorem 3 we need to add two additional
conditions: one condition says that the centre stable and centre unstable manifolds
intersect transversally along (£o, yo(¢)) when A = ¢ = 0 and the other is that a certain
Melnikov function have a simple zero. Under these conditions we can again prove there
is a curve A = A(e) in the parameter space along which system (1) has a connecting
orbit. Note that there are other kinds of degeneracies that could arise such as what we
called the Cherry and Duffing cases in [5] and [4] in which the centre stable and centre
unstable manifolds do not intersect transversally along (&o,yo(t)) when A = ¢ = 0.
However, in this paper, we confine ourselves to what appears to be the simplest kind of
degeneracy.

The theory of Sil’nikov saddle-focus homoclinic orbits is developed in [6] and [7].
Such orbits have been found in special systems (for example, see [8 — 10] and see [7] for
others) but not many general classes of systems with such orbits have been found, apart
from that of Rodriguez [11]. However, Rodriguez looked only at three-dimensional
systems. In four dimensions two extra conditions must be verified. In [1] we exhibited
a class of systems in 4 dimensions with saddle-focus homoclinic orbits. In this paper,
with the help of [12], we show the conditions we gave in [1] can be weakened (in [1]
we used too strong a condition to ensure Deng’s condition (D) was satisfied) and we
also give a result in n dimensions.

Now we summarize the contents of the paper. In Section 2, we recall the main
result from [4] where we construct bifurcation equations, the zeros of which are initial
values of solution of (1) which lie in the intersection of the global centre stable manifold
corresponding to y = v (z, A, €) and the global centre unstable manifold corresponding
to y = v~ (x, A\, €). Then in Section 3 we prove Theorems 2 and 3 as described above
and we give examples of the application of both. Then in Section 4, we prove the
theorem concerning Sil’nikov saddle-focus homoclinic orbits and give an example of it
as well.

2. Heteroclinic connections between the centre manifolds. In this section we
recall the main result of [4], where under the conditions (i) — (iv) of the Introduction, we
construct bifurcation equations, the zeros of which are initial values of solution of (1)
which lie in the intersection of the global centre stable manifold corresponding to y =
= vt (z, \, €) and the global centre unstable manifold corresponding to y = v~ (z, A, €).

First we observe that conditions (i) and (ii) of the Introduction imply the existence
of g9 > 0, A\g > 0 and functions v*(z, \, ) which are defined for z € R™, || < Ag
and |g| < go such that v*(x,0,0) = v*(z) and the manifolds y = v*(z, A, ¢) are
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invariant for the flow of (1) (see for example [13—-15]). Moreover v*(x, A, ¢) are C”
and bounded with their derivatives. We will refer to y = v*(z, A, ) as global centre
manifolds for system (1). We use the notation zX (¢, &, \, €) for the solution of the initial
value problem

i = FE(x, \e) = f(z,vE(x, N\ e),\e), z(0)=¢.

In this situation there also exist global centre stable and unstable manifolds. The global
centre stable manifold M°® consists of those solutions (z(t),y(t)) such that |y(t) —
—vT(x(t), \,e)| — 0 as t — oo and the global centre unstable manifold M consists
of those solutions (z(t),y(t)) such that |y(¢) — v~ (x(¢), \,e)] — 0 as t — —o0.

Next, according to condition (ii), for all z € R™, the linear systems

y = gy(x,vi(x), 07 O)Z/

have exponential dichotomies on R with constant K, exponent dy and projections, say,
P2 (x). Moreover rank P{ (z) = rank PY(z) = p, p being the number of eigenvalues
of g, (z,v*(z),0,0) with negative real parts.

Then from (ii), (iii) and the roughness of exponential dichotomies, it follows that for
any ¢ with 0 < § < §g linear system (2) has an exponential dichotomy on R and R_
respectively with constants K and & and respective projections P, (t) = Y (t)PrY ~1(¢)
and P_(t) = Y (¢t)P_Y ~1(t), Y (t) being the fundamental matrix with Y (0) = I. Note
that since from (iv) 9o(t) is, up to a scalar multiple, the unique bounded solution, it
follows that RP; N N P_ is the one-dimensional subspace spanned by go(0). Also
RP; + NP_ has codimension 1 and if we let 1)y be a unit vector orthogonal to
RPy + N P_, then the solution % (¢) of the adjoint equation

y = _g;(g()vy(](t)7070)y (5)

with 1(0) = vy is, up to a scalar multiple, the unique bounded solution.

In Theorem 4 in [4] the following result, concerning the existence of heteroclinic
connections between the two centre manifolds, has been proved. Such solutions lie in
the intersection of the global centre stable and unstable manifolds.

Theorem 1. Let f and g be bounded C" functions, r > 2, with bounded deri-
vatives, satisfying conditions (1)—(iv) of the Introduction. Then there exist €y, Ao, g,
C"=1 functions A(E,\,€) Z(&, N, €) defined for |€ — &| < ag, |A| < o, |e] < g0 and
a neighborhood O of (&0, y0(0)) such that if (§,n) satisfies

A(EAe) =0,  n=2Z(\e) (6)

then (&,n) lies in the intersection of the global centre stable manifold corresponding
toy = vt(z,\¢e) and the global centre unstable manifold corresponding to y =
= v~ (z, A, €) and, conversely, if (£,m) is in O and lies in this intersection and satisfies
(n —y0(0),90(0)) = 0, then (6) holds. Moreover

A(£070’0) = 05 Z(&anao) = yO(O)a

Af (§0a 0, O) = - / w*(t)gw (gOa Yo (t)v 0, O)dt7
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(5070 0 /1/}* g)\ §O7y0( ) O O)d
Ae(&anvo) =

/w {%&wm OO/f&wM)0®W+%@MM)0®}ﬁ

and there exist § > 0 (8 < 69), T > 0, 1 > 0, pug > 0 and Ny > 0 such that the
solution (x(t),y(t)) = (£(t, &, A, €),9(t, & A, €)) of (1) such that (x(0),y(0)) = (§,n)
satisfies
PFTNa(t) — a2 (e(t FT),€x(6, N 6), A\ e)] < Nife| <
(7
emt:FTl |y(t) - vi(x(t), >‘a 5)| < p2,
Jort > T and t < =T respectively, where the éi (€,\,¢) are O™ functions satisfying
Ex(E0,0) =¢,

é-‘r,& (ga )‘a 0) = Tf(£7 ’U+(§, /\7 0)7 Aa O)+

/f 360,00, 1,0) — F(E,0+(€,,0),A,0) dt,

(3)
57,5(5, )‘7 O) = _Tf(€7 v (ga )‘7 O)u )‘7 O)_
0
/f G(8.€X,0),1,0) — F(€,07(€,A,0), A,0) dt.
Moreover,
j(t7£070a0) 2507 g(t’§07070) = y0<t)7 (9)

2t E N ), 9(t, &, N\ e) are C™1 in (€, €) and if o satisfies 0 < ro < 3, the
k-th order derivatives of #(t,&,\,€) —xF (e(t FT), éi(ﬁ, Ae), A\ e) and §(t, &, A\ e) —
—vE(&(t, €, N, €), N, €), satisfy estimates similar to (7) with 8 — ko instead of 3 and
possibly different constants CYy, instead of 1, pio.

Remarks. (i) Estimate (7) with Nj|e| and those concerning the derivatives of
&t & N\ e) — aX(e(t F T),éi(@)\,e),)\,s) and §(t,&, N, €) — vE(&(t, &, N\, €), N, €)
are not explicitly stated in [4], Theorem 4. However they follow from Eq. (63) and
Theorems 1 and 2 in [4].

(ii) Eqns. (6) are what we call the bifurcation equations. Zeros (§,n) of these
equations are initial values of solutions (Z(t, &, A, €), 4(t, &, A, €)) of (1) which lie in the
intersection of the global centre stable manifold corresponding to y = v*(z, A, €) and
the global centre unstable manifold corresponding to y = v~ (z, A,¢). The functions
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Ei(f , A, €) tell us in which leaves of the stable (resp. unstable) foliation these solutions
lie (see [4] for details).

3. Heteroclinic orbits connecting fixed points. In this section we assume that in
addition to conditions (i) — (iv), condition (v) also holds. Our aim is to find a curve in the
parameter space along which there exist heteroclinic orbits connecting the fixed point
g— (A €) to g4 (A, ). First we construct the slow stable manifold of ¢4 (), ¢) and the
slow unstable manifold of ¢_ (), €). By slow, we mean the stable and unstable manifolds
lying inside the respective centre manifolds. Then we prove our two main theorems on
the existence of heteroclinic orbits. Finally we give examples of the application of both
theorems.

3.1. The slow stable and unstable manifolds. First we describe the local stable
manifold of the fixed point £ (), ) of the equation & = F*(x, \,¢) and the unstable
manifold of the fixed points &, (A, &) of the equation & = F~(x,\,¢). As in [1],
we can prove that the following holds: let p be a sufficiently small positive number.
Then there exists p1, 0 < p; < p such that if € and A are sufficiently small and if
£t € RQy, & € NQ_, with [£T] < py, [€7| < p1, there exist unique solutions
z(t) = ut(t,€T, N\ e) of equation & = FT(x,\ ) and z(t) = u™ (£, , A\, e) of
equation & = F'~(x, A, €), that are defined for ¢ > 0 and ¢ < 0 respectively, such that

[ut(t, 6, N e) =& (A e)| <p for t>0,

lu=(t,6, N e) =& (Ne)| <p for t<0
and

Q4 [ut (0,67, N, e) =& (N )] =€,

IT-Q)[u=(0.67, X e) =& (\e) = ¢

Moreover, denoting with o > 0 a positive number which strictly bounds from below the
absolute values of the real parts of the eigenvalues of both matrices F.7 (&, 0,0), then
ut(t, 65X, €) — €5 (N, ¢) and their first derivatives with respect to (£, ), ) satisfy
exponential estimates like

(10)

u(t)| < Le™ ) fu(s)| (11

where ¢ > s when u(t) = ut(t, £, )\ e) — & (N, ¢) and t < s when u(t) = u™(¢,&,
A e)—& (A e). Also

uf(0,0,0,0) =Q+ and wu, (0,0,0,0) =1-Q-_. (12)
Next we note that, by uniqueness,
ut(t,0,\,¢) = far()\,s), u (t,0,N,¢e) =& (N €) (13)
and that
z (b u(r, 65\ 8), A ) = wt(t+ 7,65, A ) (14)

for any ¢+ € RQ, and £~ € NQ_ with [¢T] < p;. Moreover, differentiating (13) we
see that
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o5

uy (0,0,1,0) = =%

(A,0) (15)

for any A € R.

3.2. Two conditions ensuring existence of homoclinic orbits to fixed points. In
this subsection we prove two theorems on the existence of heteroclinic orbits. The first
is essentially the same as the theorem proved in [1]. Our proof, though, here is different
in that we proceed in two stages. Note that we do prove additional properties of the
homoclinic solution in that paper. The second considers a more degenerate case which
involves a Melnikov function. We hope this second theorem gives a guide as to how
one might handle such degenerate cases.

We recall that o > 0 is a positive number which bounds from below the absolute
value of the eigenvalues of both matrices FF (£, 0,0).

We first prove the following theorem.

Theorem 2. Let f and g be C” functions (r > 2), bounded together with their
derivatives Oc(z)nd satisfying conditions (i) —(v). Suppose also that the condition

(vi) /_ V¥ (t) (92 (€05 yo(t), 0,0)£5(0) + ga(&o, yo(t),0,0)]dt # 0

holds. Then there exists a C"~-function \(¢) with A(0) = 0 such that for ¢ sufficiently
small and nonnegative, system (1) with A\ = \(e) has a heteroclinic solution p(t,c) =
= (x(t,€),y(t,€)), that is,

p(t,e) # ¢ (A(e),e)

but
p(t,e) — g (\(e),e) as t— oo (16)
Moreover,
p(t,0) = (o0, 9o (1)), (17)
and

sup; |2 (t,€) — &5 (A(€), €)[e™" = O(e),

sup, < [2(t,€) — & (A(e),e)le™*" = O(e),

sup;o [y(t,€) — v (&5 (A(e), Ale), e)|e=*" = O(1), (18)
sup,<o [y(t,€) — v™ (& (A(€), Ale), e)[e™*" = O(1),

supser [y(t€) — yo(t)| = o(1)

as € — 0. Furthermore for 1 < k < r — 1, positive constants C’k exist such that the
Jollowing hold for t > 0 (for v™), t <0 (for v™):

D a(t,€) = GEAE), )| el < €,

(19)

DIy (t, ) = v¥ (G (Ae), ), Ae), )] el < G,

where Dék) denotes the k-th derivative with respect to €.
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Proof. Our aim is to find a solution (x(t), y(¢)) of (1) such that

lim |x(t) — §Oi()\,5)| =0 and lim [y(t) — vE(EE (N €), Ae) =0 (20

t—too t—too

According to Theorem 1, if A(&, A\, &) = 0 with |£ — &, |A], and |¢| sufficiently small,
we can find a solution (z(t), y(t)) = (:Z"(t, &N e), it & A, 5)) of (1) that satisfies

SUP;>g eﬁt‘gg(t +T) — x(et, er(f, N E), A, 5)‘ < p1, on
SUP;>( Ayt +T) — vy (2t +T),\e)| < po

and
sup;<ge Pt — T) — ze(et, - (6, N ), N\, €)| < pua, )
sup,<ge |yt —T) —v_(x(t —T),\e)| < po

with p; = Nyle| (see (7)) and the other statements of Theorem 1 hold.
Now, if we can find €T € RQ, and £~ € NQ_ such that

En(ENe) =uT(0,6T,0,e) and £ (&N e) =u (0,67, ) ¢), (23)
then
zo(et, € (6,0, €), A, e) = ut (et, €1, ), ¢),
and
2t +T) — & (N e) = [2(t +T) — zolet, €16, N, ), A\, &)+

+ut(et, &, X 6) = &5 (N, €)],
(24)
y(t+T) — v+(§3’()\, €),\¢e) = [y(t +T)—vp(x(t+T),A, E)] +
+ v (@t +T), N e) — v (EF(M\e), M\ e)].

Thus, for ¢ — oo, (20) follows from (7) and (11). A similar argument applies when
t — —00.
So assume that

A(E, N\ e) =0,
ut (0,64, N, 8) — E4(6, ) =0, (25)

ui(()?fia)‘vs) - 6—(5,)\75) =0

has a C"~" solution (&, €%, ¢7,A) = (£(2), £7(£), 67 (), A(¢)) € R™xRQ4 x N Q_ x
x R, such that

(5(0)7£+(0)7§_(0)7)‘(0)) = (5070’070)' (26)

Then the C"~!-function
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a(t,e) = 2(t,€(c), Ae)e),  wlte) =9(t &(e), Ale), e)
is, for 0 < & < &, a solution of (1) with A = A(¢), such that
Jim az(te) =& (Me)e),  Tim_y(te) = vF (&7 (M), €), Ale), €))-

Next from (24) and (11), for t > T

|2(t,€) — Lo(A(e),€)]€**" < Nile| + LIET (€(e), Ae), €) — Eo(M(e), €)] = O(e).
Moreover, from (9) we obtain

2(t,0) = £(t,£,0,0) = &,  y(t,0) = §(t,%,0,0) = yo(t)

and hence the estimate

sup |z(t,e) — &5 (Me),e)]e”™ = O(e)
0<t<T

follows from the continuity and §{f (0,0) = &. A similar argument applies when ¢ < 0.
This proves the first two estimates in (18). The third and the fourth estimates in (18)
follow from a similar argument, using again (24) when |t| > T and the continuous
dependence on the data when |t| < T. Note that in this case Theorem 1 implies only
that the difference |y(t,£) — vE(z(t,€), M(€), £)[e*! is bounded.

Next, using (24), (11) and Theorem 1, we see that (19) holds.

Now we prove the last estimate in (18). We have

’y(t,é:‘) - yO(t)| < ’y(t,a) - Ui(x(t,g)’ )‘(5)7€)|+
+oF (2(t,2), Ae), ) — v (&5 (), Ae), o)+

)

+vE (& (e), Me), €) — vE(€0,0,0)| + |yo(t) — vE(&,0,0)

where now we write £ () = &5 (\(€),¢). Then, from (21) and the first inequality in
(18), we see that there exists a constant M7 such that for ¢ > T we have

|y(t75> - U+($(t75)7 /\(5)’5)‘ < M2€_ﬁ(t_T)7
|'U+(£L'(t,€),>\(€),€) - U+(§J(E),)\(€),€)| < Mlgef’sa(t*T).

Also, from the smoothness of the three functions vt (z, A, €), & (), A(¢) and from (26),
there exists a constant M5

07 (& (€), A(e),€) — v (€,0,0)] < Moe.

So, given p > 0, there exists 7, = T + 3~ log(uap~') > 0 such that, for t > T, we
have

ly(t, ) —yo(t)| < p+ (My+ My)e + |yo(t) — v* (&, 0,0)|.

Since llim Yo(t) = v (&,0,0) there exists T, > T, such that for ¢t > T},

t|—o0

Yo(t) —
—vT (&, 0, 0)| < p. So we have proved that, given p > 0, there exists T,, > 0 such that
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fort > T, we have
ly(t, ) —yo(t)] < p+ (My + My)e.

By similar arguments, we can show this inequality holds for ¢ < —T), also. Next since
y(t,0) = yo(t), from continuity we see that

lim sup |y(t,5) — yo(t)| =0.
e=0p <,

Then for any p > 0 there exists £ > 0 such that for 0 < ¢ < & we have sup ’y(t7 ) —
teR

— yo(t)| < p. Hence the last equality in (18) follows.

So all we need to prove is that system (25) has a C"~! solution (£,£F,£7,)\) =
= (&(2),€T (), € (), A(e)) that satisfies (26).

Now, from £ (&, X, 0) = €, we see that, when £ = 0, system (25) reads:

A&, A,0) =0,
’LL+ (07£+7 >‘70) - g = 07 (27)
U_(O,€_7>\,O) - § =0

and has the solution (£,£7,67, ) = (£,0,0,0) (see (13) and Theorem 1). Then the
linear part of the left-hand side of (27) at the point (£, 0, 0, 0) is given by, according to
(13), (12):

A¢(£0,0,0)€ + Ax(£0,0,0)A
L: (667,670 — EF+ 60N —¢
£ +&0)A—¢
hence if (£, &%, €7, \) belongs to its kernel we must have
Ae(80,0,0)¢ + Ax(€0,0,0A =0,
Y+ 50N =€=0, (28)

£+ 0)A—-¢=0.

Subtracting the second equation from the third we see that £ = £~ and hence
Et = ¢ = 0since €T € RQy, & € NQ_ and RQy N NQ_ = {0}. Thus
(&,€%,67,)) € NL if and only if

Ag(foa 07 0)5 + A)\(&h 07 0))‘ = 07

£ =& (0)A

Plugging the second equation into the first we see that A\ has to satisfy
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[A¢(£0,0,0)€6(0) + Ax(£0,0,0)] A = 0.

From Theorem 1 and assumption (vi) we see that the above equation has only the solution
A = 0 and hence (28) has the unique solution (£,£7,67, ) = (0,0,0,0). Thus L is
invertible and then, for 0 < € < ¢, sufficiently small, (25) has a unique C"-solution

(667,67, 0) = (6(e),67(e), €7 (e), A(e))

such that

(£(0),£7(0),£7(0),A(0)) = (£.0,0,0).

This concludes the proof of the theorem.

Now we prove the second theorem in this subsection.

Theorem 3. Let f and g be C™2 functions (r > 2), bounded together with their
derivatives gzgzd satisfying conditions (1)—(v). Suppose also that the three conditions,

i) [ 0" (09a(60: 0(0), 0,00t 0
(viii) the stable and unstable manifolds respectively of the hyperbolic equilibria

v (&0 (A), A, 0) and v~ (&0 (M), A, 0) of
= 9(50()‘)7 Y, A, O)

intersect near yo(0) so that there is a solution yo(t, \) — v*(&(N\), \,0) as t — +oo
with y(0, X) depending continuously on A and yy(0,0) = y(0);
(ix) if we let QL (\) be the projection on to the stable subspace of the linear system

i =FE(&(\),\0)x (29)

along the unstable subspace, Q()\) the projection on to RQ+(\) along NQ_()\) and
¥(t, ) the unique (up to a multiplicative constant), bounded solution of the adjoint
linear system

9+ g,(§0(A), yo(t, M), A, 0)y =0,
then the Melnikov function

oo

/th 0 (€N, 50(£: A), A, 0) + g (€0(A). (£, A), A, 0) x

96y

5. A 0) | =

X Q /f fo yo(T )\) A 0>d7’+

— (1= Q0) | [ 7@ 072 A 0)dr - % 0,0 || a

has a simple zero at A =0
hold. Then we get the same conclusions as in Theorem 2.
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Proof. As in the proof of Theorem 2, all we need to prove is that system (25) has a
C=1 solution (&,£T,67,0) = (£(2),£T (), £ (¢), A(e)) that satisfies (26).
First note by solving the equation

<y0(t’ )‘) - 90(0)790(0» =0

for a continuous function ¢t = t(\) with ¢(0) = 0 and then replacing yo (¢, A) by yo(t +
+ ¢(\), ), we can assume without loss of generality that

(40(0,A) = 50(0),50(0)) = 0.

Now, since for A sufficiently small the point (§9(A),40(0,\)) belongs to the neigh-
borhood whose existence is stated in Theorem 1 and (§o()),%0(0,)) also belongs
to the intersection of the centre stable and the centre unstable manifolds and satisfies
(40(0,A) = y0(0),50(0)) = 0, it follows from Theorem 1 that

Hence

yO(t7/\) = g(t7fo(>\),)\,0) (31)

because both functions satisfy the same equation and have the same value at t = 0.
Next, from (7), (8) we see that (¢, &(A), A, 0) = £4(§0(N), A, 0) = & (A) and hence,
using (31) and the properties of §(¢,&, A\, €), we get

ok .
STE0(tA) = 05 (60N, A, 0)]| < Cre™ (ke
for k =0,...,7 — 1 and t > 0 in the case of v and ¢ < 0 in the case of v~. Thus

y0(0, A) is C™*1 and its derivatives with respect to \ are bounded. Moreover, using the
inequality with & = 0 we see that yo (£, \) — v+ (& (M), A, 0) as t — Foc0 exponentially
and uniformly with respect to .

Now from assumption (ii), it follows that

y = gy(fO(A)v yO(tv )‘)7 )‘7 O)y

has an exponential dichotomy on both R and R_ with projections P, (\) and P_(\)
respectively that can be assumed to be C™*! (see, for example, [16—18]). Also we can
take P, (0) = P} and P_(0) = P_ (see Section 2). Moreover

RP(A) NN P_(A) = span {i0(0, 1)},

since this intersection certainly contains the subspace on the right and has dimension at
most 1 by continuity. It follows that NP} (A\) N"RP*(X) is the subspace of initial values
of bounded solutions of the adjoint system

Then if we define ¥ (t, A) to be the solution of the adjoint system with
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(0, ) = o(N) € NPL(A) NRPZ(N),
where 19()) is C"*1 with

$(0,0) = ¢o,

then, since yo(t, \) is C"*! and is bounded together with its derivatives, it follows from
[19] that v(t,\) can be assumed to be C"*! and it and its derivatives tend to zero
exponentially and uniformly with respect to A as |[t| — oo. Thus, in particular, M (\)
is C"~1. (We pause here to observe that if (¢, \) is a bounded solution of the adjoint
system (32), then ¢ (¢ — t(A), \) is a bounded solution of

U= —g,(&(A), 5ot —t(X), ), A, 0)y
and hence M () does not change if we replace yo (¢, ) by yo(t — t(\), A), which was
the original yo (¢, A), and ¥ (¢, A) by ¥(t — t(\), A).)

This being said we go back to the problem of solving equation (25). Well, in this
case, from (8), (13) and (30) we see that equation (27) has the solution

5250()‘)7 §+:Oa §_207 AZO,

and the kernel of the linear map obtained by differentiating the left-hand side of (27)
with respect to (£1,£7,&,\) at the point (£7,£7,6,A) = (0,0,&(A), \) consists of
those (7,67, €, ) such that

Ae(€o(A); A, 0)§ + Ax(&o(A), A, 0)A = 0,
ug (0,0,1,0)" +uy (0,0, 00X — & =0,
U (0,0,X,0)™ +uy (0,0,\,00A =& =0
that is, using (15),
Ac(&o(A), A, 0)€ + Ax(&o(A), A, 0)A =0,
udi (0,0,X, 006 + (M)A — € =0, (33)
ue(0,0,X,0)6” +&H(MNA =€ =0.
Subtracting the third equation from the second we obtain
udy (0,0,0,0)67 = ug(0,0,1,0)€.
When )\ = 0 the above equation is equivalent to (see (12))
£ =¢ =0

since £ € RQ 4 and &~ € NQ_. Thus we obtain the same conclusion for small X # 0,
because of continuity. Then (£7,£7, €, \) satisfies (33) if and only if £ = £~ = 0 and
the kernel of the linear map consists of those (£7,£7,£, \) such that £+ = £~ = 0 and
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Af(SO(A)v >‘7 0)5 + A)\(g()()‘)ﬂ /\7 0)>‘ = 07
§=8& M)A

Plugging the second equation in the first and using A(£o(A), A, 0) = 0 we conclude that
the solution of system (33) is the one dimensional space spanned by (£7,£7,£,)) =
= (0,0,&4(A), 1)

We use the Crandall — Rabinowitz theorem as given in [20] (Theorem 4.1), a suitable
version of which can be stated as follows:

Proposition 1. Let F: ExR — G, (z,e) — F(z,¢€), be a C" mapping (r > 2),
where E and G are Banach spaces. Suppose that there exists a C" function ¢(\) defined
on an interval I such that ¢'(\) # 0 and such that

F(p(A),0) =0

and L(\) = F.(6(N),0) is Fredholm of index zero with nullspace spanned by ¢'(\).
Define

d(N) = (N (Fa(6(1),0)),

where Y(X) € G* is a C" function such that N'(¢(X)) = R(L(N)). Then if d(\) has a
simple zero at )\, the equation

F(z,e)=0

has a solution z(g) for e sufficiently small. Moreover, z(0) = ¢(X\o), 2(¢) is a C™~1
Sunction and F,(z(¢),€) is invertible if € # 0.

Let F(61,67,6,0,e): RQ: x NQ_ x R™ x R x R — R x R?*™ be the map
defined by the left-hand side of (25). We have seen that

‘7-—(07()’50()\)7)‘70) =0

and that its linearization at (£7,£7,6,\) = (0,0,&(\),\) with e = 0: L(\) =
= Flet,e-e.0(0,0,&(N), A, 0) has the one dimensional kernel

NL(X) = span{(0,0,£,(A),1)}.

To apply the Crandall - Rabinowitz theorem, we need to determine a vector ¥(\) such
that RL(A\) = {¥(\)}+. Now, RL()) consists of those (o, u1,us) € R x R™ x R™
for which (£1,£7,&, 1) € RQ4+ X NQ_ x R™ x R exists such that

Af(§0(>‘)7 )‘5 0)5 + A)x(f()()‘)a /\7 0)>‘ =0,
u2_+ (07 07 )‘7 O)£+ + 66(>\))\ - § = Uy, (34)
ug—(0,0,X,0)67 + §(A)A = € = ua.

Subtracting the third equation from the second we see that (€1, £7) has to be a solution
of
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udy (0,0,0,0)67 —ug (0,0,),0)6™ = us — us. (35)
Now @Q+(A): R™ — R™ is the projection on to the stable space of the linear system
u=FF(&(\), A 0)u (36)

along the unstable space. Moreover since u™(¢,£1, )\, 0) satisfies the equation @ =
= FT(z,),0) together with the first equality in (10), we see that uz; (t,0,1,0) is a
solution of (36) which is bounded on R (because of (11)) and satisfies

Q+UZ+ (07 Oa )‘7 0) = Q+'

Hence u; (0,0,A,0) in an isomorphism from RQ, onto RQ,(\) with Q. as its
inverse. Similarly u,_ (0,0, ,0) in an isomorphism from AN'Q_ onto NQ_()\) with
I — @Q_ as its inverse. So, using (35) and the fact that RQ(\) = RQ+ (), NQ(N\) =

=NQ_(N), we get
gt (0,0,1,0)6 = Q(N)ug: (0,0,1,0)6™ = Q(A)(u1 — u2)
and
ug (0,0, 0,006 = (T - QN))ug (0,0, 1,00~ = (I~ QA)(uz — ).
Then, from the last two equations in (34) we obtain
€=&MNA = [(T-Q\)ur + QN )uz].

Plugging this equality into the first equation in (34) and using again the first equality in
(30) we obtain

0= =Ae(6(N), A, 0)[(T = Q(\))ur + Q(Muz].
Thus the range of L(\) is the nullspace of the linear functional ¥(\), defined by
o
T | {ur| | =0+ Ag(&(N), A 0) [T = Q(N)ur + Q(Nuz].
U2
Finally, we evaluate F.(0,0,&,(\), A, 0). Using (13) we see that

As (60 ()‘)7 >‘7 O)

oct o
F0.0,600.0,0) = | S50,0) — %6 (3),1,0)

oty &

g(%o) - ?(50()‘)7)‘70)

Thus our Melnikov function is
d()‘) = \II()‘)"TE(Ov 07 50()\)7 )\7 0) -
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3

Le o) - %o

= Ac(80(A); A 0) = Ag(8o(A), A, 0){(1 - QW) [ (A 0)|+

oE_

+QU)| 2 @A, 0) - §0<Ao>]}

This turns out to be difficult to calculate. We replace it by
d()) =[5 (o] d(V).

Since ¥ (Ao = 1 when A = 0, we see that d()\) has a simple zero at A = 0 if and
only if d(\) has. Then, setting

A& Ne) =[5 (Mol A Ave),
we see that
Ae(6h8) = [5(Vvo] A6 he), A& N 8) = [0 (W] Ac( N €)
and
d(\) = Ac(&(N), A, 0)—
—ﬁg(fo(A),A,O){(I—Q(A)) % @00 - B 0.0+

+a %= @10 - B o>]}

To calculate further we observe that from the equality

F(&(X), v (& (), A,0),1,0) =0

(see assumption (v)), and (8), (31) it follows that

‘%* / F(€0 (M), ot A), A, 0)dt,
0

0

B (@A 0) = - / F(€0(N), ot A), A, 0)dt.

— 00

ag_

Also, as in the proof of Theorem 1 in [4], we can derive the formulae
55 (50 ()‘)7 )‘7 O) = / w*<t7 )‘)gz (&0()‘)7 yO(t7 )‘)a )‘7 O)dt

and
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(60 /W t )‘ { ()‘)7y0(t7)‘)>>‘a0)+

t
+92(§0(A), Yo (¢, A), /f ), Yo (Ty A)y A O)dr}d
0

Then it follows that

Thus, if M()\) has a simple zero at A = 0, from Proposition 1 we obtain the
existence of a C"~1—solution (£F,67,&, ) = (£7(e),£(g),£(e), A(€)) of (25) that
satisfies (26). The proof is complete.

Remark. We can also show the solution p(¢,e) found in Theorems 2 and 3 has the
following properties:

(a) p(t,e) is not in the tangent space to the stable fibre through p(t, <), provided
that

9
Oe

9

? De

0,0) + %0 (0,0) +/f§o,yo £),0,0)dt | #0, 37)

where @) is the projection with the same range as () and the same nullspace as Q) _,
and where, according to Theorem 3 in [4], vectors in the tangent space to the stable fibre
at p(t, ) are the initial values of the solutions of the variational system along p(t,¢)
which approach zero as t — oo at the exponential rate 5 — o.

To prove the statement we first note from (7) and the equation after (23) that for
t>T

|2t &) — ut(e(t — T),6+(2), M), &)| < e,
ly(t,e) — vt (ut(e(t = T),£7 (), Ae), €), A€), €)| < pae™ =T,

We next prove that u™ (0,67 (e), A(g),¢) # &1 (A(e),€) = ut(0,0,A(e),€) (see (13)).
Since u™ (0, £7(0), A(0),0) = u7(0,0,0,0) we compute

LRt (0,67(60), M6), ) —u* (0,0, 0),2)]|_, = Q4 (0)

det
(see (12)). To calculate di(()), we differentiate the last two equations in (25) with

B
€8 =¢F(e), A= Ae), € = £(e) with respect to € at e = 0 to get

L0+ N )+ (0,0 = £10) + &4 2(60.0,0),

B0+ GOV 0) + 520,00 =€(0) + & e(60,0.0).

Subtracting these equations, we get
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det ode og o€y r
Ts( ) — Tg<0) = —g(O,O) + @(an) + / f(€o,90(t),0,0)dt
from which it follows that
gt | et o€, Ji
=0 |-5L0.0+ 5200+ [ f(&w().0.0
and hence that
gt | ot o€, i
Q0= Q |- 50,0+ G 0.0+ [ Fl6oun(t),0.00e | £0

45

since @ and Q. have the same range. Thus u™t (0,7 (g), M(€), ) # &4 (A(e),¢e) ife > 0

is sufficiently small.

Now write x.(t) for u™(t + T, £ (), A(€), €). Note that i:.(0) # 0 since x.(t) is

not an equilibrium. Then for ¢ > 0
|a(t +T,e) — wo(et)| < pre Pt
ly(t+T,e) — vyt +T,e), M), )| < pae .
Note that from these inequalities we also obtain for ¢ > 0
ly(t + T,e) — vi(@e(et), \e),e)| < (Npy + po)e™ P
where N is an upper bound for the norm of v, (x, A, ¢). Then since
#(t,e) = ef(x(t,€),y(t,), Me), €),
ete(et) = ef (we(et), v (ze(et), Me), €), A(e). €),
we see that for ¢t > 0
|(t + T, ) — ede(et)| < Nle|[(N + 1)pr + p2] e
Now 4.(t) is a solution of
& = F (zc(t), Me), €)z
and so for all ¢
e (t)] > [d(0)]e NI,
where N is a bound on |F, (z, A, €)|. It follows that for ¢ > 0
Pt +T,e)| > |i(t+ T,e)| > |eic(ct,e)| — Nle| [(N +1)p1 + uQ]e*ﬁt >
> |ede(0)[e ™ — Nle|[(N + 1)pg + po]e P
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If Ne < 3, it follows that e™V¢¢|pp(, £)| does not tend to 0 as t — oo. So if Ne < 3— o0,
it follows that p(¢, ) cannot be in the tangent space to the stable fibre at p(t, ).

(b) Similarly we can prove that p(t,) is not in the tangent space to the unstable
fibre through p(t, ), provided that

9
Oe

9%

1-Q) [-550.0)+ 5!

mm+/ﬂmmm&Wﬁ¢a

where, according to Theorem 3 in [4], vectors in the tangent space to the unstable fibre
at p(t, ) are the initial values of the solutions of the variational system along p(t,¢)
which approach zero as t — —oo at the exponential rate 3 — o (see Theorem 1).

(c) It is in general position, that is, the tangent spaces to the stable manifold WW*
of the hyperbolic equilibrium q*(\(€),€) and to the unstable manifold WY of the
hyperbolic equilibrium q— (\(g), €) of the system

T = Ef(xa Y, &, A(E))v

Y= g($7y,57 )‘(5))

at p(t, €) intersect in the one-dimensional subspace spanned by p(t,e).
The proof of this fact goes as in [1, p. 46], so we will not repeat it here.
(d) From Section 3.1 in [5] it follows that, if

/wm%@wwme¢a

then Ty, 0,6y M and Ty, o) M intersect transversely.

3.3. Examples. Here we give examples of the application of Theorems 2 and 3.
First, for an example of Theorem 2, we consider the following system, with z,y € R:

i‘ = E-](.('T;’ y)y? A)g))

§j=—g(y) + A (2, X, €)9 + eh(z,y, 9, A, €)

where the functions involved are sufficiently smooth. Setting y1 = y, y2 = y we obtain
the system

T :Ef(fﬁ,yhy%)‘?g)?
U1 = Y2, (38)
o = —g(y1) + M (2, A, €)y2 + eh(x, y1, y2, A, €).

We assume the following conditions hold: there exists a point £y, € R such that
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f(503070>070) :Oa g(O) :07
f2(%,0,0,0,0) <0, 4¢'(0) <0, 39)

hl(&)a 07 0) # 0

and the second order equation §+¢(y) = 0 has the solution p(¢) # 0 which is homoclinic
to y = 0, that is:

lim p(t) = lim p(t) = 0.

[t]—o0 |t]—o0

y
Note that, taking G(y) = / g(u)du then any solution of § + g(y) = 0 satisfies
0

1 1
§y2 + G(y) = const. In particular 5152 (t) + G(p(t)) = 0. Hence we see that p(t) # 0

for all ¢ € R, since otherwise, if p(t*) = 0 for some t*, then we also have p(t*) = 0
and hence p(t) = 0 since both y = p(t) and y = 0 are solutions of the Cauchy problem:

i+ g(y) =0,
y(t*) = y(t*) = 0.

As a consequence, either p(t) < 0 or p(t) > 0 for all t € R.

When A = ¢ = 0, the equations are decoupled and we have the single normally
hyperbolic centre manifold (y1,y2) = v(xz) = 0, that persists for A\ # 0 also, that
is, v(z,A,0) = 0. The equation & = f(2,0,0,0,0) on the centre manifold has the
exponentially stable fixed point x = £, and the y-equation has for all  the homoclinic
orbit

Hence we see that conditions (i) —(v) are satisfied and condition (vi) reads:

- / B (€0, 0,0)p(t)dt = —hy (£, 0,0) / p(t)2dt # 0.

Thus we conclude that, if (39) holds, then for some A = A(e), equation (38) has a
solution p(t,e) = (z(t,€),y(t,)) homoclinic to a fixed point of (38) with A = A(e),
close to (£p, 0). Moreover, by the Remarks after Theorem 3, p(%, ) is in general position,
and p(t,¢) is not in the tangent space to the stable fibre at p(¢, ¢) if
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/f@mﬂﬂ@@%ﬁmﬁ#o

(note that (39) implies that &, is a stable fixed point for the equation & = f(z,0,0,0,0)
and hence @ = I). For example if f(z,y,9, \,e) = y — x we have § = 0 and

oo o

/f@mwmw&mwz/ﬁwﬁ¢o

— 00 — 00

since either p(t) < 0 or p(t) > 0 for all ¢ € R.
As an example for Theorem 3, we consider the following system:

& =e(f(z) + Aho(y1) +eh(z,y)),
U1 = Y2, (40)
g2 = —(1+N)?*g(w1) + k(@)y2
where x, y1, y2 are in R, the functions are sufficiently smooth and we assume that
f(0) =g(0) = h(0,0) = k(0) = ho(0) =0,
f1(0) <0, g'(0)<0, K(0)#0

and also that the equation § + g(y) = 0 has a homoclinic orbit yo(t) = (p(t),p(t))
associated with the saddle point (0,0). Without loss of generality we can assume that
p(0) = 0 and hence p(t) = p(—t) since both solve the Cauchy problem

i+9g(y) =0,

Then we assume that

/m@hmh¢&

0

Now system (40) has the single normally hyperbolic centre manifold y = v(x, A\,e) =0
and, when A = ¢ = 0, the system & = f(x) on the centre manifold has the exponentially
stable fixed point {; = 0. For small A and ¢, the equation on the centre manifold is
& = f(x) + eh(x,0) with no A and so the equilibrium near 0 is £y (A, €) = &o(€). Then
differentiating the equation f(&y(g)) + eh(&o(e),0) = 0, we see that

h(0,0)
f(0)

Next observe that the y-equations in (40) with 2 = £,(A,0) = 0 and € = 0 have the
homoclinic orbit

£4(0) =~ =0,
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p((1+N)t)
yO(ta /\) = |: ]

(T4+XM)p((1+ N)t)
and we have

(T4 X)2B((1 + M)t
P(t, ) = .
—(1+Np((1+A)t)

As an expected consequence

/ (8, g, yo(t, A), 0,0)dt = 2(1 + A)? / p((1+ N)p((1 + A)t)dt =
=21+ \) / Pttt = 0.

Next we have

[ 0002 €0,0(6,0,0,0)d = k') [ ey 20

Then, the linear system (29) in this case reads: & = f/(0)z and has the exponentially
stable equilibrium = = 0. Hence Q(A\) = @+ (A) = I and M () reads:

o t

M) = K (0) /(1+)\)2p2((1+)\)t) / Mo (p((1 + \)7)drdt —

— 00 — 00

[e'e) t

=) [ @) [ hp(r)ird -

— 00 — 00

0

= —\E'(0) /p2(t)dt / ho(p(t))dt =

— 00

o0

— \K(0) / P (t)dt / ho(p(t))dt

— 0o

¢
where we have used the fact that p(¢) and / h(p(7))dr are odd functions. Thus M (\)

0
has a simple zero at A = 0 and hence we conclude that, for some A = A(e), system (40)
has a homoclinic solution p(t,e) = (z(t,€),y(t,€)) such that
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lim x(t,e) = &o(e), lim y(t,e) =0.
[t]—o0 [t|—o0
Moreover, by the Remarks after Theorem 3, p(t, €) is in general position and the centre
stable and centre unstable manifolds intersect transversely along p(t, €).
Note that Kokubu et al. [21] consider systems such as

& =e(l—a?),
U1 = Yo,
Yo =xy2 —y1(y1 —a — A).

Such a system satisfies our conditions (i) to (viii) if a # 0. However the Melnikov
function is identically zero and so our theorem cannot be applied.

4. SilI’nikov saddle-focus homoclinic orbits. Saddle-focus homoclinic orbits were
first studied by Sil’nikov [6]. In this section we review the definition of such orbits and
describe the equivalent definition developed in [12]. Then we state a theorem which
gives a general class of singularly perturbed systems in dimension n > 4 which have
saddle-focus homoclinic orbits.

We consider an autonomous system

i = F(z) (41)

in R, where n > 3 and F is C!, with a hyperbolic equilibrium. We denote the stable
manifold by W? and the unstable manifold by W*. Also we denote by ¢(t,&) the
solution z(¢) of (1) with z(0) = &.

Here we give the definition of saddle-focus homoclinic orbit as given in Deng [7].
The first two conditions are:

(Dy) the eigenvalues of F’(q) having the smallest positive real part are p & iw with
w > 0 and

0 < pu< —Re(N)

for all eigenvalues A with negative real parts;
(D2) there is a homoclinic orbit p(t) to g, that is, p(t) # ¢ and p(t) € W* N W,
such that

dim Tp(t)Ws N Tp(t)Wu =1

These are the only conditions needed in 3 dimensions, although note that in 3
dimensions the second part of (Ds) is automatically satisfied. In higher dimensions,
two additional conditions are needed. We denote by WW** the strong unstable manifold
of the equilibrium ¢. This is a locally invariant manifold containing ¢ whose tangent
space at ¢ consists of the sum of the generalized eigenspaces of F’(q) corresponding to
the eigenvalues with real part greater than . Solutions of (1) starting in this manifold
approach q as t — —oo at an exponential rate faster than p. The two conditions are:

(D3) ast — —oo, p(t) is asymptotically tangent to the linear span of the eigenvectors
of u %+ iw;
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(Dy) there is a submanifold Mg of W* containing p(0) with dim My = dim W"*
such that

i Ty My = T,

where M, = ¢(t, My).

If there is such a homoclinic orbit, Silnikov and Deng show the presence of chaotic
dynamics near it.

Now we discuss conditions (D3) and (D4). Note that Deng’s condition (D4), which
he refers to as the “strong inclination” condition, corresponds to Sil’nikov’s condition (D)
in [6]. In [12], we show that these two conditions can be formulated in terms of certain
subspaces related to the variational system

&= F'(p(t))x (42)

of which ¢, (¢, p(0)) is the fundamental matrix with ¢, (0, p(0)) = I. Consider a homocli-
nic orbit p(¢) = ¢(¢,p(0)) satisfying Deng’s condition (D1). Then choose v so that

< v < Re(A)

for all eigenvalues A of F”(q) with real part greater than p. We define the centre stable
subspace as

W = {& supe ot p(0)e] < o0}
>0
We show in [12] that this definition is independent of the choice of v and that
dim W =dimW?* + 2 = n + 2 — dim W™. (43)

Next we define the strong unstable subspace as
W = {6: igge‘”%z(t,p(()))é! < OO} :

We show in [12] that this definition is independent of the choice of v and that
dim W** = dim W* — 2.

In [12], we show the following.

Proposition 2. Suppose (41) has a hyperbolic equilibrium q satisfying (D1). Let
p(t) be an associated homoclinic orbit. Then

(1) (D3) holds if and only if p'(0) is not in the strong unstable subspace W**;

(i) Deng’s condition (D4) and Sil 'nikov s condition (D) are equivalent to the condi-
tion

dim(Tp(o)W“ NWe) =2 or Tp(o)Wu + W =R".

We now prove the following theorem, which gives a general class of systems with
Sil’nikov saddle-focus homoclinic orbits.
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Theorem 4. Consider system (1) with m = 2 such that conditions (i)—(iv) hold
with vt (z) = v~ (x) = v(z) and condition (v) holds with £ (X, €) = &y(\, €) such that
the derivative with respect to x of f(x,v(x),0,0) at & has eigenvalues p + iw with
w > 0and w > 0. Further suppose either (vi) in Theorem 2 holds or (vii), (viii) and (ix)
in Theorem 3 hold. Then we deduce the existence of a function \(¢) and a homoclinic
orbit p(t,e) = (x(t,€),y(t,€)) for system (1) with X = \(€) as in Theorem 2 and if we
assume in addition that

o0 oo

/ F(€0,0(£),0,0)dt # 0. / 0 ()92 (0, 90(£),0,0)dt £ 0,

then p(t,e) is a Sil’nikov saddle-focus homoclinic orbit.

Proof. Now under condition (vi) or conditions (vii), (viii) and (ix) we get the
existence of A(¢) and the solution p(t, ) as described in Theorem 2.

Now we verify Deng’s conditions for system (1) with A\ = A(¢). First note that

a(A(e),e) = (S0(A(e), €), v(&o(A(e), ), A(€), €))

is an equilibrium for system (1) with A = A(¢). The corresponding variational matrix is

where fz = fm(fo()\(E),E), 0(50()‘(5)’5)’ )‘(5)75)’ )\,E), ete. If we take

where v, = v5(&0(A(€),€), A(e),€), then we see that

E(fr + fyvr) 5fy
T 1AT =

0 Gy — €fyvs

Now when ¢ = 0, the eigenvalues of f, + f,v, are u & iw and the eigenvalues of g,
have real parts with absolute value greater than dg. So if € is small enough, A has a pair
of eigenvalues (i £ iw + O(€)) and the other eigenvalues have real parts with absolute
value greater than or equal to dy. Hence, if € is sufficiently small, (D) is satisfied by
the equilibrium g(A(e), €).

Next we note that (D3) follows from Theorem 2 and (a) in the Remark after
Theorem 3.

In regard to (D3), it follows from (b) in the Remark after Theorem 3, where we note
that here @ = 0, that p(0, ) is not in the tangent space to the unstable fibre at p(0, ¢).
However according to Theorem 3 in [4], vectors in the tangent space to the unstable
fibre at p(0,¢) are the initial values of the solutions of the variational system along
p(t, &) which approach zero as ¢ — —oo at the exponential rate 8 — 0. Now here we
choose v so that e < v < §p and we have 8 < Jy (see Theorem 1). So we can assume
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v > (3 — o. It follows that W"* is a subspace of the tangent space to the unstable fibre
at p(0, €). Hence p(0, €) is not in W*,

Now we show that the last condition in Theorem 4 implies Deng’s condition (Dy).
[Note: in [1], we used a stronger condition.] Now we know from Proposition 2 above
that Deng’s condition (D) is equivalent to the transversality of the subspaces T}y W
and W°* where W*" is the unstable manifold of the equilibrium g(A(g),e) and W¢* is
the centre stable subspace. We need to show that W = T},g )M and T},(g ) W" =
= Tp(0,e)M°". For the first one, it suffices to show that T},g ) M C W since both
subspaces have the same dimension. So we just need to show that the norm of a solution
starting in 7},0,¢)/M“* is bounded by a constant times e%t/2 for t > 0 since by taking
¢ small enough we can choose v so that e(u + O(g)) < d0/2 < v < Jp. Using the
notation of Theorem 1 in [4], we see that, to prove this, it suffices to show that if
(2T (t, ¢, &0 ),y (¢, ¢, & N €)) is a solution in M©$(&y), then its derivatives with
respect to & and (. are bounded by a constant times e%*/2 for ¢ > 0. However, this
follows from [4] (Theorem 1) provided ¢ is sufficiently small. In fact the result for
the (. -derivative directly follows from [4] (Theorem 1), since z.(ct,&, A, &) does not
depend on (. As for the £-derivative, from [4] (Theorem 1) it follows that this does not

Oxt . .
851 (et, &, A, ), which is the solution X (¢) of

grow faster than

where F'(z) = f(z,v(z,\ ), \¢e), z(t) = xf(et,&, A\ ). For the second one, it
suffices to show that T}, \W* C Tp0,.)M* since both subspaces have the same
dimension. However it follows from [4] that T}, .) M consists of the initial values of
solutions of the variational system which do not grow at too high an exponential rate as
t — —oo. However, all the solutions beginning in 7}, .)V* tend to zero as ¢ — —oo.
So the inclusion follows. Thus by (d) in the Remark after Theorem 3 holds and the
proof of the theorem is complete.

Example. Consider the system

i =celf(z) +yl,
U1 = y2 + [A+ /=G (0)sin(z2)]y1,

92 = —G(y1) + Ay,

where 2 and y = (y1,y2) are in R?, and f, G are suitably smooth. f is chosen so that
0 is an unstable focus for

= f(x).
G satisfies G(0) = 0, G'(0) < 0 so that (0,0) is a saddle for
Y1 = Y2, 92 = —G(y1).
Also we assume there is a solution yo(t) = (p(t),p(t)) of this last equation such that
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yo(t) — (0,0) as t — +oo
and such that p(¢) > 0 for all ¢. For example, if

G(y) = —y1 + 243,

then p(t) = sech(¢) > 0.
Conditions (i) - (v) of the Introduction are satisfied with v*(z, A, e) = 0. Now

oo

/W(t)g,\(ﬁo,yo(t),o,o)dt =2 /(p(t))%zt <0.

— 00

So (vi) in Theorem 2 holds and Theorem 4 implies that there is a function A(e) with
A(0) = 0 such that for ¢ sufficiently small, system

& =e[f(z) +yl,
1 = y2 + [Me) + /=G (0)sin(z2)] 1,
v2 = —G(y1) + Ae)ya,

has a solution (x(¢,),y(t,e)) # (0, 0) satisfying (x(¢,£),y(t,)) — (0,0) as t — +o0.
Next we find that the last two conditions in Theorem 4 read:

fyo(t)dtzjo o dt = /p<t)dt £0
e () B
and
Z w*(t)gw(O,yo(t),O,O)dtZZ [;b(t) ,ﬁ(t)} Z —G’O(O)p(t) o
= 7[0 —G’(O)p(t)p'(t)}dt:— —G7(0) |0 / p(t)%dt| +£ 0.

So Theorem 4 applies and we deduce that our homoclinic orbit is in fact a Sil’nikov
saddle-focus homoclinic orbit.
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