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ON FUZZY SEMI 8-V CONTINUITY
IN FUZZY 8-V TOPOLOGICAL SPACE

ITPO HEYITKY HAIIIB 8-V HEIEPEPBHICTDH

B HEYITKOMY §-V TOMHNOJIOTTYHOMY IMPOCTOPI

New concepts of fuzzy semi 86—V and fuzzy semi 8 — A sets were introduced in the work ,,On fuzzy
semi O — A sets and fuzzy semi & — V sets V —6” by the authors (J. Trip. Math. Soc., 6, 81 — 88
(2004)). It was shown that the family of all fuzzy semi 8-V sets forms a fuzzy supra topological space
on X denoted by (X, FS®). The aim of this paper is to introduce the concept of fuzzy semid — V

continuity in a fuzzy 8§ — V topological space. Finally, some properties, preservation theorems, etc., are
studied.

HoBi noHsITTs HewiTKHUX HamiB & — V' Ta HediTKUX HamiB & — A MHOXKHH BBeJEHO y poGOTi aBTOpiB
,,On fuzzy semi 8— A sets and fuzzy semi 06—V sets V—6" (J. Trip. Math. Soc. — 2004. — 6. — C. 81
— 88). ByJ10 mokasaHo, 1110 ¢iM’s1 yCiX HEYiTKUX HamiB & — V' MHOXHUH pOpMye HEUITKHI Cynpa-Toro-
JIoriYHM# mpocTip B X, 1m0 nmo3HadaeTbes K (X, FS SV). MeTor0 JaHOI CTATTI € BBEASHHS MMOHATTSI
HECTiKOI HamiB & — V HemepepBHOCTI y HeCcTiHKoMy & — V' TomoJsioriunomy npoctopi. Takox [10-

1. Introduction. The notion of fuzzy semi & -V and fuzzy semi & — A set has been
introduced by the authors in [1]. It was shown that the set of all fuzzy semi & -V sets

forms a fuzzy supra topological space denoted by (X, F'S 6V).

In Section 2, we study some properties on fuzzy semi 6 — V continuity. Some
theorems are also studied. Finally, in Section3, we study some relationships between

the above two continuities. Here we denote the complement of A, i.e., 1 — A, by AS,

and the fuzzy topological space is denoted by (X, F).
Below, we present several definitions and results for reader’s convenience.
1.1[2]. Let S be afuzzy subset of a fuzzy space (X, F'). We define Az(S) and

Vs(S) as follows
As(S) = inf{G:S<G, Ge F50(X,F)}
and
Vs(S) = sup{D:D<S, De F5C(X,F)}.
1.2 [2]. Fuzzy subsets S, Q, and {S;,j€ J} of afuzzy space (X, F) possess the
following properties:
(1) S<A5(S),
(2) Q<S§ implies that Ag(Q) < A5(S),
(3) AsAs(S) = As(S),
4) if Se F50(X, F), then §=Ag(S),
(5) As{U (SjeNF=U{As(S).jedl,
©) As{N(S;.jeN<N{As(S),je T},
(7 As(1-8)=1-V5(S),
8) As(0)=0 and Ag(1)=1,
(9) VqA iff VgAs@A), where V isa d-closed subset of X.
1.3 [2]. Fuzzy subsets S, Q, and {Sj,je J} of a space (X, F) possess the fol-
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lowing properties:

(1) V5(0)=0 and Vg(1)=1,

(2) V5(S) <5,

(3) 0 <S§ implies that V5(Q) < V5(S),

) VgVs(©S)=Vs0),

(5) if Se F5C(X, F), then S=V;(S),

(M U {Vs(S5).j eI} <Vs{U (Spje DY,

(8) MgA iff V5(A)gM, where M is a fuzzy d-open subset of X.

1.4 [2]. A fuzzy subset S of a fuzzy space (X, F) is called a fuzzy & - A set
(resp., a fuzzy 86—V set) if S=A5(S) (resp., V5(S)=2S).

1.5 [2]. Let S be a fuzzy subset of a fuzzy space (X, F'). We define ng(S) and
Ys(S) as follows:

Ns(S) = VsAs(S)
and
'YS(S) = A5V5(S)

1.6 [2]. Fuzzy subsets S, Q, and {Sj,j e J} of aspace (X, F) possess the fol-
lowing properties:

(1) 0 <S implies that Ng(Q) <Mg(S),

(2) V5(S)=ms(S) < As(S),

(3) m5(0)=0, ns(1)=1,

4) it Se F50(X, F), then ng(S) = Vs(S),

(5) ns(1-8)=1-v5(S),

(6) Ns(S) is bounded,

(N MU (S;je N 2U {ns).je

®) N{nss).jest=ns{N(S.je N},

(9) VqA iff ng@A)gAs(V), where V is a d-closed subset of X.

1.7 [2]. Fuzzy subsets S, Q, and {S;,j€ J} of afuzzy space (X, F) possess the
following properties:

(1) 0 <S§ implies that y5(Q) < v5(S),

(2) V5(S)<v5(S) < As(S),

(3) v5(0)=0, vs(1)=1,

4) if Se F5C(X, F) then v5(S) = A5(S),

(5) v5(S) isbounded,

©) vsiU (S.je N} =U {v5(5).jel}.

) ¥siN (Spje NI <N 1S, je T},

(8) VgA iff v5(A)qVs(V), where V isa &-open subset of X.

1.8 [2]. A fuzzy subset S of a fuzzy space (X, F) is called a fuzzy & -mn set
(resp., a fuzzy §—vy set) iff S=m5(S) (resp., S=7v5(S)).

1.9 [2]. A fuzzy set S of a fuzzy space X isa §—1 setiff S is afuzzy & -y
set.
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1.10 [2]. The families of all fuzzy & — A sets and all fuzzy 6 — V sets form fuzzy

Alexandroff spaces. We denote them by (X, A %) and (X, F VS) respectively, and call

them the fuzzy 6 — A topological space and the fuzzy & -V topological space,
respectively.

1.11 [1]. A fuzzy subset S of a fuzzy space (X, F) is called a fuzzy semi & -V
set if there exists a fuzzy & —V set H such that

H < S < As(H) = y5(H),
and a fuzzy subset G is said to be a fuzzy semi 06— A set if there exists a fuzzy & — A
set K such that Vg(K)< G <K.

112 [1]. If S isafuzzy 8-V set, then it is obviously a fuzzy semi 6 -V set, but
the converse statement is not necessarily true. Similarly, if G is a fuzzy § — A set,
then it is obviously a fuzzy semi 8- A set.

1.13 [1]. For any fuzzy subset A of a fuzzy space X, the following statements are
equivalent:

(a) A is afuzzy semi &-V set,

(b) A is afuzzy semi & — A set,

(©) NgA\)<AS,

(d) Y52 M.

1.14 [1]. Let S be a fuzzy subset of a fuzzy space (X, F). We define wg(S) and
mg(S) as follows:

05(S) =N{G: G=2S, G isafuzzy semi d—A set}
and
mg(S) =U{G: G<S, G isafuzzy semi -V set}.

1.15 [1]. A fuzzy subset S of a fuzzy space (X, F) is a fuzzy semi 8-V set
(resp., a fuzzy semi & — A set) iff mg(A)=A [resp., wg(A)=Al

1.16 [1]. Fuzzy subsets S, Q, and {S;,j € J} of a fuzzy space (X, F) possess
the following properties:

(1) §2my(S).

(2) 0<S§ implies that mg(Q) < mg(S),

(3) mgmg(S)=ms(S),

@) mg{U (S;.je N} =U {ms(S)).je T},

5) ms{N (S;,j€ NN {my(S)),je},

6) mg(1-S)=1-0w5(S),

(7) mg(0)=0 and mg(1)=1,

(8) mg(S) isafuzzy semi -V set,

(9) mg(S) < Ag(S).

1.17 [1]. Fuzzy subsets S, Q, and {S;,j € J} of a fuzzy space (X, F) possess
the following properties:

(1) §<ow5(5),

(2) 0 <S implies that ws(Q) < wg(S),

(3) W505(5) = a5(S),

@ o5{U (S;.je DN} =U {ws(S).je},
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5) wg{N (5 je NI<N{ w55, €I},

(6) w5(0)=0 and wg(l)=1,

(7) 05(S) isafuzzy semi d— A set,

9) V5(S)< @5(S).

1.18 [1]. The family of all fuzzy semi 8-V sets forms a fuzzy supra topological
space and is denoted by FS 6V; the supra topological space may be denoted by
(X, FSSV) and can be written as a fuzzy supra semi 0 — V topological space.

1.19 [3]. A function f: (X, FSISV) — (Y, FS;V) is said to be fuzzy supra semi & —
-V continuous if the inverse image of every fuzzy semi & -V setin Y is a fuzzy
semi & -V setin X.

1.20 [2]. A function f: (X, ™) — (v, ™) is called fuzzy Ag-continuous iff
the inverse image of a fuzzy Ag-open set in (Y, F2A5) is a fuzzy Ag-open set in
(X, F).

1.21 [4]. A function f: (X, F|) — (Y, F,) is called fuzzy 6— A continuous iff the
inverse image of a 8 — A setin (Y, F,) is a fuzzy d-open setin (X, F)).

2. Fuzzy semi 8-V continuity in a fuzzy 8-V topological space. In this sec-

tion, we introduce fuzzy semi -V continuity in the fuzzy 8-V topological space.

Some related properties are to be studied. Some important theorems are also intro-
duced.

Definition 2.1. A function f: (X, Flva) - (¥, FZV‘S) from a fuzzy topological
space X into a fuzzy topological space Y is called fuzzy semi & —V continuous if
FY(B) is a fuzzy semi §—V set of X for each B e sz5.

Example 2.1. Let X={a,b,c} andlet A and B be fuzzy sets of X defined as
follows:

A(a) = 03, A(b) =02, A(c) = 04,
B(a) = 0.15, B(b) = 0.1, B(c) = 02.

Weset F;={0,A, 1} and F,={0,B, 1} anddefine f: (X, F?) = (¥, %) as
f(x)=x. Itisclearthat F'® ={0,A% 1} and F? = {0, B 1}. Here, £ '(0)=0,
F'(1)=1, and f1(B)=B°¢ F". Then Vg(A)=0. Hence, 0= V5(A)<SB<A. If
A isafuzzy & — A setin X, then B isafuzzy semi d— A setin X. Hence, B isa
fuzzy semi 60—V setin X. Therefore, the inverse image of a fuzzy 66—V setin Y is

a fuzzy semi & -V setin X. Hence, f is fuzzy semi 6V continuous but not fuzzy
Vs-continuous. Again, f is also fuzzy supra semi & —V continuous. Taking into

account that B is a fuzzy 8-V set and using 1.12, we conclude that B¢ is a fuzzy
semi &V set.

Theorem 2.1. Let f: (X, FIV‘S) — (Y, sza) be a mapping from a fuzzy topologi-
cal space (X, FIVS) into a fuzzy topological space (X, FZVS). Then the following
statements are equivalent:

(1) f is fuzzy semi & —V continuous;,

(i) £ Y(B) is a fuzzy semi & — A setin X for every fuzzy 8 — A set B in Y;

(iii) flos(A)] < Aslf(A)] for every fuzzy set A of X;

(iv) wslf " (B)1<f'[As(B)] for every fuzzy set B of Y;
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™) fUVs(BY] < mglf (B, where B is the complement of B.

Proof. (i) = (ii). f is fuzzy semi &—V continuous iff f~'(B°) is a fuzzy semi
8-V setin X forevery B e F2V8 iff 1—f'(B) is fuzzy semi & — A in X for
every 1— B being afuzzy 8- A setin Y iff f'(B) isa fuzzy semi §—A setin X
for every B being a fuzzy d— A setin Y [from 1.13, 1.2 (7), and 1.4]. The required
implication is proved.

(ii) = (iii). Let A be afuzzy setof X and let f(A) be a fuzzy set of Y. Then
As[f(A)] [from 1.2 (3) and 1.4]is a fuzzy & — A setin Y. Hence, it follows from (ii)

that f~'Ag[f(A)] is afuzzy semi §— A setin X and
w5(A) < ws[f ' f(A)] < wf ' Aslf(A)] [from 1.2 (1)] =
= f'Ag[f(A)] [from 1.15].
Therefore, f[ws(A)] <ff' As[f(A)] < As[f(A)].

(iii) = (iv). Let A=f"Y(B). Then f(A)=ff"'(B)< B, and from 1.2 (2) we have
Aslf(A)] < As(B). Hence, it follows from (iii) that f[ wS[fl(B)]] < A§(B), ie.,
S ol BN A5B), e, oslf ' B <f ' floslf (BT </ As(B).

(V)= ). 1-os[f B2 1-fAsB), ie. f[VsB)] < mslf(B9]
[from 1.2 (7) and 1.16 (6)].

(v) = (i). Let B be afuzzy 8-V set. Then it follows from 1.4 that B = V5(B°),
ie., fU(BY= 1 [VsB)] < mg[f (B9 < fY(BY [from 1.16 (1)]. Hence,
ms[f~'(B)] =1 (BY).

Thus, f is fuzzy semi 86—V continuous.

Theorem 2.2. Let f: (X, FIVS) — (Y, sz5) be a bijective mapping from a fuzzy
topological space (X, EVB) into a fuzzy topological space (X, FZVS). Then f is
fuzzy semi & — 'V continuous iff flmg(A“)] = V5[f(A9)].

Proof. flms(A)] = V5[F(A)] iff 1 - flms(A)] < 1 = V5[£(A9)] iff flos(4)] <
< Aslf(A)] [from 1.2 (7) and 1.16 (6)] iff f is fuzzy semi 8-V continuous [from
Theorem 2.1].

Theorem 2.3. Let f: (X, FIVE) - (7, FQVS) be a mapping from a fuzzy topologi-

cal space (X, FIVB) into a fuzzy topological space (X, szf’). Then the following
statements are equivalent:
(1) f is fuzzy semi & —V continuous;,

(i) N5l (B <f ' [As(B)] for any fuzzy set B of Y;

(i) y5[f(B)] = [ Vs(B)], where B is the complement of B;

(iv) fInsA)] < Asf(A) for any fuzzy set A° of X.

Proof. (i) = (iii). It follows from 1.3 (4) and 1.4 that V5(BC) isafuzzy 8-V
setin X. If f is fuzzy semi & -V continuous, then fl[VS(BC)] is a fuzzy semi
8-V setin X. Hence, vs[f '(Vs(B)] = f'[Vs(B)] [from 1.13], ie.,
FIVsBY <yl (VsBN] < 5L (BT [from 1.3 (2)].

(i) & (D). 1-f[VsB)] 21 -yl '(BY] iff nslf (B < /' [As(B)]
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[from 1.6 (5) and 1.2 (7)] for any fuzzy set B of Y.
(ii) = (iv). Let B=f(A). Then f~'(B)=f"'f(A)>A. Hence, it follows from (ii)

that Mg(A) < N5l '(B)] [from 1.6 (1)] < f[As(B)] < f[Asf(A)], ie.,
F A (]2 fInsA)] ie., [Asf(A] 2 [Asf(A)] 2 fIn5(A)].

(iv) = (ii). Let A=f"!(B). Then f(A)=ff'(B)< B, ie., As(B)=[Asf(A)]
[from 1.2 (2)] > f[ns[f '(B)]]. Consequently, f'[As(B)] >f 'fInslF ' (B)]]>>

nslf (8]

(iii) = (i). Let B beafuzzy 8-V setin Y. Then V5(B) = B [from 1.4] and
B = [Vs(B)] < 50" (BY)]. Hence, it follows from 1.13 that f~'(B¢) is a
fuzzy semi 80—V setin X. Therefore, f is fuzzy semi &— V continuous. Thus, we
have shown that (i) = (iii) & (ii) < (iv) and (iii) = (i).

Theorem 2.4. Let f: (X, FIVS) — (Y, szf’) be a bijective mapping from a fuzzy
topological space (X, P]VS) into a fuzzy topological space (X, FQVS). Then f is
fuzzy semi & — 'V continuous iff fy5(A°)] = V5[f(A9)].

Proof. f[v5(A9] 2 V5[f(AD] iff 1 - V5[f(AD] 2 1 - fys(AD] iff
[Asf(A)] = fInsA)] [from 1.2 (7) and 1.6 (5)] iff f is fuzzy 8-V continuous
[from Theorem 2.3].

3. Relationship between fuzzy supra semi 8 —V continuity and fuzzy semi 8 -
—V continuity. In this section, we introduce the relationship between fuzzy semi & —
V continuity, fuzzy supra semi & — V continuity, and fuzzy Ag continuity.

Theorem 3.1. If a function f: X — Y is fuzzy supra semi & —V continuous,
then f is fuzzy semi & —V continuous.

Proof. Let A beafuzzy 68—V setin Y. Then it follows from 1.12 that A is a
fuzzy semi 06—V set. Since f is fuzzy supra semi & -V continuous, FYA) isa
fuzzy semi 86—V setin X, i.e., the inverse image of a fuzzy 86—V setin Y is a fuzzy
semi § -V setin X. Hence, f is fuzzy semi -V continuous.

Remark 3.1. The converse statement is not necessarily true because a fuzzy semi
d — V set is not necessarily a fuzzy & -V set.

Theorem 3.2. If a function f: X = Y is fuzzy Ag continuous, then it is also

fuzzy semi & —V continuous.
Proof. Let A beafuzzy 6 — A setin Y. Since f is fuzzy Ag continuous, we

conclude that f~'(A) isafuzzy §— A setin X, ie., f '(A) is a fuzzy semi &— A
setin X [from 1.12]. Hence, by virtue of Theorem 2.1, f is fuzzy semi 6— V contin-
uous.

Remark 3.2. The converse statement is not necessarily true because a fuzzy semi
8 — A setis not necessarily a fuzzy & — A set. This follows from Example 2.1.
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