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GENERALIZED STOCHASTIC DERIVATIVES ON SPACES
OF NONREGULAR GENERALIZED FUNCTIONS
OF MEIXNER WHITE NOISE

Y3AT'AJIBHEHI CTOXACTHUYHI IHOXIIHI |
HA ITIOB’SA3AHHUX I3 BIJIUM IIYMOM MAUKCHEPA 5
ITPOCTOPAX HEPEI'YJISAPHUX Y3AT'AJIbBHEHUX OYHKIIIN

We introduce and study generalized stochastic derivatives on the Kondratiev-type spaces of nonregular
generalized functions of Meixner white noise. Properties of these derivatives are quite analogous to the
properties of the stochastic derivatives in the Gaussian analysis. As an example we calculate the
generalized stochastic derivative of the solution of some stochastic equation with a Wick-type
nonlinearity.

BBoasiTbCS Ta BUBYAIOTHCA y3arajibHeHi CTOXAaCTUYHI MOXiJHI Ha MOB’A3aHUX i3 6i/IUM 1yMoM Maiik-
cHepa mpocTopax Tumy KoHgpaTheBa HeperyJ/sApHHX y3arajJbHeHHX (OyHKUii. BmacTuBocTi mux
MOXiJHUX aHAJIOT1YHI BJIACTUBOCTSIM CTOXACTHYHHUX MOXI[HUX y raycCiBCbKOMY aHasti3i. K mpuksag
OOYMCJICHO y3araJIbHeHy CTOXaCTHYHY MOXi[HY PO3B’s3KY MEBHOIO CTOXACTUYHOI'O PiBHIHHA 3 HEJIi-
HifiHicTIO THIY Bika.

Introduction. Let S be the Schwartz distributions space, W be the Gaussian mea-

sure on S’. As is well known, every square integrable function f e L2(5 L) can be
presented in the form

oo

f= > (H, ") ©.1)

n=0
(m)\1*>° . . . (n) On :
where {<Hn, f >}n:0 are the generalized Hermite polynomials, f'" eH <", H (in

the simplest case) is the complexification of X(R), ® denotes a symmetric tensor
product. A stochastic derivative D : I2(S’, ) — L (#, I*(S’, 1)) can be defined on

its domain
2
}[®n < oo

@HEV) = Y alH,, (f7,60)) velest,

n=1

where <f(”), g(1)> e H ®" is defined by

{fe (S 0): i ntn| f*
n=l1

by the formula

(£, D), KDY 2= (0, g0 @ AD) w0 gy &n-1

(here (-,-) denotes the scalar productin H on ).

In the paper [1] Fred E. Benth extended the derivative D on the Kondratiev space
of nonregular generalized functions (S’)™' (elements of (S’)™' can be presented in
the similar to (0.1) form, but the kernels {f (”)}:’:0 are singular). This generalization
is useful for different applications. For example, as distinct from L2(5 ;W) in the

space (S )7l one can introduce the Wick product ¢ by setting for the Hermite
polynomials
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(F PP 0 (o ™) = (B £ 86,

and D is a differentiation with respect to 0: for all F,Ge (5) D(FOG) =
= (DF)0G + FO(DG). Using this result (and another properties of 9D) one can
study properties of solutions of stochastic equations with Wick type nonlinearity. Ano-
ther possible applications are connected with the fact that the stochastic derivative is
the adjoint operator to the extended (Skorokhod) stochastic integral.

In the papers [2, 3] the author generalized the results of [1] to the spaces of genera-
lized functions of the so-called Gamma white noise analysis (i.e., instead of the Gaussi-
an measure the introduced in [4] Gamma measure Y on S’ was used). Since the
Gamma measure has no the so-called Chaotic Representation Property (i.e., a function
fe I (S’,y) can not be presented in complete analogy with (0.1), generally speaking)
and has some another peculiarities, the corresponding spaces have a more complicated
than in the Gaussian analysis structure: nevertheless a natural and rich in content ana-
log of the Gaussian theory is possible.

A next natural step consists in the construction of a theory of stochastic diffe-
rentiation on the generalized functions spaces of the so-called Meixner analysis. In
fact, the (introduced in [5]) generalized Meixner measure | on the Schwartz distribu-
tions space D’ (the base measure of the Meixner analysis) is a direct generalization of
“classical” measures on D’, such as the Gaussian, Poisson and Gamma measures.
This measure is very general, but still has some “classical” properties (for example, the
orthogonal polynomials in L2(D', u) are Schefer (generalized Appell in another
terminology) ones), therefore a consrtuctive theory is still possible.

In this paper we construct and study generalized stochastic derivatives on the
Kondratiev-type (finite order) spaces of nonregular generalized functions of Meixner
white noise. These spaces (cf. [6]) are less wide (and therefore more convenient for
applications) than the “classical” Kondratiev spaces of generalized functions (e.g., [7 —
10]), but have all necessary for our considerations properties of Kondratiev spaces (in
particular, one can consider the Wick calculus and stochastic equations with a Wick
type nonlinearity). Generalized stochastic derivatives on the Kondratiev-type space of
regular generalized functions will be considered in the forthcoming paper.

The paper is organized in the following manner. In the first section we give a ne-
cessary information about the generalized Meixner measure, spaces of test and genera-
lized functions, the stochastic integration and the Wick calculus. The second section is
devoted to generalized stochastic derivatives on the spaces of nonregular generalized
functions.

1. Preliminaries. Let ¢ be a measure on (R,,B(R,)) (here B denotes the
Borel c-algebra) satisfying the following assumptions:

1) o is absolutely continuous with respect to the Lebesgue measure and the density
is an infinite differentiable function on R_;

2) o is a nondegenerate measure, i.e., for each nonempty open set Oc R,
c(0) > 0.

Remark 1.1. Note that these assumptions are the “simplest sufficient ones” for
our considerations; actually it is possible to consider a much more general ©.

By D denote the set of all real-valued infinite differentiable functions on R, with
compact supports. This set can be naturally endowed with a (projective limit) topology
of a nuclear space (by analogy with, e.g., [11]): D = prlim..;H ., where T is the

set of all pairs T = (11,7,), Ty €N, 7, is an infinite differentiable function on R,
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suchthat T,(f) 21 VieR,; H, = }[(Tlﬂz) is the Sobolev space on R, of order

T, weighted by the function T,, i.e., the scalar product in # . is given by the
formula

T
(fr@r = gy = | (f(t)g(t) + 3 P g(’”(r))rz(t)o(dr).
R, k=1
Hence in what follows, we understand D as the corresponding topological space.
Let #H ¢ := H DiH  be the complexification of # . (here and below by the

subindex C denote complexifications of spaces). By |-|. denote the corresponding to
the scalar product (-,-); norm in ﬂ-[uc, ie., \f\% = (f, f)r.

Let us consider the (nuclear) chain (the rigging of L2(R+,G) — the space of
square integrable with respect to ¢ real-valued functions on R,)
D' = indlim# _, > H_. > [}(R,,0) =: H >
veTl
> H, D prlim

H. =D, (1.1

el
where H _., D’ are the dual to # ., D with respect to # spaces correspondingly.
By |-|_, and [-|, denote the normsin # _; and #. Let (-,-) be the generated by

the scalar product in #{ dual pairing between elements of D’ and D (and also #H _,
and # ;). The notation |-[;, |-
tensor powers and complexifications of spaces.

Remark 1.2. Note that all scalar products and pairings in this paper are real,
i.e., they are bilinear functionals. In particular, (-,-) is a real pairing in complexi-
fications of spaces.

Let us fix arbitrary functions o, B: R, — C that are smooth and satisfy

o» |'lLes () and (-,-) will be preserved for

0:=-a-BeR, n:=o0feR,,

0 and m are bounded on R, (note that in a sense 1 is a “key parameter” and will be
mentioned very often below). Further, let (0., B, ds) be a probability measure on R
that is defined by its Fourier transform

J‘eiusa(a, B’ ds) =
R

o m—1| o N} n
= exp{—iu(a+B)+20L[32(aB) {2(_”,4) (13"_2+B"_30c+...+oc”‘2)} }
m=1 M |J’l=2 m

v(a, B, ds) = %T)((x, B, ds).
s

Definition 1.1. We say that the probability measure |\ on the measurable space

(D',F) (here F is the generated by cylinder sets G-algebra on D') with the
Fourier transform

[ Ouian = exp{ [ ot [ o), B, ds)(e*=” ~1- isé(t))}

D R, R
(here & e D) is called the generalized Meixner measure.

Theorem 1.1 [5]. The generalized Meixner measure |\ is a generalized sto-
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chastic process with independent values in the sense of [12]. The Laplace transform
of Wis given in a neighborhood of zero Uy < D¢ by the following formula:

b m—1
L = [P = exp{ | ZM y
.

R+m:1 m
= )
% (z_:l( ')

n:

(B(t)"‘2+B(t)”‘3oc(t)+...+0L(t)"_2)J cs(dt)}, reU,.

Remark 1.3. Accordingly to the classical classification [13] (see also [14, 5]) for
o = B = 0 (here and below all such equalities we understand c-a.e.) W is the Gaus-
sian measure: for oo # O (here and below a (-) # b (-) means that a—b # 0 on
some measurable set M such that 6 (M) > 0), B = 0 p is the centered Poissonian
measure; for oo = f # 0 W is the centered Gamma measure; for o # B, o} # 0,
o, B: R, = R p is the centered Pascal measure; for o = B, Im(a) # 0 pis the
centered Meixner measure.

The following statement describes an important property of L.

Lemma 1.1 [15]. There exists T€T such that the generalized Meixner measure
is concentrated on H -, i.e, W(H _;) = 1.

Remark 1.4. In what follows, we assume that |\ is concentrated on H _¢ for
all teT. Infact, itis sufficient to exclude from 7 the indexes T such that p is not
concentrated on H _.

Now by (Lz) = LZ(D', W) denote the space of square integrable with respect to U
complex-valued functions on D’. Let us construct orthogonal polynomials on (Lz).

Definition 1.2. We define a so-called Wick exponential (a generating function of
the orthogonal polynomials) by setting

sexp(xA)

2 o n
& exp{— f (7‘(;) + z&(a(t)”_z + o) B + ...+ B(;)"‘Z)Jc(dt) +
R, n=3 n

+ <x, A+ i}”—n(oc”‘1 +oc"‘2|3+...+|3"‘1)>}, 1.2)

n=2 1
where LeUy, c Dg, xeD’', U, is some neighborhood of 0€ D .

Remark 1.5. It was proved in [5] that
JRE 10O

sexp(xA) = m

with
_ < Ln n—1 n-2 n—1
W) = A+ Y= (0 o BB,
n=2 n
therefore : exp(x;-) : is a generating function of the so-called Schefer polynomials
(or the generalized Appell polynomials in another terminology). This fact gives us the

possibility to use in our considerations well-known results of the so-called “biorthogo-
nal analysis” (see, e.g., [6 — 10, 16 — 18] and references therein).
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It is clear (see also [5]) that : exp(x;-) : is a holomorphic at zero function on D

foreach x e D’. Therefore using the Cauchy inequalities (see, e.g., [19]) and the ker-
nel theorem (see, e.g., [11]) one can obtain the representation

cexp(i) = Y LR ReDE xeD. el
n=0""

7\‘®0

Here (and below) ® denotes a symmetric tensor product, =1 evenfor A = 0.

Remark 1.6. 1t follows from the given in [5] recurrence formula for P,(x) that

actually P,(x)e D'®" for xeD’. Moreover,if teT is such that the Dirac delta-
function 8y,e€# _, (it means that d,€#H _, VseR,, see, e.g., [11]) then for

xeH_. wehave P(x)eH 2"
In what follows, we assume that this statement holds true for all t<€T. In fact, by
analogy with Remark 1.4 it is sufficient to exclude from 7 the indexes T such that

SoeH _.

Definition 1.3. We say that the polynomials (P,, ™y, f™e Dg", neZ,,
are called the generalized Meixner polynomials.

Remark 1.7. Depending on o and B in (1.2) the generalized Meixner polynomi-
als can be the generalized Hermite polynomials (0. = B = 0); the generalized Charli-
er polynomials (o # 0, B= 0); the generalized Laguerre polynomials (o = B #
0); the Meixner polynomials (o0 # B, af# 0, o B: R, —» R); the Meixner —

Pollaczek polynomials (o = E, Im (o) # 0) (see also Remark 1.3).

In order to formulate a statement on an orthogonality of the generalized Meixner
polynomials we need the following definition.

Definition 1.4. We define the scalar product (-, )y, 0N Dg", neN, by the
formula
m Gy . n!
(f > 8 >ext' ] lsl lsks' 5!
kljys;€N: =Lk, >l >0 >0, 0l S-Sk
Lsi+... Al =n

(1)
X J' Tt byl gy 4 g ) X
Riﬁr,..ﬂk T T

I

h-1 -1
XNttt ety e M) M) 1T X
/ I I
1 1 k

h-1 -1 I—1 I—1
x n(ts1+1)2 -'~n(tx,+s2)2 -"ﬂ(fsl+‘..+sk_1+1)" --.Tl(fs]+.‘.+sk)k X
X o(dn)...oldts 4)-
N _
Denote by ||, the corresponding norm, i.e., s o = (F™, f™Y,,. For n =

= 0 (/0.4 = SOV e € [

- 10

ext

Example. 1t is easy to see that for n = 1

GO = (Vg = [ 0 w0t

R,

Further, for n = 2
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(P een = (fP®) + [ 1P 08P oo,
R+

If n = 0 (this means that [ is the Gaussian or Poissonian measure, see Remark 1.3)
then (f("), g(")>ex[ = <f(n),g(")> forall n € Z,; in general, (f("),g(")>ext =

= (F, MY

Theorem 1.2 [5]. The generalized Meixner polynomials are orthogonal in (L2)
in the sense that

[{B.0o, ) (B, g™ V@) = 8, nF™, 8 Ve (13)
J

By #", ne N, denote the closure of Dg) " with respect to the norm

ext » ‘ ’ ‘ext >

HO .= C. Ofcourse, "), ne Z +» are Hilbert spaces; for the scalar products in

ext ext
these spaces it is natural to preserve the notation (-, )ey-

(n)

ext

Remark 1.8. 1t is not difficult to prove by analogy with [20] that the space #
is, generally speaking, the orthogonal sum of }[g’” = I*(R,, G)%” and some ano-

ther Hilbert spaces (as a “limit case” one can consider = 0, in this case H ézt) =

= H 3"). Inthis sense #H {4 is an extension of H 3",

X

One can give another explanation of the fact that # égz is a more wide space than

H g)" Namely, let F™ e# g” (F™ is an equivalence class in % g’" ). We select

a representative (a function) F e F™ with a “zero diagonal”, i.e., F" s such that

I:"(")(tl,...,tn) =0if f, = iy for i #j, where i, je{1,...,n}. This function gene-
rates the equivalence class F™ in # (") that can be identified with F" (see [15]
for details).

Let us recall the construction of the Kondratiev-type spaces of test and generalized
functions (see, e.g., [6 — 10, 16 — 18, 21]).

In the classical Gaussian and Poissonian analysis the Kondratiev-type spaces are
“based” on the tensor powers of complexification of chain (1.1):

D('C®” ) }[ﬁf’c ) }[(?” ) }[f’% ) Dg”, teT. (1.4)

But in the light of orthogonality relation (1.3) now it will be more natural to use # g;gg

as “central spaces” (by analogy with the Gamma analysis, see, e.g., [22]). In order to
construct such chains we need the following proposition.

Proposition 1.1 [15]. There exists TeT such that for each neN 7—[;;@(3 is

densely and continuously embedded in  H (") and, moreover, for all ™ eﬂgg

the estimate
FOF < e (1.5)

with some ¢ > 0 is valid.
Remark 1.9. Let H . be continuously embedded in H : (T TeT, T from Pro-

position 1.1). Then it easily follows from Proposition 1.1 that foreach n € N # ?g
(n)

ext» and estimate (1.5) with T instead of

is densely and continuously embedded in H

ISSN 1027-3190. Ykp. mam. sxypn., 2008, m. 60, N° 6
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T (¢ depends on T) holds true. Therefore by analogy with Remarks 1.4, 1.6 one can
exclude from T indexes T such that there is no a continuous embedding #; in # -,

and assume in what follows, that the results of Proposition 1.1 hold true for all 7
eT.
Now we can consider the chains

D" o> HW o> HE) o> HEL S DE”, (1.6)

X

where }[E”T)’(C, D = ind limTeT}[E’gC are the dual to ?—[?g, DE" with res-
pect to H éZt) spaces correspondingly. For the generated by the scalar product in

#H ") (real) dual pairings between elements of D('C(”) and Dg) " (in the same way as

ext*

H E”T)’C and H TQ%) we preserve the notation (-, -)
Of course, for n = 1 chain (1.6) has the form

D(,C D H—’C,C o] 5‘[(1) = 5‘[@ ] ?{’C,C ] Dc,

ext

i.e., this chain coincides with the complexification of chain (1.1). But for n > 1 and
n # 0 chain (1.6) is not a tensor power of chain of type (1.1). Nevertheless, there ex-
ists the natural interconnection between chains (1.4) and (1.6). In fact, since ch(”) in

the same way as D('C " neZ +, are the sets of linear continuous functionals on

D(é@ " there exist linear bijective operators U,,: DZC(”) - D('C®" such that VF e D™

ext
Ve Dg "
UL FSL ™) = (Bt (17)
By analogy, since forall te T H Er?,(c and H ie;'f(c are the sets of linear continuous

functionals on #H T®£, there exist linear isometrical bijective operators

Uy H W — A ie;'f(c such that

%
VEW e W Ve Tt (U FR F7) = (B ™ Dext-

ext > ext »

Proposition 1.2 [15]. For each T € T and each neZ, the restriction of the
operator U, on H f'?’(c coincides with U, ..
Taking into acount Proposition 1.2, in what follows, we omit a subindex T for ope-

rators U, ., i.e., we’ll write always U, for such operators.

Remark 1.10. We note thatfor n = 0 and n = 1, in the same way as for neZ,
and N =0 U, =id; butforn > 1 and m = 0 U H ) = }[?". This fact was

proved in [22] for 1 = 1 (in the Gamma analysis), the proof in the general case can be
constructed by analogy.

Let P be the set of all continuous polynomials on D’. It follows from results of
[16, 10] that any element of P can be presented in the form

Ny .
f= (B ™), f™eDf". N;ei,. (1.8)
n=0

We define on P a family of scalar products by setting for f,ge®P, 1€T, geN
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min(Nz,Ny)

(fs@ryg = 2(ng)2 Qan(f gy

n=0
where f ), g(") are the kernels from decompositions (1.8) for f and g respective-
ly. By H-Hw denote the corresponding norm, i.e., for fe P of form (1.8) we have

f(”)

Ny
2 7 2 2
1By = (£ 7y = S 227 7.
n=0
Definition 1.5. By (# ), denote a Hilbert space that is the closure of P with

respect to the norm ||-| ,. Let also

(H ;) = prlimycy (Hy),, (D) := priimecr ,on(FH o),
The spaces (H),, (# ), (D) are called the Kondratiev-type test functions spaces.

Itis clear that f e (#H T)q if and only if f can be presented in the form

f= (B, ") (1.9)

n=0

with f" e ?(":, and the series converges in the sense that

f(”)i < oo (1.10)

1Ry o= 1 oy, = 2 2"
n=0

Further, fe(# ;) if and only if f has form (1.9) and norm (1.10) is finite for all
geN; and fe(D) if and only if norm (1.10) for f is finite forall Te7 and geN

(in this case, of course, the kernels from decomposition (1.9) f e Dg’ ™).

Remark 1.11. Let f, ge(#,),. Then
< 2~qn n n
(/8 = Z()(n!) 2" (£, 6™).,

where ™, g™ e ?g are the kernels from decompositions (1.9) for f and g re-

spectively; therefore the system of the generalized Meixner polynomials plays a role of
an orthogonal basis in (# ),

In order to define the Kondratiev-type spaces of generalized functions we need the
following proposition.

Proposition 1.3 [15]. There exists gy €N such that for all natural q=q, and

forall €T the dense of continuous embedding (H ), < (I?) takes place (we
remind that T is modified in accordance with Remarks 1.4, 1.6, 1.9).
Remark 1.12. Let N, :={gy,qo+1,..} < N. Then we can reformulate Propo-

sition 1.3 as follows: forall ge Nqo and for all TeT the dense and continuous em-

bedding (# ), = (I?) takes place.
Now we can consider the chain

(DY o (H_ ) > (3 ), > (') o (Hy), > (9,) > (D),
quqo, 1eT,

where
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(}[—T)—q’ (-7{—1) = ind limquq() (}[—T)—q’ (D,), = ind 1imquqo,‘teT (}[—T)—q

are the dual to (#;),, (#;), (D) with respect to (I?) spaces correspondingly.
Definition 1.6. The spaces (H _;)_,, qeN,, t1eT, (H_p), (D) are call-

ed the Kondratiev-type spaces of nonregular generalized functions.
Let us recall a construction of orthogonal bases in the spaces (H _; )_q. For Féft) €
€ }[E’QC we define (P,, F)) e (H _, ), asthelimitin (#/_;)_, of a sequence of

polynomials (P, F{") such that }[f@é’ > K" > FY) as k —> e in H " (the

ext
correctness of this definition was proved in [15]).

Theorem 1.3 [15]. A generalized function Fe(H_.)_,, 1€T, g€ N, if and

q b

only if there exists a sequence

(F) e }[E’;{C)nzo (1.11)
such that F can be presented in the form

F = Y(B,F®), (1.12)

n=0
where the series converges in (H _;)_ ¢» l-e., the norm
2 . 2 _ < —qn| p(n) 2 oo
1FIEe—g = 1FlG = X2"FR[, . < (1.13)

n=0
(here and below by H—r,ext denote the norms in ?—[E’?C ). Furthermore, the system

[P, FMy: F eﬂ-[Y&C, neZ.} plays a role of an orthogonal basis in (H _;)_,

ext ext

in the sense that for F, Ge(H _;)_,
(F.G ., = 22" G rexcs
n=0

where FIV. G™ eﬂ-[f”r)’(c are the kernels from decompositions (1.12) for F and

ext ° ext

G correspondingly, (-,")_yex, I8 the scalar product in H E?(C

Remark 1.13. Tt is easy to see that Fe(# _;) (correspondingly Fe(D)) if
and only if there exists sequence (1.11) such that F can be presented in form (1.12)
with finite norm (1.13) for some g€ N (correspondingly for some geN and some
1eT).

Remark 1.14. Note that one can introduce the spaces (D), := prlimc7 (% 1),,
g €N, and the corresponding dual ones; but from “the point of view of this paper”
these spaces are completely analogous to the spaces (# 1), and (H _;)_,.

The generated by the scalar product in (Lz) (real) dual pairing between elements
of (H_;)_, and (# ), (inthesame wayas (#_;) and (# ), (DY and (D))
will be denoted by ({-,-)). It was shown in [15] that for a generalized function F of
form (1.12) and a test function f of form (1.9)

=

CF. ) = Y nER f e (1.14)
n=0
Now let us recall elements of the Wick calculus.
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Definition 1.7. For Fe(D’) we define an integral S-transform (SF)(A) (A
belongs to some depending on F neighborhood of zero in D ) by setting (see

(1.2))
(SFYA) 1= (F, :exp(5A):)).

The S-transform is well-defined because for each F e (D’) there exist Te€ 7 and
qeNy, suchthat Fe(#_;)_,; and for Ae D such that Zq\M% < 1 we have
exp(A): e (H o),

Remark 1.15. 1t is easy to see that

qs

oo

(SFYQN) = Y (FR A Yo (1.15)
n=0

where Fe(ft) eH E?,(C’ neN,, are the kernels from decomposition (1.12) for F. In

particular, (SF)(0) = F, S1 = 1.
Theorem 1.4 [16, 10]. The S-transform is a topological isomorphism between
the space (D’ and the algebra Hol, of germs of holomorphic at zero functions

on D¢.

Definition 1.8. For F, Ge(D’) and a holomorphic at (SF)(0) function h :
C — C we define the Wick product F O G € (') and the Wick version of h

1(F)ye (DY by setting

FOG := SUSF-5G), h’(F) := ST'h(SF).
The correctness of this definition from Theorem 1.4 follows.
Remark 1.16. 1t is easy to see that the Wick multiplication ¢ is commutative,
associative and distributive (over the field C). Further, if & from Definition 1.8 is

presented in the form

h(u) = Y hy(u = (SF)(0))" (1.16)
n=0
then h’(F) = ¥~ h,(F - (SF)(0))", where F" = F0..0F.
n=0 [—;
n times
Let us write out the “coordinate form” of F ¢ G and hO(F ) (this form is necessary
for calculations). Let for F = D(/c(k), G ¢ D(/C('")

ext ext

9o 6w = vl (U FR ®U,GM) e D™

ext ext ext ext

(see (1.7)). Itis obvious that the “multiplication” < is commutative, associative and
distributive (over the field C). It was shown in [15] that

oo n
FOG =Y <pn, S ER o Gg;;k>>, (1.17)
n=0 k=0
oo n
WF) = g+ Y <};, > i YW o0 f;(;’;k)>, (1.18)
n=1 k=1 my,...meNim+...+m=n

where }*“éft) , Géif € Dék) are the kernels from decompositions (1.12) for ' and G cor-

respondingly, i, € C, keZ,, are the coefficients from decomposition (1.16) for h.
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Remark 1.17. It follows from (1.17) that, in particular,
(B B 0 (B GO) = (Brps B © GOD).

ext ext

This formula can be used in order to define the Wick product (and then the Wick versi-
on of a holomorphic function as a series) without the S-transform. Formulas (1.17)
and (1.18) also can be used as definitions.

Letnow F, Ge(# _.), teT. Since the space (# _;) is embedded in (D’),
the Wick product F ¢ G and the Wick version of a holomorphic at (SF)(0) function

h h° are well-defined as elements of (D) and “coordinate representations” (1.17),
(1.18) hold true. Moreover, by Remark 1.13 and Proposition 1.2 the kernels from

decompositions (1.17) and (1.18) are elements of H 5’3@.
Theorem 1.5 [6]. Let F, Ge(H_;), 1€T, and h: C — C be a holomor-

phic at (SF)(0) function. Then F O G € (H_;) and W (F) e (#H_,). More-
over, the Wick multiplication is continuous in the topology of (H _.).
Finally, we recall the definition of the extended stochastic integral in the Meixner

analysis (see [15] for a detailed presentation).
Let Fe(H _)®H . It follows from Theorem 1.3 that F can be presented in

the form
F() = Y AR FR),  FR. eH D@9 (1.19)
n=0

with

> _ N | g [
HFH(y{_I)_qcbﬂc = ngaz ‘Fext,' o ") @i <

for some g€ N. For t€ [0, +] we set

Fon o= Ui [PrU,(FR ) 1oy O)] € #52, (1.20)
where Pr is the symmertization operator, U,, U, are defined in (1.7), here and
below 1, denotes the indicator of a set A.

Let {M, := (B, 1 4}s>0 be the Meixner random process (this process is a locally
square integrable normal martingale with independent instruments, see [15, 5] for more
details).

Definition 1.9. Let Fe(H _)Q®H , t € [0, +]. We define an extended

stochastic integral with respect to the Meixner process J-; F(s) c?MS e(H_;) by set-
ting

t oo
JF(S)dMs o= Z<31+I’Fe():ll),[0,t)>’ (1.2D)
0 n=0

where Igé):lt) [0.0) eH E’?:([l;), neZ,, are constructed in (1.20) starting from the ker-

nels F e}[f';)’(c ®H ¢ from decomposition (1.19) for F.

ext, -
It was proved in [15] that this definition is correct and integral (1.21) is a generali-
zation of the Itd stochastic integral with respect to M. The case Fe(D') @ H c 1is
completely analogous to the case F e (H _) ® H  (see [15] for details).

The interconnection between the Wick calculus and the extended stochastic integra-
tion is given by the formula (see [15])
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t t
[Fsyam, = [F(s)0 Mo(ds), (1.22)
0

where t€ [0, +], Fe(H_)®H (or Fe(D)Y®H ), {M,:=(B,d)e
€ (H_;)}»o (here § is the Dirac delta-function) is the Meixner white noise (the men-
tioned in Theorem 1.1 generalized stochastic process).

2. Generalized stochastic derivatives. In this section we introduce and study
generalized stochastic derivatives on the finite order spaces of generalized functions

(# _.) (here and below TeT). As regards to the space (D)’ one can easily repeat

all our considerations by analogy. In the end of the section we consider a one example:
calculate the generalized stochastic derivative of the solution of some stochastic equati-
on with a Wick-type nonlinearity.

Firstlet n = O (this corresponds to the Gaussian and Poissonian cases). The gene-

ralization of the Hida stochastic derivative (see, e.g., [23]) 0. can be defined now on
(#H _;) as follows.

Definition 2.1. Ler Fe(#H _;), 1 = 0. We define a generalized stochastic de-
rivative 0.F € (H _)Q@H _ ¢ by setting

= 2n<Pn_1, FWO) = Y (n+1(B, F&D (), 2.1)
= n=0

where F()eH n 1®.7-[_T(C, n € N, are obtained from the kernels from de-
composition (1.12) for F by “separating of a one argument” (note that now

W= H L € HE O o).

For a general m # 0 this definition can not be accepted because for n > 1
HD @ H D RH _ ¢, therefore the kernels  F) € %) from (1.12) can not

ext
be con51dered as elements of # ° (" 1) ®H . Inorder to “go around” this problem

we accept the following definition.
Definition 2.2. For Fe()’ft)e}[(") we define FV(- )e}[(" V@ H rc-neN,

ext

by the formula
FR() [ U, Fa) ), 2.2)
where the isomorphisms U, : 9 (")C —>H® “tc» n€Zy, aredefined by (1.7).

Remark 2.1. Note that
‘F(")( )‘

- ™y - (n) (n)
ext Wl by o ‘(UnFext)( )‘7{%:?61@%_1,@ ‘U F, Fo

ext |_

—T,ext’
(2.3)
Remark 2.2. Since for n = 0 U, = id for all neZ,, a defined by (2.2)

FM(.) coincides in this case with F{(-) from Definition 2.1.

Now we are ready to give a definition of a generalized stochastic derivative on
(o).

Definition 2.3. Ler Fe(# _.). We define a generalized stochastic derivative
O.Fe(H _)QH . ¢ by formula (2.1), where FW(. )e?—[fﬁj(é) QH _c. ne N,

ext
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are constructed in (2.2) starting from the kernels F.) e?—[f’;,c from decomposi-

tion (1.12) for F.

Remark 2.3. Not that for 1 # 0 the restriction of d. on (L2) does not coincide
with the constructed in [15] “Hida derivative” on (L2). At the same time the “Hida
derivative” on (I*) can not be continued on (# _.). This is an objective fact that is
connected with base properties of the Meixner measure.

Let us prove the correctness of Definition 2.3. Let Fe(# _;). Then there exists
g€ N suchthat Fe(#H _;)_,,. Using this fact, (2.3), (2.1), and the simple estimate

max,, .z, [(n+ 1)’27"] = 9/4, we obtain

) _ i 24—gn (n+1) . 2 _
19F Ry oo = ZO(HD Ol 0 g =
_ 5 2ynp(g+hn| gD B o
= z:)[(n+1) 27"]2 Fext _text

=

3N A 2 _
< 9297y 2 beHD I plih < 9203 |FP L < oo,

ext |_g,ext T—q+
n=0

Therefore d. is well-defined and, moreover, is a linear continuous operator acting

from (H _;) to (H_)®H _ .
Let us calculate the adjoint to 9. operator o' : () ®H  c — (H ;). Let

FO = Py e H)®H o, fTeHEN@H. . (24

m=0

(see (1.9)), Fe(H _;). We have (see (1.12), (1.14), (1.7), (2.2))

OF. FO) 2y, = [2<n+1><f;, F ). 2 (B, f"’”)] =
n=0 m=0

(IH)®H ¢

S 1
- zo (A DR O £y e, =

RS i+ Ly 0 -
= E)(nﬂ)!((UnHFe;’t YO L), bngy =

= X DU PP Prf®) = 3 4 DFSD, Prf™) ey =
n=0 n=0

= <<i<Pm F). 3 (B Prf(’"’>>> = (F, O FOO),

n=0

where Pr is the symmetrization operator (more exactly, for f"™ eH ?é" &

® Hoo Prf™e ﬂ?é"“ is a projection of £ on ﬂ?g“ ). Therefore, for
f()e (H)®H ¢ of form (2.4)

IfC) = Y (B, Prf™). 2.5)
m=0
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Remark 2.4. 1t is obvious that for 1 =0 and f(-) € (H)®H ¢ If() =
= L& f(s)c;’Ms. Butfor n # 0 jR+ f(s)c}MS ¢ (H.), generally speaking ( and, of

course, . o(-) does not coincide with J o(s)c}M R ) Note also that even the integra-
R+
bility of f(-) by Itd is not sufficient for coincidence of o f() and JR f(s) ‘}Ms in

the case m # 0.
Now let us obtain the analog of the Clack — Ocone theorem (see, e.g., [24 — 28]).
We recall that the task consists in finding of the explicit expression for m, in the

equality F = EF +'[R my c?Ms (here and below E denotes the expectation: EF =

= (F,1)y = F9 = (PO,F(O)) e C, where F is the kernel from decomposition

(1.12) for F).
In the general case the following solution is possible. Let us introduce an operator

Jd e L ((H )y (H_)_y®@H ) (qe Ng,» £ (H,, H,) denotes the set of linear
continuous operators acting from H, to H,) by setting for Fe(H _;)_,

IF 1= Y By FO),
n=1

where F()eH E';((l:) ®H ¢, ne N, are constructed in (2.2) starting from the

kernels Fe()’ft) eH E’QC from decomposition (1.12) for F. Since (see (2.3))

F 2 _ N y—qn-D)| () 2 -
Ha’FH(f’{—r)—q[X)}[-r,C = nglz ‘Fext( )‘}[Er‘lti—(l:)(@}[_nc =

2
Fi < 29| F|?

eXU |_1 ext

1,-q

= 21 i 2o
n=1

this definition is correct.
Theorem 2.1 (cf. [29]). Let Fe(H _.). Then

F = EF+ [0 FaM,.
R+
Proof. In fact, using (1.20) and (2.2) we obtain

[oiram, = Y (B, U (Pr(U, FS ) = Y (B FSO).
R, n=1 n=1
The theorem is proved.

Unfortunately, the using of the operator d., generally speaking, is impossible. But
for a special particular case the following formal construction is possible (cf. [29]).

Let Fe(H_.) besuchthat Vne N: U,F0 e HI" (here FL) e }[S’QC,
neZ,, are the kernels from decomposition (1.12) for F'). We define

oo

EQF|;) := ¥ 0By UL (U, ESD)O L, o) 2.6)

n=1

(for n = 0 and under some additional conditions the right-hand side of (2.6) is the

conditional expectation of d.F with respect to the generated by M full © -algebra
F. 1= 06(M,:u<-), cf.[29], therefore this notation is natural). Since
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UL (U, EE) O o) = |, SO <

®n-1
o =V ®H ¢

(n=1)
o U0 @ ¢

< c@|(UFE O < @[V, FED0)

a _ ®*l =
7 E" @3 H " @

= c@|(U,FL], < =,
each summand of series (2.6) is well-defined as an element of (H _;) ® H ; but the
series is formal in the sense that, generally speaking, it can diverge in (H _;) ® H .

Integrating (2.6) term by term we obtain the formal equality

o

JE@FI,)am, = ¥ n(B, U Pr((U, FSD O ). 2.7
R, n=1

Lemma2.1. Let F®eH & ne N. Then Pr(FO()1 ) = Lpo
5" n
.‘7-[?" (here F(")(~)eﬂg"71®7{c is obtained from F™ by “separating of a
one argument”, Pr is the symmetrization operator).

Proof. Let F™ e F™ be a representative of F™ (F™ is a function depen-
ding on n variables). Without loss of generality we may take F ™ tobea symmetric
function (in fact, let M be the set of processions (?y, ..., t,) such that F (")(tl, e ty)

is not symmetric, then G®n(M) = 0). We have
Pr(F(n)(tl, ey tl’l) I[O,fnjn_l (tly EERE] tn—])) = ; [F(n)(tl’ EEEE] tn) I[O,ZnJ”_] (tl, ooy tn—l) +
+ F(")(tn’ tl’ cess tn—l) l[o,ln,l]nil (tn, tl’ ey tn_2) + ...

it F%, 0 )1 ()]

[0,4]
If all ti, je{l,....n}, are different, then only one term in the right-hand side is not

equal to zero, hence by virtue of symmetry of Fm

1 .
]ﬂfl(tl"'”tn—l)) = ;F(n)(tl,...,tn).

Pr(F"(,....1,) l[O,tn

The processions with coinciding arguments can be ignored because the measure o®"

of the set of such processions is equal to zero.
The lemma is proved.
Using the rezult of this lemma, we can rewrite (2.7) in the form

oo

[E@,F|, )aM, = Y (B, F),
R, n=1
i.e.,
F = EF + [EQ@,F|; )dM,.
R,

By analogy with [1, 2] we consider now another stochastic differential operator
(this new operator is closely connected with d., see Proposition 2.1 below). We begin

from some technical preparation.
For F.W e}[f’f,)(c and f™ e}[r®é’, m > n, we define a “pairing” (F™, f™),, €

ext ext »

e H E’;‘;C") by the equality
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<(Fe()’(7t1)’ f(n))ext’ g(m_n)>ext = Fe():?)’ f(n) ® g(m_n)>ext vg(m—n) e}[;,@(cm_n' (28)
Since

(R, & g )| < [

ext

—T,ext
f(n) ‘1- ‘ g(m—ﬂ)
(F\m, fm)_ . is well-defined as an element of # E"T’IC") and, moreover,

[ € Ao WY I 1o I Ve

For m = n weset (F, f™),, := (F®, ™).

ext » ext

f(n) ® g(m—n) <
T

< ‘F(m)

ext

—T,ext ‘ ‘C’

_T,ext v’

Definition 2.4. For an arbitrary — f™ e}[?é’ we define an operator
D" )(f™) e L((H _,).(H_,)) by setting for F = Z::()(Pm, F\MY e (H_,).

@ F)(") 2= 3 PR (PG f o) € O, @)

m=0

Since for each Fe(# _;) thereexists g € N suchthat Fe(H _;)_,,,, we have

2
2 < (m+n)!
@A, =2 %{Pm, F™, ™ )exe) <
s = om e
ad N2 2 2
< —qm (m+n)! (m+n) m[F <
- 202 ( m! ‘Fe’“ —r,ext‘f ‘r -

e

2 (n)2 \ —qm ~A2(m+n) (m+n)2
< ™ 202 PR P
m=
_ oang 2| fDR N (g2 | pmen)
= 27| f i 202 F™ o <
m=
2| ,(n) |2 2
< 27| fOLNFIR gy < ©°
!
(we used the estimate mrmt _ n!C", < nl2™™). Therefore this definition is
| m+n

m!

correct and, moreover, for each Fe(H _,) (D"F)(c)eL (H T?(C”, (H_0)).

Remark 2.5. Let D :=D!. It is not difficult to show by the direct calculation
that for gV, ..., gV €eH c and Fe(H_,)

@ (... (@F)(g"N(E) .. N (") = @"F) (" @’ ®...Q ).

n times

Theorem 2.2. For each Fe(H _.) the kernels F) eﬂi";fc, neZ,, from

ext
decomposition (1.12) can be presented in the form

FY) = LE@"F). (2.10)
n.

Proof. Using (2.9), foreach f™ e ?(C” we obtain
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E(@"F)(f™) = (@ "F)(f™). 1) = nl(F, fex = nFL £ Vexs

this equality can be formally rewritten in form (2.10).
The theorem is proved.

Let us calculate the adjoint to (D"o)(f™), f™ e}[f% operator. For
Fe(H_;) and ge(H ) wehave (see (2.9), (1.9), (1.14), (2.8), (1.12))

(@"F)(7™), &) = << S D B, S ), S (R g<k>>>>
m=0 :

k=0

= Z (m + n)!<(Fe(>:?+n)’ f("))ext’ g(m)>ext = z (m+ n)!<Fe(>’(7tl+n)’ f(n) ® g(m)>ext
m=0

m=0

k=0 m=0

therefore

@")(f™) = Y (B £ ® g™, Q.11)
m=0

where g(m) eH ?g , meZ,, are the kernels from decomposition (1.9) for g.

Now we focus on the operator D = D', The interconnection between D and 0.
is given by the following proposition.

Proposition 2.1. Forall Fe(#H_,), fVe Hec
QF.f0) = @F)(Y). (2.12)

Proof. For F = Y" (B, Fs'ye (H_ o), ¢ = Y. _ (B, g™) e (4,).
Ve 9 - wehave (see (2.1), (1.14), (2.2), (2.9))

{F Y0, ) = (aF.g). fP0) =
= <<< > (B, FV (). Y (B, g<”)>>>, f“)(‘)> =

m=0

= < > +DUFS ), 8 et f‘“<->> =
n=0
= <z(n+1>z<(un+1F;;+‘>)<-), g™), f(”(-)> =
n=0
= i<n+1>!<Un+1Fé£”), g™ & vy = i(nﬂ)!(Féx"ﬁ”, g™ & fM)y =
n=0

n=0

s 1 1
= Y e+ DKEE™D, Do 8™ Vet =
n=0

= << i(m+1)<Pm, (™ et i(PW g‘”)>>> = (@ F)(fY), ¢
m=0 n=0

Since ge(#H ;) is arbitrary, it follows from this calculation that (2.12) is true.
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Remark 2.6. Note that formally 0.0 = (Do)(8.), where & is the Dirac delta-
function.

Taking into consideration the result of Proposition 2.1, we preserve for D the
name “a generalized stochastic derivative”, cf. [1, 2, 3].

Remark 2.7. Comparing (2.5) and (2.11) (with n = 1) one can conclude that for
o8P0 = gV e (H)QH ¢ (here fe(@H,), ¢V e o) af V) =

DV
= @) (")

Now let us study an interconnection between the stochastic differentiation and the
Wick calculus (cf. [1, 2]).

Theorem 2.3. The operator Do is a pre-image of the directional derivative of
So under the S-transform, i.e., forall Fe(H _;), geH ¢

(DF)(g) = S7'D,(SF), (2.13)
where D, denotes the directional derivative in the direction g. Formula (2.13)

can be accepted as a definition of D.

Proof. Let F = 2::0<P’"’ F$Ye (#_;), geH .. We have (see (1.15)
and Theorem 1.4)

SN = Y (FS, A®™) oy € Holy,
m=0

oo

DSFY(A) = Y m(FI, A" ® g)oy, =
m=1

oo

= 2 (m+ 1)<(Fe()?t1+l)’ g)ext’ 7\‘®m>ext € HOIO'

m=0

Applying to D, (SF) the inverse S-transform we obtain (see (2.9))

(DY 3 S'DUSF) = Y, (m+1D){B,, (F&™. 9ex) = (DF)(g).
m=0

But since (DF)(g)e(H_,) c (D, s D,(SF) is well-defined as an element of
(# _;). Hence (2.13) is proved.

Corollary. The operator D is a differentiation with respect to the Wick pro-
duct, i.e., forall F, Ge(H _;) we have

DFOG) = (DF)OG + FODG). (2.14)
Moreover, for each neZ,, Fe(H_.), and a holomorphic at (SF)(0) function
h:C—>C

DF" = nF" O (DF),
(2.15)
Dh(F) = WYF)O(DF),
where K is a usual derivative of h.
Proof. Using (2.13), foreach ge X 1,c We obtain

(DFOG))(g) = S'D(S(FOG) = S'D,(SF-SG) =
= S((D,SF)-SG + SF-(D,SG)) = S (S@F)(g)-SG + SF-S(DG)(g)) =

ISSN 1027-3190. Ykp. mam. sxypn., 2008, m. 60, N° 6



GENERALIZED STOCHASTIC DERIVATIVES ... 755

= DF)(®0G + FO(DG)(9).

i.e., (2.14) is proved. The first formula in (2.15) can be obtained from (2.14) by
induction (the case n = 0 is trivial), the second one is a consequence of the first one.

Finally, let us calculate a commutator between the extended stochastic integral and
the generalized stochastic derivative (known as a fundamental theorem of the Malliavin
calculus, cf. [30]).

Theorem 2.4. Let Fe(H _)®@H . Then Vte[0,+oo]
t t t
(a) | F(s)dMsJ(o) = [@F@)(e)dM, + [ F(s)o (s)o(ds). (2.16)
0 0 0
Proof. By definition,

oo

t
J'F(s)dMS = Y AP FS 100
0 n=0

where ﬁe(ﬁ), (0.0 €H E’gé), ne’Z,, are constructed in (1.20) starting from the kernels

F® cgf f';)’(c ® H ¢ from decomposition (1.19) for F. Further,

ext, -

t =
(DJF(S)dMSJ(O) = z (n+1)<Pn’ ( e()l:t),[(),l)’o)ext>'
n=0

0
On the other hand,
DF)() = Y 1By, (F 0 )exi)s
n=1
t . o —
J@F@)am; = 3 n(B, (FS)..0)ex0.0)-
0 n=1

t oo t
jF(s)o(s)c(ds) =Y <Pn, j F;@So(s)c(ds)>.
0

n=0 0
Therefore, it is sufficient to prove that for all neZ,

£(n) O [ Fo
+ D 10,00 et = 1FS 2 )exi 0, + [ Fory o (5)0(ds).
0
For n = 0 this equality is obviously true. Let ne N. Itis sufficient to verify that for

all f(")e}[?é’ and forall ge ¢

~ —_—
(n+ 1)<(Fe(>:1t) [0,1)° g)ext’ f(n)>ext = n<(Fe():lt),’ g)ext, [0,2)> f(n)>ext +

+ <IFJ£?,Xg(s>G(ds), f(”’> : (2.17)

0
Using (1.20) we can rewrite the left-hand side of (2.17) as follows:

(n+ l)((Féft? [0,2)° g)extv f(n)>ext = (n+ 1)<Fe(>:lt), [0,7) g®f(n)>ext =

= 1+ D{Pr(U, FS 110y () 8 F ) = 1+ D(U,ESD 1o (), g® ™) =

ext

t t
= 1+ )| (U, F . (e®F ™)) otds) = [(UFL £ Crainn)gls) +
0 0
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+ P80 + o+ FOs )Y O(ds) =

t
= [(UFR,. F™)gs)0ds) +
0

1
+ JCUFR o 7 Cres 980D + o+ fPs, o )8()) O(ds).
0
In the right-hand side of (2.17) we have

t t
<J F& 8(5)0(ds), f (")> = [CED F ™) s6)0(ds) =
0 Xt 0

(S
t

= [{U,FR,. £™)g(s)0(ds),
0

and by virtue of the symmetry of f ™ and (1.20)

—_—

n((Fe()?t), ’ g)ext,[O,t)’ f(n)>ext = I’l<PI‘(Un_1(Fé;2,, g)extl[(),t)('))’ f(n)> =

1
= nUua(F exc Lo £ = n[ (U, (FSL exis £7($))0(ds) =
0

t t
nJAFE s 8)exts £ (Do 0(ds) = n (RS 8O F(5))ex O(ds) =
0 0

t 1
- l’lj <UnFe()}:t),s’ g®f(n)(s)>6(ds) = .[<UnFe():lt),s’ f(n)('Z"""mS)g('l) +
0 0

+ F s D8C) F e FOs ) 8( )Y O(ds),
thus (2.17) is proved.

By analogy with [1, 2] as an application of our results we will calculate the genera-
lized stochastic derivative of the solution of the stochastic equation

t
(3 _) > F = K+ [h'(F)am,, (2.18)
0

where h: C — C is some entire function, fy € C. Under certain conditions on s a

unique solution of (2.18) F, e (H _;) exists. Applying D to (2.18) and taking into
account (2.16) and (2.15), foreach g E}[r,@ we obtain

t
DE)(g) = [@jh%ﬁ;)dMs)(g) =
0

t t
= (1K) 0@ F)()dM, + [h'(F)g(s)0(ds). (2.19)
0 0

Let 05(A) := S(DF,)(g))(A). Applying the S-transform to (2.19) and taking into ac-
count (1.22) we obtain

t t
050 = [WASE)GMMs)0(ds) + [h(SF)N)g(s)0(ds).
0 0

ISSN 1027-3190. Ykp. mam. sxypn., 2008, m. 60, N° 6



GENERALIZED STOCHASTIC DERIVATIVES ... 757

The solution of this equation is

t t
0500 = [H(SE))g(s)-exp? [ (SE) M) Mw) o(du) {6(ds).
0 K

By the inverse S-transform we obtain

13 t
DF)(g) = [h'(F)g(s)0exp’ s [O((F)dM, potds) e (H _,).
0 s
Remark 2.8. 1t is not difficult to understand that main results of this paper can be

reformulated “on the language of a so-called Q-system” under the biorthogonal appro-
ach to construction of a non-Gaussian infinite-dimensional analysis (see, e.g., [3, 6 —
10, 17, 18] and references therein) and, therefore, can be applied in a more general case
than the Meixner analysis. This follows from the fact that the Q-system is an orthogo-

nal basis in the spaces (# _;)_, and 0,(F™) = (P,,U'F™), see[15].
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