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We present the equivalent definition for spaces of functions analytic in the half-plane    C+  = z{ : Re z  >
> 0}   for which
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Pryvedeno πkvyvalentnoe opredelenye prostranstv analytyçeskyx v poluploskosty  C+  = z{ :
Re z  > 0}   funkcyj, dlq kotor¥x
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Nexaj  H p( )C+ ,  1 ≤ p < + ∞, — prostir funkcij, analityçnyx u  C+  = z{ : Re z  >
> 0} ,  dlq qkyx
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U roboti [1] pokazano, wo cej prostir zbiha[t\sq z prostorom Hardi    ˜ ( )H p C+
analityçnyx u  C+   funkcij, dlq qkyx
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i normy  ⋅ H p   ta  ⋅ H̃ p   [ ekvivalentnymy.  U roboti [2] rozhlqnuto prostir

 H
p
σ ( )C+ ,  σ ≥ 0,  1 ≤ p < + ∞,  analityçnyx u  C+   funkcij, dlq qkyx
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Funkci] z c\oho prostoru magt\ majΩe skriz\ (m.4s.) na    ∂C+   kutovi hranyçni

znaçennq, qki poznaça[mo çerez  f iy( )  i  f iy( ) e y–σ  ∈   L
p( )R ,  pryçomu ostannq

norma dorivng[ [3] nastupnij:
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Pry doslidΩenni povnoty deqkyx system funkcij u    H
p
σ ( )C+   [4, 5] z’qvlq[t\sq

potreba rozhlqdaty prostory, wo vyznaçagt\sq, qk i klasyçni prostory Hardi,
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çerez intehruvannq po prqmyx, qki paralel\ni koordynatnym osqm.  Rozhlqnemo

prostir    
˜ ( )H p

σ C+ ,  σ ≥ 0,  1 ≤ p < + ∞,  analityçnyx u    C+   funkcij, dlq qkyx
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Velyçyna  ⋅ H̃ p
σ

  zadovol\nq[ vsi oznaky normy, zokrema nerivnist\ trykutnyka

u vypadku  p = 1  vyplyva[ z nerivnosti  max a{  + b ; c  + d} ≤ max ;a c{ } +
+ max ;b d{ } ,  a dlq vypadku  p > 1  takoΩ iz nerivnosti Minkovs\koho.  Osnovnym

rezul\tatom ci[] statti [ nastupne tverdΩennq.

Teorema.  Prostory  H p
σ ( )C+   ta   

˜ ( )H p
σ C+ ,  σ ≥ 0,  1 ≤ p < + ∞,  zbihagt\sq,

pryçomu normy  ⋅ H p
σ

  ta  ⋅ H̃ p
σ

  [ ekvivalentnymy.  

Zaznaçymo, wo teorema vtraça[ sylu, qkwo v (1) pid znakom maksymumu vylu-

çyty perßyj element (wo vydno na prykladi funkci]  f z( ) ≡  1)  çy druhyj (ce

ma[mo z prykladu  f z( ) = e zz– sinσ ).  Prote iz zhadanoho rezul\tatu roboty [1]
vyplyva[, wo u vypadku  σ = 0  teorema zalyßa[t\sq spravedlyvog, qkwo v (1)

vyluçyty perßyj element pid znakom maksymumu.  Dlq dovedennq teoremy

rozhlqnemo prostory   E
p C( , )α β[ ],  0 < β – α  < 2π,  1 ≤ p < ∞,  funkcij, anali-

tyçnyx u kuti   C( , )α β  = z{  :  α < arg z < β} ,  dlq qkyx
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Ci prostory vyvçalysq v [6, 7].  Tam, zokrema, pokazano, wo funkci] z cyx pros-

toriv magt\ m.4s. na    ∂ α βC( , )  kutovi hranyçni znaçennq, qki teΩ poznaçatymemo

çerez  f  i  f ∈   L
p ∂ α βC( , )[ ].  Cej prostir [ banaxovym vidnosno vkazano] normy,

qka dorivng[ nastupnij [8]:
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Rozhlqnemo takoΩ prostir  
˜ ( , / )E p C 0 2π[ ],  1 ≤ p < ∞,  funkcij, analityçnyx u

C( , / )0 2π ,  dlq qkyx
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Ostannq velyçyna zadovol\nq[ vsi oznaky normy.

Lema 1.  Qkwo   f ∈    ˜ ( , / )E p C 0 2π[ ],  1 ≤ p  < ∞,     to    f  ∈   E
p C( , / )0 2π[ ]   i

f E p C ( , / )0 2π[ ] ≤ c f E p1 ˜ ,  de stala  c1  ne zaleΩyt\ vid  f.

Dovedennq.  Rozhlqnemo spoçatku vypadok  p = 1 .  Z umovy (2) vyplyva[, wo

funkciq  f  naleΩyt\ [9] prostoru Smirnova  E1
  u koΩnomu kvadrati  

  
a  = z{ :

0 < Re z  < a, 0 < Im z  <  a} ,  0 < a < + ∞.  Tomu [9, s. 205] vona ma[ m.4s. na  
  
∂a

kutovi hranyçni znaçennq, qki teΩ poznaça[mo çerez  f,  i
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f E p C( , / )0 2π[ ]   ≤  max sin cos
( ; / )

˜
ϕ π

ϕ ϕ
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f E p   =  2 f E p˜ .

Nexaj teper  1 < p < + ∞.  Oskil\ky za umovog (2) funkciq  f  naleΩyt\ pros-

toru Smirnova  E p  � E1
  u koΩnomu kvadrati  
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pry  a → + ∞,  de  k = 1, 2,  a  1/ p  + 1/q  = 1,  vyplyva[ spravedlyvist\ rivnosti (4).
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Zaznaçymo, wo z dovedennq lemy41 vyplyvagt\ ocinky  c1 ≤ 2    pry  p = 1  i

c1 ≤ 2  pry  1 < p < + ∞.

Lema  2.  Qkwo  f ∈  E
p C( , / )0 2π[ ], 1 ≤ p < ∞,  to   f ∈   ˜ ( , / )E p C 0 2π[ ]  i f E p˜  ≤

≤   c f E p2 0 2C( , / )π[ ],  de stala  c2  ne zaleΩyt\ vid  f.

Dovedennq  provedemo podibno do dovedennq analohiçnyx tverdΩen\ u [1,
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de  c3  ne zaleΩyt\ vid  f.  Pry vidobraΩenni  w  = z2
  pivprqma  z{ : Re z  = x,

y > 0} ,  x > 0,  perejde u hilku paraboly  l x  = w{  = u  +   iv  : u  = x2 –   v
2 24/ x ,

  v > }0 .  Pry c\omu

0

+∞

∫ +f x iy dyp( )   =  
l

p

x
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dw

w∫ ( )
2
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2 1

l

p

x

f w dw∫ ( ) ,

de  f w1( ) = f w1 2/( )  / w p1 2/
.  DovΩyna çastyny  l x ,  qka leΩyt\ u koΩnomu kvad-

rati  ∆ ( , )u h0  = w{  = u +   iv  :  u0 < u < u0 + h, 0 <   v < }h ,  h > 0   u0 ∈R ,  ne perevy-

wu[  2h.  Tomu mira

µx D( )   =  

  l Dx
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∩
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de  D — dovil\nyj kompakt iz    C+  : = w{  :  In w> 0} ,  [ mirog Karlesona v    C+
,

tobto  µx u h∆ ( , )0( )  ≤ c h4 ,  de  c4  ne zaleΩyt\ vid  u0, h  ta  x.  Todi [12, c. 70; 1,

s. 78] dlq koΩno] funkci]  f ∈    E
p C+[ ]  (tobto funkci] z klasu Hardi u    C+

)

ma[mo

  C+
∫ f dp
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c f

E
p
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dovodyt\sq analohiçno, a poznaçyvßy  c2 = max ,c c3 6{ },  otryma[mo tverdΩennq

lemy.

Dovedennq teoremy.  Qkwo  f ∈   H
p
σ ( )C+ ,  to  f z( ) ei zσ  ∈  
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Tomu, zastosovugçy lemu42 do funkci]  f iz(– ) e z–σ  ∈  
 
E p C 0

2
; π






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

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
.  Todi, vraxovugçy analityçnist\ funkci]  f  u    C+ ,

oderΩu[mo  f ∈ ˜ ( )H p
σ C+   i  f H p˜

σ
 ≤ c f H p7 σ

,  de  c7  ne zaleΩyt\ vid  f.

Nexaj teper  f ∈ ˜ ( )H p
σ C+ .  Zastosovugçy do funkci]  f z( ) ei zσ

  ta  f iz(– ) e z–σ

analohiçnym çynom lemu41, otrymu[mo tverdΩennq teoremy.
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