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ZADAÇA Z IMPUL|SNOG DI{G DLQ LINIJNOHO 

STOXASTYÇNOHO PARABOLIÇNOHO RIVNQNNQ 

VYWOHO PORQDKU

We prove a theorem on the well-posedness of the Cauchy problem for a linear stochastic equation of the
parabolic type of higher order with time-dependent coefficients and continuous perturbations whose
solutions are subjected to pulse action at fixed times. 

Dokazana teorema o korrektnosty zadaçy Koßy dlq lynejnoho stoxastyçeskoho uravnenyq pa-

rabolyçeskoho typa v¥sßeho porqdka s koπffycyentamy, zavysqwymy ot vremeny, y neprer¥v-

n¥my vozmuwenyqmy, reßenyq kotoroho v fyksyrovann¥e moment¥ vremeny podverΩen¥ ym-

pul\snomu vozdejstvyg. 

Systemy zvyçajnyx dyferencial\n¥x rivnqn\, qki zaznagt\ impul\sno] di], hly-

boko vyvçeno v praci  A.2M.2Samojlenka,  M.2O.2Perestgka [1].   Krajovi zadaçi

dlq rivnqn\ druhoho porqdku paraboliçnoho typu z bilym ßumom riznymy meto-

damy doslidΩuvalys\ u pracqx J. I. Hixmana [2], I. J. Hixmana [3], A. Q. Dorohov-

ceva, S. D. Ivasyßena, A. H. Kukußa [4].   Vlastyvosti rozv’qzkiv kvazilinijnyx

hiperboliçnyx rivnqn\ z impul\snog di[g vyvçaly M. O. Perestgk, A. V. Tkaç

[5].  Rezul\taty vyvçennq zadaçi Koßi dlq paraboliçnyx system z impul\snog

di[g vykladeno u praci M. I. Matijçuka ta V. M. Luçka [6]. 
Nexaj vyznaçeno jmovirnisnyj prostir  ( Ω , F, P )  z nespadnym potokom  σ -al-

hebr  { }, ,F t F F t tt t t≥ ⊂ <0
1 2 1 2pry .  Vypadkova funkciq  u ( t, x, ω  ) ,  qka vyzna-

çena na  [ t0, T ]  × En × Ω  ≡  Π × Ω ,  vymirna i z  imovirnistg221  [ rozv’qzkom zadaçi

Koßi 

d ut   =  A t D u t x dt C t D u t x dw tk x
k

k b
k x

k

k m

( ) ( , , ) ( ) ( , , ) ( , )ω ω ω
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
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
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



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+
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, (1)

x ∈ En ,      ω ∈ Ω ,

u t x t t( , , )ω = 0
  =  ϕ ( x, ω ) , (2)

qkyj pry  t  =  τi ,  i  =  1, 2, … , N  ,  t0  <  τ1  <  …  <  τN  ≤  T,  zadovol\nq[ umovu

strybka [1] 

∆t tu t x
i

( , , )ω τ=   =  u x u xi i( , , ) ( , , )τ ω τ ω+ − −0 0   =  B u xi i( , , )τ ω− 0   ≡  B ui . (3)

Qkwo  τi  — toçka rozryvu perßoho rodu,  to funkciq  u  [ neperervnog zliva.

Poklademo 

u xi( , , )τ ω   =  u xi( , , )τ ω− 0   =  lim ( , , )
t i

u t x
→ −τ

ω
0

.

Tut  A tk( )  i  C tk( )  — neperervni funkci],  ϕ ( x, 0 )  [ obmeΩenog,  ϕ ( x, ω )  ne zale-

Ωyt\ vid potoku  Ft ,  Bi ∈  R ,  w  ( t, ω  ) — standartnyj skalqrnyj vinerivs\kyj

proces. 

Zastosu[mo do zadaçi (1) – (3) intehral\ne peretvorennq Fur’[ [7] 

v ( t, σ, ω )  =  Fx u ( t, x, ω )  =  e u t x dxi x

En

σ ω( , , )∫ ,      σ ∈ En ,
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todi  

dt v ( t, σ, ω )  =  

 

A t i t dt C t i t dw tk
k

k b
k

k

k m

( )( ) ( , , ) ( )( ) ( , , ) ( , )σ σ ω σ σ ω ωv v
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, (4)

v( , , )t t tσ ω = 0
  =  ˜ ( )ϕ σ ,      σ ∈ En , (5)

  
∆t tt

i
v( , , )σ ω τ=   =    Bi iv( , , )τ σ ω− 0 . (6)

Rivnqnnq (4) [ linijnym odnoridnym stoxastyçnym rivnqnnqm.  Zadaça (4), (5)

ma[ [dynyj z toçnistg do stoxastyçno] ekvivalentnosti neperervnyj rozv’qzok

[8] pry  t  ≠  τi ,  i  =  1, 2, … , N ,  qkyj vyznaça[t\sq formulog 

v ( t, σ, ω )  =  ˜ ( ) exp ( )( ) ( )( )ϕ σ σ σA s i C s i dsk
k

k
k

k mk bt

t
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t
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C s i dw s

0

∫ ∑
≤






( )( ) ( , )σ ω . (7)

Formula (7) mistyt\ normal\nyj fundamental\nyj rozv’qzok (NFR) zadaçi

Koßi dlq vidpovidnoho (1) determinovanoho rivnqnnq       

Q ( t, τ, σ )  =  exp ( )( )
τ

σ
t

k
k

k b

A s i ds∫ ∑
≤
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2

.

NFR zadaçi (4), (5) dlq stoxastyçnoho rivnqnnq z imovirnistg221  [ funkciq 

Q1 ( t, τ, σ, ω )  =  exp ( )( ) ( )( ) ( )A s i C s i s dsk
k

k
k

k mk b

t
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( )( ) ( )   ≡  Q t C s i dw sk
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2

( )( ) ,      Q1 ( τ, τ, σ, ω )  =  1. (8)

Nenul\ovyj rozv’qzok zadaçi (4) – (6) nazvemo matrycantom  V t t( , , , )0 σ ω ,  qk-

wo  V t t( , , , )0 0 σ ω   =  1  z imovirnistg221.  Matrycant zadaçi z impul\snog di[g  [1]
ma[ vyhlqd 

V t t( , , , )0 σ ω   =  Q t t B Q t tj m j m j j
m

1 1 1

1

1( , , , )( ) ( , , , )+ + + + −
=

+ ∏σ ω σ ων ν
ν

  ×

×  ( ) ( , , , )1 1 1 0+ + −B Q tj jν τ σ ω , (9)

t0  ≤  τ j+1  <  τ j m+   <  t  ≤  τ j m+ +1  <  T.

Teper rozv’qzok zadaçi zobrazymo v obrazax Fur’[: 

v ( t, σ, ω )  =  V t t( , , , ) ˜ ( , )0 σ ω ϕ σ ω . (10)
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Nexaj  G t x( , , , )τ ω  — funkciq Hrina, qka [ obernenym peretvorennqm Fur’[

matrycanta 

G t x( , , , )τ ω   =  F V tσ τ σ ω−1 ( , , , )   =  1
2( )

( , , , )
π

τ σ ω σσ
n

E

i x

n

e V t d∫ − , (11)

  ∆t tG t t x
i

( , , , )0 ω τ=   =  B G t xi i( , , , )τ ω0 ,    t0  <  …  < τi   <  …  < τi m+   <  t  <  T. (12)

Za dopomohog funkci] Hrina zapyßemo rozv’qzok zadaçi (1) – (3) u vyhlqdi 

u ( t, x, ω )  =  
En

G t t x d∫ ( , , , , ) ( , )0 ξ ω ϕ ξ ω ξ . (13)

Ob©runtu[mo  formulu  (13).    Poznaçymo   C s∗( , )σ   =   Re ( )( )C s ik
k

k m

σ
≤
∑ ,

C s∗∗( , )σ   =  Im ( )( )C s ik
k

k m

σ
≤
∑ ,  todi 

Q t t1 0( , , , )σ ω   =  exp ( )( ) ( , ) ( , )A s i C s C s dsk
k

k bt

t
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

















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2
1
2

2

20

  +
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t

t

t

t

t

t

C s dw i C s dw s C s C s ds

0 0 0

∫ ∫ ∫∗ ∗∗ ∗ ∗∗+ −





( , ) ( , ) ( ) ( , ) ( , )σ σ σ σ .

Vykorystovugçy ponqttq modulq kompleksnoznaçno] funkci], ma[mo 

Q t t1 0( , , , )σ ω   =  exp Re ( )( ) ( , ) ( ( , ))A s i C s C s dsk
k

k bt

t

σ σ σ− −( )














∗ ∗∗

≤
∑∫ 1

2
2 2

20

  +

+  
t

t

C s dw s

0

∫ ∗





( , ) ( , )σ ω . (14)

Skorysta[mosq vlastyvistg intehrala Vinera – Ito dlq sumovnyx z kvadratom

funkcij [9] 

M exp ( , ) ( , )
t

t

f s dw s

0

∫







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











ω ω   =  exp ( , )1

2
0

2

t

t

f s ds∫











ω ,

de  M — operaciq matematyçnoho spodivannq. 

Zastosuvavßy operacig matematyçnoho spodivannq do obox çastyn rivnosti

(14), otryma[mo 

M Q t t1 0( , , , )σ ω{ }  =  exp Re ( )( ) ( , )A s i C s dsk
k

k bt

t

σ σ+ ( )




















∗∗

≤
∑∫ 1

2

2

20

. (15)

Prypustymo, wo vidpovidne determinovane do (1) rivnqnnq [ rivnomirno para-

boliçnym, tobto 
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Re ( )( )A s ik
k

k b

σ
=
∑











2

  ≤  – δ σ0
2b ,      δ0  >  0, (16)

i, oçevydno, 

C s∗∗( )( , )σ
2

  ≤  c m
0

2σ . (17)

Z  ostannix umov oderΩu[mo umovu paraboliçnosti stoxastyçnoho rivnqnnq

(1), qka zabezpeçu[ isnuvannq peretvorennq Fur’[ matrycanta  F V tσ τ σ ω−1 ( , , , ) : 

Re ( )( ) ( , )A s i C sk
k

k b

σ σ
≤

∗∗∑








 + ( )

2

21
2

  ≤  – δ σ1
2b,    δ1  <  δ0 ,    m  ≤  b . (18)

Zavdqky rivnosti (15) ta umovi (18) moΩemo ocinyty matrycant 

M V t t( , , , )0 σ ω{ }   ≤  c t Bj m
b

j mexp ( )− −{ } ++ +δ τ σ1
2 1   ×

×  
ν

ν ν νδ τ τ σ δ τ σ
=

+ + − + −∏ − −{ } + − −{ }
m

j j
b

j j
bB t

1

1 1
2

1 1 0
21exp ( ) exp ( )   ≤

≤  c B t t
m

j
b

ν
ν δ σ

=
+∏ + − −{ }

0
1

2
01 exp ( ) ,      τj  >  t0 ,    t  >  tj + m ,    σ ∈ En . (19)

Zastosovugçy do  M V t t( , , , )0 σ ω{ }   lemu221.1  [7],  pryxodymo do vysnovku,

wo  F V t tσ σ ω− { }1
0M ( , , , )   isnu[. 

Teorema$(pro korektnist\).  Nexaj koefici[nty rivnqnnq (1) [ vyznaçenymy i
neperervnymy na  [ t0, T  ] ,  vykonu[t\sq umova paraboliçnosti (18) i  m   ≤   b  ;  vy-
padkova funkciq  ϕ (  x, ω )  ne zaleΩyt\ vid  Ft ,  ϕ  ( x, 0 )  — neperervna obmeΩena

funkciq,   Bi ∈ R ,   t  =  τi ,   i  =  1, 2, … , N  ,   t0  <  τi .    Todi funkciq Hrina zadaçi
(1)2–2(3)  vyznaça[t\sq qk obernene peretvorennq Fur’[ matrycanta za formu-
log (11), dlq poxidnyx qko] spravdΩu[t\sq nerivnist\ 

D G t xx
k ( , , )τ   ≤  c B t c

x

t
k

m

j m

n k
b

b
b

bν
τ

τ=
+

− + −
∏ + − −

−











0

2

2
2 1

1
2

1 ( ) exp

( )

. (20)

Rozv’qzok zadaçi vyznaça[t\sq formulog (13) i dlq n\oho spravdΩu[t\sq ocinka

sup ( , , )
E

x
k

n

D u t xM ω{ }   ≤  t

k
b

−

{ }2
M ϕ ,      k   ≤  2 b . (21)

ZauvaΩennq$1.  Qkwo funkciq  

k m
k

kC s i
≤
∑ ( )( )σ   [ dijsnoznaçnym mnohoçle-

nom, to joho stepin\ moΩe buty dovil\nym. 

ZauvaΩennq$2.  Za dopomohog funkci] Hrina  G t x( , , , )τ ω   zadaçi z impul\s-

nog di[g  (1) – (3) moΩna zapysaty rozv’qzok zadaçi dlq neodnoridnoho rivnqnnq

vyhlqdu 

d u t xt ( , , )ω   =  A t D u t x f t x dtk
k b

x
k( ) ( , , ) ( , )

≤
∑ +











2

ω   +
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+  C t D u t x g t x dw tk
k b

x
k( ) ( , , ) ( , ) ( , )
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Rozv’qzok zadaçi (22), (2), (3) ma[ vyhlqd 

u ( t, x, ω )  =  
E

t
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0
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k
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0

za umovy, wo  f Cx∈ α( )Π   ta  C t D g Ck x
k

k b x( ) ( )≤∑ ∈ α Π ,  0  <  α  <  1.  Poxidni do

porqdku  2b  dopuskagt\ ocinku 

sup ( , , )
Π
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k
b

m
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−
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( ) .
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