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THE CONSTANT OF RENORMALIZATION

FOR SELF-INTERSECTION LOCAL TIME

OF DIFFUSION PROCESS IN THE PLANE*

KOHCTAHTA IIEPEHOPMYBAHHS JIOKAJIBHOT'O YACY

CAMOIIEPETHUHIB IU®Y3IMHOT'O ITPOLECY
HA IIVIOIIIWHI

The self-intersection local times of a diffusion process in the plane are studied. The main result consists
in investigating asymptotic behavior of renormalizing constant for this local time.

Po3ruisiHyTO JIOKa/IbHUI Yac caMONepeTHHiB J1s Audy3iiiHoro npouecy Ha nuiowmuHi. ['osoBHUM pe-
3yJIbTATOM € JIOCJII/I2KEHHS aCUMIITOTUYHOI MOBEJiHKM KOHCTAHTU NMEPEHOPMYBaHH 1 LIbOT'O JIOKAJIbHO-
o vacy.

Introduction and the main result. The local time of self-intersections of Brownian
motion arose in the study of Euclidian field theory [1]. Since then, many papers devo-
ted to renormalized self-intersection local time have appeared. For instance Dynkin in
[2] have studied the local time of self-intersections for planar Brownian motion.

Le Gall in [3] defined the Wiener sausage and got some results for it in terms of the
local time of self-intersections of Wiener process.

Rosen in [4, 5, 6] investigated the local time of self-intersections for the stable
process in R2.

Bass and Khoshnevisan in[7] gave a new method of constructing intersection local
times for Brownian motion in R? and R by using stochastic calculus and additive
functionals of Markov process and obtained Tanaka formula for self-intersection local
times of planar Brownian motion.

Chen, Xia in [8] have studied large deviation and law of the iterated logarithm for
self-intersection local times of additive process.

More references can be found in papers mentioned above.

The goal of this paper is to consider the self-intersection local times for diffusion
process in the plane and to study the asymptotic behaviour of renormalizing constant
for it.

In studying double self-intersections of planar Wiener process {w(t), t 2 0} one
naturally tries to use the formal expression

[ Bow(sy) = wisy)ds (1)

A,(0,1)

where A,(0,1) = {0 <5 <5, <1}, J, isthe &-function concentrated at the point
Zero.

Let {f.(x), € >0} be an approximate sequence for 3§, given by the following
formula:

2
=l

- L, 2
Je(x) = el 2

Consider
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[ £0w(sy) = wis)ds . (3)

A,(0,1)

The expectation of (3) blows up as € — 0+. Therefore, instead of (3) consider

T3 = [ f(s) = wis)ds = E [ fi(w(s,) = wis))ds . 4)
A2(0.1) A2(0.1)

Dynkin in [2] proved that there exists L2, lim 75, where this limit is called the
£—0+

renormalized self-intersection local time for planar Wiener process.
Let us call the following expression as the renormalizing constant for self-intersec-
tion local time of Wiener process in the plane:

Q= E [ fulwisy) = wisp)ds. (5)
A,(0,1)

In [2] it was showed that

Let Y be a diffusion process in R? described by the stochastic differential equa-
tion

dY(s) = a(Y(s))ds + BY (s))dw(s),

6
Y(O) = Xp- ( )

Here the coefficients a and B are Lipschitz functions. We suppose that
ml < B'B < ml, (M

where m;, m, are some positive constants, and / is identity matrix in R".

Note that by using the fact that B is Lipschitz function and taking into account (7),
one can show that detB is Lipschitz function too.

The purpose of the article is to find the asymptotic behavior of renormalizing con-
stant for self-intersection local times of diffusion process given in (6), namely, to find
asymptotic behavior of

cl = E j £(Y(sy)) — Y(s5))d5 . (8)
A,(0,1)

The main result of this paper is the following statement.
Theorem. Suppose that diffusion process Y satisfies (6), f, is given by the
formula (2). Then

¢ -~ B[ —aslml e o+ ©)
VdetBY(s)| " 2m e

Note that there exists another case, when the renormalization can be described pre-
cisely.

By using this statement the following conclusion can be made.

Let X(#) be Ito process in terms of [9, Sec. 2] with the following representation:

t
X(@t) = w(t) + joc(s)ds, (10)
0

where o is measurable bounded random function adapted to the flow of w.
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By using Girsanov theorem and Dynkin result for Brownian motion, it can be che-
cked that there exists both

lim (CX-¢Y) (11)
e—0+
and
L, lim j f(X(s5) = X(sy))ds — C¥|. (12)
e—0+
Ay (0,1)

As a result we have the following equivalence:

1,1
CX¥ ~ —In-, &— 0+. 13
€ 2n € (13)
Let us rewrite (6) as follows:
N S
Y(s) = %o + [a(Y(m)dr + [ B (r)dw(r). (14)
0 0
In case of B = I, by using (9) we get
c — Ll e o4 (15)
2w €

Therefore, the hypothesis can be put forward that the renormalizing constant for the
class of Ito processes of the form

X(s) = Xo + [ Bryaw(r) + [a(r)dr
0 0
is equivalent to

dsilnl, e — 0+.
€

-
| det B(s)| 2m

We will need the following estimations for transition density of diffusion process
[10, Sec. 6].

Denote by &y(s, x;; 55, X,) transition density of the process Y, then there exist
C; >0, Cy > 0 such that

7Hxl_x2H2
Ey(S1, Xp3 59, X)) 2 — 1s e G270 (16)
278
C 7“)‘1—)‘2“2
Ey (51, X158, %) < ﬁe Gl 7
278

By using the estimations (16), (17), one can show that

PR Y .
Tim C—Sl < C, (18)
e—>0+ 1p=

€

Y
lim S > C, (19)
e—0+ In—

€

ok o, .
where C°, C, are some positive constants.
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It should not be made any conclusion about the precise asymptotic behaviour of

Cg as € - 0+. That is why to prove the theorem we use another approach related
not only to estimations (16), (17) but also to the parametrix method consisting of the
following procedure.

Asume that Y satisfies the equation

N N
Y(s) = Y(so) + Ja(Y(r))dr + | B(Y(r))dw(r), (20)
So S0
where s, is some fixed point under Y(sy) = x, being fixed. According to the para-
metrix method, the transition density of process Y on the interval [sy,1] can be ex-
pressed as follows:

9
SY(SI, X158, XZ) = gX (Sl, X15 82, )CZ) + J- J- CI)(Sl, X155 §3, x3)5X (S3, .X3; $7, .xZ)d.X3 dS3,
5] R2

where the process X has the representation

X(s) = xo + [a(xp)dr + [ B(xp)dw(r) (22)

and @ is some function satisfying the estimation [10, Sec. 4].
There exists C3 > 0 such that

2
N EtEY

C Ca(sa—
| D (51, x15 83, X3)| < me 3(s3=51) (23)

So, transition density of diffusion process Y on the small time intervals is close to
the transition density of Wiener process.

Proof of theorem. Let n be fixed. Consider the partition of A,(0,1) such that

o k k+1 n=2
a0 = J a5 U U, (24)
k=0 non k=0
where
A2(@,@) = {5 <5 <8 < il} (25)
n n n n
o= fEay <A Ko < (26)
n n n
Then
cl = Iy + I,
where
n—1
I'e = EY J' £ (Y(sy) = Y(s5))d5, (27)
k=0 k k+1
AZ(Z’T)
n-2
B =EY [ f(Y(s) - Y(s)d5. (28)
k=0 Rf
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Let us consider I .. By using (17) and usual calculations, Iy, can be estimated
as follows:

B < 2 j — @5 < cn), (29)

i=0 ik 02(52 = 5)

where c(n) is some positive constant which does not depend on €.
I{'¢ can be rewritten as

Il = 2 J EE(fE(Y(Sz)—Y(Sl))Fk]dE -

k k+1
n—1 k k
= EZ .[ j fé(xl - )C2)gy(*, Y(*), NB xl)gy(sl, X158, )Cz)dxds 5 (30)
k=0 (K k+) R nooan
N
n

where asusual F, = o(Y(s), s<1).

According to the parametrix method, we get the following representation for If e

n—1

k k
I]”fe = EZ J J _]%(.X]_)Cz) Ex(f,Y(f), Sl,xl) +
k=0 (k kHJ R2X2 n n
2\ >
n n

©

1

+ .1[ J; (I)( ( ) x3’53)Ex(x3,53,X],Sl)dx3ds3 X
n

R

52
X [EX(SI’ X158, xZ) + J. J‘ q)(sl, X583, x3)5)~((s3, X358, .X2)dX3 d%]d)?df, (31)
51 R?

The process X on the interval [k/n,s;] and X on the interval [s;,s,] have the fol-
lowing representations:

n n
(32)
2)- ()
n n
d)}(s) = a(X(s))ds + B(X(s))dw(s), (33)
X(s) = X(s).
After some transformation, we obtain
I = EZ _[ .[ Je(x —x) X
k k+1\R>*?
a5
k k) ) -
X EX(fa Y(f), NP xl) g)‘((sl’ X158, x2)dxd§ +
n n
+ Tye + T3 + Ty, (34)

where
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n—1
Tye = EZ J I ]%(xl—xz)g)}(sl,xl;sz,xz) X
k=0 (k k+1)R

n n

X CD( ( ) xg,s3)5x(s3,x3,s1,xl)dx3 dsydx ds,
2

R

Tie = EZ j J fe(x —x2)€x(§,Y(§); sl,xl) X

Az(k k+1)R
n n

5
X J- J(I)(Sl, X153 83, X3) €5 (83, X33 89, Xp) dxz dsy dx ds,,

B —

5y R?
—1
Tie = EZ J J fe(xl—XQ)J-J. J ( Y(k); x3,s3) X
Az(ﬁ @)RM kg2 N
n on n

X D(sy, x5 84, X4) Ex (53, X35 81, %) E5 (84, X459, Xp) dxz dxy dsy dsy dx ds .

A few remarks about notation should be given. From now, we will denote

by (Y(s))  bp(Y(s)
B(Y(s)) = ,
by (Y(5)) by (Y(s))
) a,(Y(s))
a(Y(s) = .
ay(Y(s))

Let us consider

n—1

k=0 (k k+1)]R2X2

2
n n

After some calculations (40) can be rewritten as

SO esO

(k k+1)R2
n n

1 _(a,B,s,8)
X — ; 5 > 5 Se 2 dxds,
\/(detB(xl)) (2 =5)" + ezi’jzlbij(xl)(SZ —s)+e
where
_(@,B5,6)
2

1 (bZI(xl)al(xl)_bll(xl)zaz(xl))z (s, =)’
2 (det B(x)))* (s, — ) + ezi’j:lb;(xl)(sz —5)+€

X

k k —
Ez J. J. fg(xl _Xz)gx(;,Y(;); Sl,xl)fi(sl,xl;sz,xz)dxdg.

(35)

(36)

(37

(38)

(39)

(40)

(41)
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ool (af () + a3(x) (s, — 57 y

2
2 (det B(x)))* (s, = 57)° + ezi,jzlbi(xl)(sz —s)+€

1 (B a(xy) = b () ay(x) (s, = 53)°

X exp 5
2 (det B(x)))* (s, — 5,)° + ezi’j:lbg(xl)(sz —s)+E

For small € > O the following inequality holds:

_(a,B,5,8)
e 2 <1 (42)

By using (42) we can write that (41) is less or equal to

1
D) . Jao b n)a
X - - &% d5 =
\f(detB(xl))z(sz —5) + ﬁzi ~:1bi§(x1)(52 —5)+€

=E2 | fgx( ()Sl’ 1)217cdet119(xl)><

k k+1\R?
"a(05)
X — - — I ) - v 5.
\;“‘(SZ — S]) + S(det B(.xl ))_ zi,j=lblj(xl)(s2 - S]) + & (det B(x] ))_
(43)
Let us note that
L ! + L‘ X - Y(@)H (44)
|det B(x;)| \ det B(Y(k [/ n)) \ n
with some positive constant L.
By using (7) and (44) we can write that (43) is less or equal to
1 1
(k k+l)R2 Zn\detB(Y(k/n))\
2 n n
X f 2 L > dxl dE +
’\;“‘(Sz — S]) + edl(SZ — Sl) + € d2
+ LEZ j jgx( ( ) Sl,xl) 1 X —Y(K) X
Pk 2 2 n
+1)R
(n n
x ! dx, d5 45)

\;/(Sz — S1)2 + Sdl(SZ — Sl) + Szdz

where d; = dy(m;,my), d, = d,(m,) are some positive constants.
Denote by ng and S£ ¢ the first and the second terms of (45). After a usual
calculations we get
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n—1

TN L1
Sie = 2(ln£+c(dl’d2))Ek§(‘)detB(Y(k/n))n (46)

with some positive constant c(d;, d,).

For arbitrary r > 0, Sf ¢ can be rewritten as

WE [ f Al
S L) |

X — 5 ! 5— dxjds +
V(52 =57)" ted(sy —51) +e°dy

+ LEZ _[ J. Ex(k, Y(K); St )cl)i X — Y(k)

=0 (F kel Ny n \n 2n n
Az(;, 7) RZ\B(Y(;), r]
1

X 2 2
V(s =) +edi(s; —s) +€°dy
where B (Y(k), r) = {xl il B Y(k) < r}.
n n

The first and the second terms of (47) will be denoted by Sy and S5y .

B

X

dx, d5 . 47)

Let us consider Sj’;. It can be estimated as follows:

’f 1 1
Sye < LrE —
k=0 Az(ﬁ ﬂ) 2m \/(52 — ) +edy(sy —s)+€%d,

>
n n

ds =

1
21

Lr(lnl +c(dy, dz)) n-l .
€ n

Consider ng . By using (32) we can write

. | by =Yt
SlaBnn) s —
X G e 27t(s1—k/n)e 9

By using (48) and polar coordinates transformation we get

. n-l | _a=ym?
Spe < LEY, | | b, sk
* (s, — k/
o)ty )

ol

B

7 5 > dxldE =
V(s —5)" +edy(s; —5) +€°dy

n—1 oo
1 -p? k -
LEZ J 5 —kin _[e P Z(SI—Z)pzdpds.

0 (£ k1)
n n

Put S v, then
Jsy—k/n
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Si < LEni | L(sl—k) =K x
) k=OA2(E@)Sl_k/n n/\ n

)
n n

+oo 2 o
——v°dv
% I e ? / 2 ! 3 ds £
r /s —kin V(s —8)" +edi(s, —s) +€°d,
< LL’*L‘I(lnhc(dl,dz))
\/n n €

with some positive constant L. By using (17), (23), one can check that

Tzr’le < Cz(n) lni,
T < c3(n) lnl
3,e = &3 8’

Tie < cyn),
where c¢,(n), c3(n) c4(n) are some positive constants such that
c(n) >0 as n— +oo,
c3(n) >0 as n— +oo.

Therefore, the following inequality holds:

y _ 1(, 1 = 1 1
c < In-+c(d,d)|EY ——— = 4
€

21 & [det B(Y(k/n))| n
4 iLr(lnhc(dl,dz))”‘l N #L*”‘l(lnhc(dl,dz)) N
27 € A n n €

+ (&) + &) lni + o) + cn).

This inequality implies that

J— Y . n—1
im <& < fim Gm im 1(1+C(d1’d2))152 L1,
€0+ |~ r—=0+ n—e £—0+| 27 In(1/¢) k:O‘detB(Y(k/n))‘n
€
L (i edd)\n=1 1 a1 cdndy))
2n In(l/e)) n n n In(1/€)

1
C4(l’l) C(}’l) - ; L
+ (Cz(n)+c3(n))+ln(l/€)+1n(1/8):| ) EidetB(Y(s))ds%

By using the same arguments, one can show that

Y 1
A SRS S T
e-0+ In— 2n O‘detB(Y(S))‘

€
The inequalities (49), (50) imply that

silnl, e — 0+.

1
| A
(|det BY(s))| - 2m
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Theorem is proved.

Remark. 1In this paper, we have investigated the asymptotic behavior of the con-
stant of renormalization for self-intersection local times of planar diffusion process.
The questions devoted to the existence of double self-intersections and self-intersecti-
ons of order k, the asymptotical behavior of the constant of renormalization for self-
intersection local times of diffusion process in k£ dimensions will be considered in fur-
ther papers.
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