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MUCKENHOUPT - WHEEDEN THEOREM
FOR GENERALIZED f-RIESZ TYPE POTENTIALS

TEOPEMA MAKEHXAYIITA - BIJEHA [1JIA Y3AT'AJIBHEHUX
ITOTEHIIAJIIB f-PICIBCHBKOI'O THITY

We obtain the Muckenhoupt-Wheeden theorem for some class of potentials. As a consequence, we
describe the equivalent norm in the generalized Bessel potential space of negative order.

OpepxaHo TeopeMy MakeHnxaynra — Bifnena /11 oqHOro KJjiacy noreHuiasis. Sk HacJIi/1oK, omucaHo
€KBiBaJICHTHY HOPMY B IPOCTOPI y3arajibHeHUX NoTeHuiasis beccesis Big’eMHOro nopsiaky.

Introduction. The paper is devoted to the generalization of Muckenhoupt — Wheeden
theorem (see [1], Theorem 3.6.1, also [2]) to the case of potentials

1 (x) = u(dy) — (1)
M Rj,lx—y"f(x—y %)

where L is any positive measure on R”, and f is a Bernstein function, which means
that f is a real-valued function defined on (0, o ), satisfying the following conditions:
1) feC™(0,),
2) f(x) 2 0,
3) (<) f®x) <0 forall k> 1.
For a positive measure [, we define the f-maximal function M ! u)

fite = sup MCBCET)
MR = 0,7

2

where ®, = dx is the volume of a unit ball in R". For f(x) = x%, this maxi-

Sn—]
mal function is called a fractional maximal function of a measure | and is denoted

by MW, see [2], for example. We show that the Lp-norm of M L, 1 <p < oo,

is equivalent to the L,-norm of [ f W. Such an equivalence gives us the description of

2
an equivalent norm in the generalized Bessel potential space HIJ,[ (I »=2(R™), which is

the closure of the Schwartz space S(R") under the norm

lullgsar2ggrny 2= |+ G G-P) D Fue)| 1<p<e,

L,(R")’

see [3, 4] for more information about the construction of such spaces. Here F, F -1
are respectively the Fourier and the inverse Fourier transforms. Besides others the
generalized Bessel potential spaces are interesting from the analytical point of view as
they are the particular cases of the spaces of generalized smoothness, and appear as
domains of generators of L,-sub-Markovian semigroups: if f is a Bernstein function,

then —f (-A) is the generator of an L,-sub-Markovian semigroup, corresponding to a
. 2

Lévy process (X,),so with Lévy exponent f(\&\z) (ie., ESX = e )).

The domain of —f (—A) is Hg'(l‘lzﬂ(R”), which we can identify with the dual of

2
H,{(|'| >=2(R™). In the case where f is a Bernstein function satisfying some growth
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restrictions and such that the convolution semigroup associated with it has monotone
0-potencial density, it was proved in [5], Theorem 1.1.2, that the kernel of the resolvent

associated with —f (—A) is equivalent to the kernel of [ !,
For ue LP(R”), 1 £ p < oo, we can also define the potential as

! u(y)
Ful) - Rj"x S x_y‘_z)dy. 3)

Therefore in the case W(dy) = u(y)dy, ue LP(R") positive, the generalization of the
Muckenhoupt — Wheeden theorem gives us the equivalence of norms:

lulhggofrzury = | ul + = [M ]+ Jull,
where
Mfu(x) 1= supﬁ I u(y)dy. @)
r>0f( ) nr B(x,r)
Here and below the relation |-[; ~ |-, means that there exist positive constants ¢

and ¢, suchthat ¢f|-[, < [-], £ ol-l,.

The “classical” Muckenhoupt — Wheeden theorem, i.e., the equivalence of
Lp(R”)-norms of Riesz potentials I, 1 of a positive measure L, 0 < o0 < n, and of
the fractional maximal function M,,, is a useful tool in the theory of function spaces.
This theorem plays an important role in the proof of such a remarkable fact that the
positive cone of Triebel — Lizorkin spaces FI;Z(R”), l<p<oo, 1<g<oo, 0 <
<0, is independent of ¢, see Corollary 4.3.9 from [2], also [6] for the original result.
Further, the Muckenhoupt — Wheeden theorem is useful for getting estimates for non-
linear potentials, in particular, it is employed to show the equivalence of different
definitions of capacities, see § 4.4 — 4.5 [2] and the reference therein. Also, the
weighted Muckenhoupt — Wheeden inequality applied to I; allows to obtain some
norm inequalities for the Schrodinger operator L = —-A—v for v of some type,
which can be used for getting the eigenvalue estimates for L, see [7, 8]. Therefore the
generalized version of the Muckenhoupt — Wheeden theorem may give rise to new
results in the theory of function spaces and applications.

The main result of the paper is formulated in the following theorem.

Theorem 1. Let 1 < p < o, n > 2, and assume that the Bernstein function f
satisfies (6) and (7). Then there exists a constant c¢ such that for any positive
measure L

wial, = [ul, < wiul, ®

Since the left-hand side inequality is trivial, it remains to prove the right-hand side
part. The proof is based on Lemma 1 and Lemma 2 below, see also [2, p. 73 — 74].

Assumptions and auxiliary results. In what follows we will assume that our
Bernstein function satisfies the following assumptions:

1. There exists B > 0 such that forall A > 1

b < FO0 o, )
f)°
2. Thereexists 0 < 6 < n/2p such that forall A < 1
e < L0 Av s (7)
f°
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Here ¢, ¢, are some positive constants, independent on x and A.
Consider some examples.

Examples. 1. f(x) =x% 0< a < 1.

2. f(x)=x*In(1+x*,0< o< 1/2.

Indeed, (6) is satisfied with B < o due to monotonicity of f(x); to prove (7) con-
sider the function g(x) = In(1+Ax)*) = cA®In(1+x%), 0 < o0 < 1.

> cE ] ox %!

[X“—c?f]>0 if a<e.

(x) = ox®™! - >
g 1+(0)* 1+x% 1+x“

Since g(0) = 0, then g(x) > 0 forall x > 0, and hence we have (7) with o0 < ¢ <
< n/2p.

3. f(x) = \/x(l - e—4vx). Again, we have (6) with B < 1/2 due to monotonici-
ty. To show (7) consider the function g(x) = 1- e Hxh _ c?f(] —eh X). Then for
suitable ¢ > 0

, 2
X) = —
g N

Since g(0) = 0, we get (7) with 1/2 < 6 < n/2p.

(«/k—c?f) >0 if £<%.

4. f(x) = Jx m, see [9]. Here I, is the modified Bessel function of the
vV X
first kind, see [10]. Sinse
\%
L) ~ —1 (1) as x— 0,
rv+n\2
I«
I,(x) ~ — e as X — oo,
V) J2mx

we have f(x) ~vx/2 as x — 0, and f(x) ~x as x — o, hence we can
choose constants ¢; and ¢, such that (6) and (7) are satisfied.

5. f(x) = Vx m, see [9]. Here K, is the modified Bessel function of
K,(Jx)
the third kind, see [10]. Since
A%

K,(x) ~ B(g) as x — 0,
2 \x

K,(x) ~ N
J2x

'v-1
we have f(x)~x (v )= X ,v>1,as x > 0, and f(x) ~ Jx as x —
2I°(v) 2(v—1
— oo, hence as above we can choose constants ¢; and ¢, such that (6) and (7) are
satisfied with B > 1/2 and © > 1.

6. By the same arguments, (6) and (7) are satisfied for Bernstein functions f(x) =

" o MO g V00 P0G

Below we will use the estimates for derivatives of a Bernstein function, see [4]:

e % k21, x>0. ®)
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For a positive measure ( define the Hardy — Littlewood maximal finction

Mu(x) := sup [ wiay. )
r>0 Wal" B(x,r)

Incase W(dy) = |u(y)|dy for some L,-function u, 1 < p < co, we will use the
notation M,,.

We will need the Hardy — Littlewood — Wiener theorem, see, for example, [2],
Theorem 1.1.1. Denote by “Vol” the volume of a set.

Theorem 2 (Hardy — Littlewood — Wiener [2]). Let ue€ LP(R"), 1 <p £ o0,

There exists a constant A depending only on p and n such that
a) if p=1, then

Vol {x: Mu(x) > A} < %Hqu forall > 0
b) if 1 < p < oo, then
|Mull, < Alul, (10)

Lemma 1. Let f be a Bernstein function satisfying (6) and (7), I be as in
3), and 1 £ p < . Then

cMu(x)

— (11)
¥ {Mu(x)}
Jull,

Proof. Take 0 < & < 1, split the integral:

‘Ifu(x)‘ <

u u
R e e A M s L
e-yl<s!* Y Y x-ylz8!F 7Y Y
and consider the terms 1} and I, separately.

Changing the variables y = r{, reR,, {eS"", we obtain

- J s, adr,

—2
0 s 1 (

where G,(d() is the surface measure on S"'. Let

p(x,dr) = j u(x —rf)c,(d0)dr
Snfl

and

plx,r) = j Jux=tQ)o,@)dr = [u(ydy.

0 s™! B(x,r)

Using (8), we get

J' plx, dr)

L =
A= o) T
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S
px,r)
el

<

S —2
—-n G
- ,([p(x’r)[rnﬂf(r—z) +(n+2) 2 —2):|d

)
e f e
A S A )

; dr
® Mu(x)[f( =5 + J rf(r‘z)}'

1
Since f satisfies (6), we have that the last integral is less than 1_ j d_x and
f (6 2) 0y 1-28

thus
Mu(x)
5"
f@)

1 =

Further, by Holder’s inequality, we get

, 1/p’
(F=srit=m) ¢
I - =
? up{x_:[25 ‘x—y\nf(\X—)"_z) g
P4 1/p
= Jul ( [ ( - _2)) r"_ler _

oo ’ 1/p
HMH (J.((ST) f(a—Z —2) S”T"_ldr} =

" ! oo ]/p' —(n/
HMHPSH(I P p dt - C2HMHPS (n/p)
f(6—2) 1 ,cnp —n+1-20p - f(672)

where (7) is used in the third line.
For & > 1 the estimates are the same due to the restricttions on 6 and [ (we

N

S

>

need not to pose the restriction B < n/p, since B can be arbitrary small in (6)).

/n
. : . % ,
Combining the estimates for /; and I, and choosing 6 = (p) , Wwe arrive

Mu
at (11).

Remark 1. Let g,(x) = x > 0. The function g;] is convex, mono-

X
f(x2p/n)’
tone increasing for 2p/n < 1 and monotone decreasing for 2p/n > 1. Then we
can get the inequalities analogous to the Sobolev inequality, but under some restrictions
on the norm |[ul,.

1. If 2p/n < 1, then cg;l(x) < g;l(cx) if ¢ > 1 and then for u, Hqu <1,
we have, due to the Hardy — Littlewood — Wiener theorem,

_1 Ifu(x) HM'/‘HZ <c
e, ey

Hpngl( v )H

or
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[&p' )], < lul, (12)
2. If 2p/n > 1, then we have g,'(cx) < g5'(x) for ¢ > 1, and in this case if

lull, > 1,
—1 -1 Mu Mu
g\ (u) < gllg, lul, | < ==,
lull, lull,

whence (12) is satisfied if [uf, > 1.
Remark 2. Lemma 1 and Theorem 2a) imply weak type estimates:

i ¢
Vol{x: [ u(x)|> 1} < VIR (13)

where g(x) = g(x) = Indeed,

X

f(XZ/n)'

{x: ‘Ifu(x)‘ > 7»} c {x: Mu(x) > |lul, g_l(k)}.
Uiy

Applying Theorem 2a), we get (13). Moreover, (13) is valid for finite measures on R”,

luly = w@®".
Remark 3. Note that the statements of Lemma 1 and Remark 2 can be naturally
generalized to the case of finite measures on R”".

Remark 4. For the case of Riezs potentials, i.e. when f(x) = X 0<ao <1,
see [2], Proposition 3.1.2 and Theorem 3.1.4.

Lemma 2. There exists a > 1, b > 0, such that for all A > 0, for all €, 0 <
<e< 1,

Vol{x: Ifu(x) > a?»} <

b
< 7g_](8_1)V01{x: Fuex) > A} + Vol{x: M u(x) > ed}. (14)
Proof. Since p is a positive measure, by Fatou’s Lemma the potential (1) is lo-
wer semicontinuous. Then the set {x: If pn > 7»} is open. By Whitney decompositi-

on theorem there exists a set of dyadic cubes {Q;} with disjoint interior such that for
all Q; there exists

x: dist(x, Q;) < 4diam Q;. (15)
Forsuch x we have IXu(x) < A. Assumethat Qe{Q}, a > 1 and consider the
set {er: Ifu(x) > ak}.

1. Suppose Q1 {x: Mfu(x) < ek} # . Let P be a ball concentric with Q,
with radius 6diamQ. Let u; := Wlp, Uy := u—W;. By Remark 2,

' A
Vol{x: Iful(x) > %} < g_l(ka(fndul)_l).

Let xy€Q be such that M’ W(xp) < Ae and let B(xy) = B(xy, 8diamQ) (then P c
C B(xg)). Then
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[dw < Jdu < [du < M ug)g(Vol(B(xg)) < Aeg(Vol(B(xy)).
P B(xy)

By definition, f is increasing. Then for § > 0 there exists c¢g > 0 such that for all
<A<, x21,

FGA) < s f()f).

Since for n > 2, g = g, is also increasing, for such x and A we get g(A)g(x) <

< cag(kx), and hence due to monotonocity (take A = g_l(v), x= g_l(w)), we have
g 'ow) < g (cse(g g7 w))) <
< g (glesg g W) < g7 (e5v) g (w).

Further, for small diameters of Q we have JRndul < 1, and g(Vol(B(xy))) < 1.
Then from

g(Vol(B(xy)))

du,

1
=<
€

Rn

for a > 1 suchthat Aa > 0, we get

_ifa —1f Aag(Vol(B(xy))) 4l Aa
gl-|sg|————|< ¢ cs Vol(B(xp)),
(8) [ JR"dul ] {jR,,dH1] ' '

where the constant cg depends on the size of the cubes {Q;} but is independent of

the choice of Q; (i.e., we may assume that the size of {Q;} is bounded from below

by 2™ with M fixed and large enough).
Then by covering

Vol{er: ) > @} < —L Vo), (16)
2 g (€7)
or, covering the whole set {x: Iful(x) > %} C {x: Ifu(x) > k}, a>1,
Vol{x: P o > %} < ﬁVOI{x: Fu > 1}, 17)

2. Take x;¢(Q; then we have (15). Because of the choice of P, there exists a
constant L depending only on n and such that for all ye P°, VxeQ: |x —y| <
< L|x—y| (we may assume here L > 1). By the property of Bernstein functions

f(f\X—y\z) S f(L\x]—y\z) < Lf(‘xl_y‘2)’

and since Ifu(x]) < A (due to the conditions of Whitney decomposition, we have
(15)), we get

P, € I pyx) < Al

Choose a > 2I"'; then if I'uy(x) < aA/2 and IFu(x) > ak, we obtain
Iful(x) > al/2. Thus, for all xe€Q such that Qﬂ{x: Mfu < ek} + O, we
can write the inclusion
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{XEQI Hu) > al} c {x €0 'y x) > %}

Let us summarize the statements proved above. The set {x: If w(x) > a?u} can be

covered by cubes of two types:
1) Q0: 0N {x: Mfu < ek} # (. In the case of such Q, forall xeQ we have

{x: Ifu(x) > ak} c {Iful(x) > %};

2) 0: 0 c {x:Mu>er}
Covering {x: Ifu(x) > a?»} by such cubes, in view of (17), we get the esti-

mate (14).
Lemma 2 is proved.

Proof of Theorem 1. For any r > 0

i > w(dy) s 1
HE J =yl flx=y[?) ~ AT

[ nam,

[x=y|<r [x—y|<r

and by the definition of M’ we get the lower bound.
Let us show the upper bound. Integrate (14):

R
jVol{x: ) > al}Adn <
0

R
b f -1
< ———— | Volix: Fux) > AN dh +
gl 1){ { j

R
+ jVol{x: M u(x) > e A dn.
0

Changing the variables, we get
aR
a’ J. Vol{x: ) > K}?Lp_ldk <
0
bt :
hS ﬁ_’- VOI{X: IJH(X) > X}N’_ldk +
g (€ )y

R
+ e"’aj Vol{x: M/ u(x) > A dn.
0

If u is compactly supported, then all the integrals are finite. Choose € so small that

2
Then
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aR
a’l J. Vol{x: ) > K}?Lp_ldk <
0

R
< 23‘1’8[ Vol{x: M u(x) > er} W di,
0

and letting R — o we get

a’? Hlf u)|'dx < 2e77 j | M o[ dn.

R}I Rn
If u has no compact support, approximate with W, = | oy " = 1,.... Then
! !
|7l < clmu],.

and we get the statement of Theorem 1 by letting n — oo.
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