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Y3ATAJIbHEHI KOMIIVIEKCH [IE PAMA -XO/12KA,
CIIOPITHEHI XAPAKTEPUCTHUYHI KJIACH YEPHA
TA JESKI 3BACTOCYBAHHJ 10 IHTEI'POBHHUX
BAT'ATOBUMIPHUX JTUOEPEHIIAJIBHUX CUCTEM
HA PIMAHOBUX MHOT'OBUJAX

The differential-geometric aspects of generalized de Rham —Hodge complexes naturally related with integrable
multidimensional differential systems of M. Gromov type, as well as the geometric structure of Chern character-
istic classes are studied. Special differential invariants of the Chern type are constructed, their importance for the
integrability of multidimensional nonlinear differential systems on Riemannian manifolds is discussed. An ex-
ample of the three-dimensional Davey — Stewartson type nonlinear integrable differential system is considered,
its Cartan type connection mapping and related Chern type differential invariants are analized.

HocutinzKeHo aqudepeHiaJbHO-reOMeTPUYHI ACTIEKTH y3arajbHeHuX KoMiiekcis 1e Pama— Xomxka, 1o npu-
POIHUM YMHOM TI0B’s13aHi 3 iHTErPOBHMMM OaraTOBMMipHUMHM AHdpepeniabHUMU cucteMamu Tuny M. I'po-
MOBA, a TAKOK F€OMETPHYHY CTPYKTYpPY XapakTepucTudunux Ksiacis Uepna. ITo6ynosano crenianbHi aude-
peHLiaIbHI iHBapiaHTH TUIy YepHa Ta PO3IJIAHYTO iX Ba’KJIMBICTH [/ iHTErPOBHOCTI OAraTOBMMiPHHX He-
JNiHIAHUX [UdepeHIliaIbHUX CUCTEM Ha PIMaHOBMX MHOI'OBH/AX. PO3rJ/IsIHYTO MPHKJIA/L TPUBUMIPHOI HeJli-
HiliHOi iHTerpoBHOiI AudepeHUianbHoi cuctemn Tuny [epi—CTioapTcoHa i NMpOaHAJII30BAHO iX CMOJIy4YHE
BiZlOOpa’keHHs1 Ta cropi/iHeHi qudpepenuiaibHi iHBapianTh TNy YepHa.

1. Introduction: Cartan’s connection and curvature. Consider a smooth finite-dimen-
sional Riemannian manifold M and two linear bundles over it: the tangent bundle 7'(M)
and a bundle E(M), endowed with some real scalar structure (-,-) g on fibers E. De-
note the related vector fields on M as 7 (M) and smooth sections of E(M) as E(M).
As usually [1-4], one can introduce on E(M) a Cartan’s connection I' by means of a
connection mapping

da:EM) - T*(M)®E(M), (1.1)
which satisfies the following property:
da(fo+B) :=df ® a+ fdaa+daf

for any smooth function f € D(M) and v, 3 € E(M). Let A(M) := @32 MAP(M)
denote the usual [1, 2, 4—6] Grassmann algebra of differential forms on M. If to define
the associated linear bundles AP (M, E) := AP(M)® E(M) for p = 0, m, the connection
mapping (1.1) can be naturally extended on AP (M, E) as

da: AP(M,E) — NPT (M, E), (1.2)
satisfying the related Leibnitz-rule:

da(fP A alD) = df®P A olD 4 (—1)PfFP) A dyal?

for any f(P) € AP(M) and o9 € AY(M, E), q,p =0, m.
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The connection operation (1.2) possesses a very interesting and important property:
its composition d% := dady is linear over functions ring D(M):

d3 (fa(p) + 5(17)) - fdia(p) + d2A5(p)7

where f € D(M) and o'P), 3®) € AP(M, E), p = 0, m, are arbitrary. The resulting
linear tensor mapping Q(?) := d3 : E(M) — A%(M, E) is called the curvature tensor and
is of great importance for geometrical analysis of integrable multidimensional differential
systems of M. Gromov type [7], generated by means of some Cartan integrable [4, 8 —
11] ideals I(a)) € A(M,End E) := A(M) ® End E(M) on Riemannian manifolds
M. Moreover, one can construct the smooth integral submanifold imbedding mapping
ia: My — M for the ideal I(a) C A(M,End E), satisfying the following determining
condition: the curvature 2-form Q(2) € A?(M, F) reduced upon M, vanishes, that is
i* Q) = 0. This implies also that the related reduced co-chain

E — A°(M,,E) % A (M,,E) %5 ... % A™(M,,E) 30 (1.3)
is a de Rham complex, that is d2 = 0, where, by definition, d,, := i*da and m, :=

:= dim M,,. Since the submanifold M, C M also possesses the induced from M Rie-
mannian structure g, : T(M,) x T(M,) — R, we can construct from (1.3) a suitably
generalized de Rham—Hodge complex of Hilbert spaces HA (M,,), p = 0,m,, whose
properties, as it was shown before in [4, 12— 14], make it possible to describe the so
called Delsarte — Lions transmutation operators of Volterra type, serving for constructing
integrable multidimensional differential systems on Riemannian manifolds and finding
their exact of special type solutions.

On the other side, one can consider the following generalized chain of modules over M:

E—AME) Y AME Y ... A™ME) -0, (1.4)
which is not, evidently, a de Rham—Hodge complex, but determines such very impor-
tant [1, 3, 15, 16] geometric objects as the Chern characteristic classes and characters.
On these and other geometric aspects of the integrability problem of multidimensional
differential systems on Riemannian manifolds we will stay in more detail below.

2. The characteristic Chern classes and related differential invariants. The con-
nection mapping (1.2) on M one can equivalently define locally on an open neighborhood
U C M by means of the following expression:

daly =d+ AW, 2.1)

where A1) € A(U,End E) is some suitably determined End E(U)-valued differential
1-form on U C M. In local coordinates of a point u € U we can write down

AWM = Z Ay(w)du,
i=1

where A4;(u) € End E(U), ¢ = 1, m. Making use of the representation (2.1), one can
obtain easily the following local expression for the curvature 2-form Q)| € A2(U) ®
® End E(U):

Q<2)|U =dAM £ AW A 4D, (2.2)
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The expression (2.2) is very convenient for defining on U C M the related with the
complex (1.4) local cohomology characteristic Chern classes

chj(A)]y == tr (Q@]y)” € A¥(V), (2.3)

where j € Z. . The expression (2.3), owing to the linear vector bundle E (M) properties,
can be invariantly extended upon the whole manifold M as correctly defined differential
forms on M, thereby determining the characteristic Chern classes

ch;(A) = tr(Q@) € A%(M) (2.4)

for j € Z, defined already on M. The following lemmas are important for further appli-
cations.

Lemma 2.2. All differential 2j-forms ch;(A) € A?(M), j € Z., are closed,
that is

dchj(A) =0. 2.5)

Proof. A proof is standard by means of the direct substitution of local expressions
(2.2) into (2.4) and checking (2.5).
As a consequence of this lemma we really see that inclusions

[ch;(A)] € HY (M,R)

hold on M forall j € Z.
Lemma 2.3. The de Rham cohomology classes [chj(A)] € H¥ (M,R), j € Z,
do not depend on the choice of a connection mapping

da: AM(M,E) — A(M,E)

and on the choice of a Hermitian metrics on E.

Proof. The homotopy cylinder construction [3, 1, 17] if applied to two different con-
nection mappings gives right away to the independence connection choice, proving the
first half of the lemma statement. The same homotopy reasonings prove, respectively, the
independence metrics choice, the second part of the lemma statement.

As a consequence of this lemma one can define for every linear Hermitian fiber bundle
E(M) over M the set of corresponding characteristic Chern classes

Chj (E, M) = [Chj (A)]

for j € Z, by means of which there is determined the Chern character ch(E, M) of this
linear fiber bundle E(M):

ch(E, M) := ®jez, (1) ch; (B, M) = [trexp Q@].

The Chern character, as is well known [1, 3, 16], finds a great deal of applications to
modern differential topology and mathematical physics problems.

Concerning applications to strongly integrable multidimensional differential systems
on Riemannian manifolds, we will consider the Cartan geometric picture, developed be-
fore in [4, 8—11]. Within this picture a studied nonlinear multidimensional differential
system ¢ is represented in the form of a Cartan integrable ideal I(«) C A(M,End FE)

ISSN 1027-3190. Ykp. mam. xypH., 2007, m.59, N° 3



330 N. N. BOGOLUBOV (JR.), A. K. PRYKARPATSKY

with coefficients from End E(M), where E(M) is a specially chosen Hermitian linear
fiber bundle over some suitably chosen finite-dimensional Riemannian manifold M. The
corresponding integral submanifold M,, C M of the ideal I(«), in general, is equivalent
to the set of independent variables of our multidimensional integrable nonlinear differen-
tial system.

Note also here, that we call our multidimensional differential system strongly in-
tegrable, if it allows a suitable connection I'y parametrically dependent on A € R,
whose curvature 2-form Q&Q) € A?(M,End E) is vanishing upon the integral subman-
ifold M, C M of the ideal I(«r) C A(M,End E). The latter condition is, evidently,
equivalent to the following inclusion:

0 e I(a) (2.6)

for all allowed values of A € R. If the connection I" does not depend nontrivially on
parameter A € R, a multidimensional differential system is called integrable.

On the other side, the condition (2.6) serves [4, 9] for finding the corresponding con-
nection mapping (1.2), if it a priori assumes to exist. The resulting search algorithm
details depend [4, 9, 11] strongly on the related so called holonomy group properties of
the connection T'y, A € R, on the naturally associated with F(M) principal fiber bun-
dle P(M,G), where G is a so called structure Lie group of the connection 'y, A € R.
Concerning the mentioned algorithm details one can consult further [4, 9, 11].

The condition (2.6) is very important regarding the result of Lemma 2.3. Really, as the
exactness relationships (2.5) hold, we can obtain under imposed conditions H%/ (M, R) =
=0, j € Z4, right away that

Chj (A, )\) = de (A, )\)

for some suitably determined global differential (25 — 1)-form x; (A, \) € A%~ (M),
j € Z., on the manifold M. Moreover, since, evidently, all degrees (2(?))7 ¢ I(a)
too for j € Z,, from the condition ¢} (o) = 0, where in: M, — M is the integral
submanifold imbedding mapping, one gets easily that i}, ch; (A) = 0, or equivalently

dx;(A) =0 2.7)

for all j € Z, giving rise to new differential Chern type invariants on M. The obtained
result one can formulate as the following theorem.

Theorem 2.1. If an integrable multidimensional nonlinear differential system & is
equivalent to the Cartan integrable ideal I(o)) C A(M,End E) on a Riemannian man-
ifold M, satisfying the cohomology conditions H* (M,R) = 0, j € Z., then it pos-
sesses a set of differential Chern type invariants (2.7) on the suitable integral submani-
fold M, C M of the ideal 1(«). If nontrivial, these differential invariants describe, in
particular, a related moduli space of the linear fiber bundle E(M).

It is useful to mention here that most of differential invariants (2.7) reduce at higher
indices j € Z, to identical zero. Really, all of differential invariants x;(A) for j >
> [dim M, /2] + 1 are identically zero. In particular, for the case of multidimensional
integrable nonlinear differential systems, for which dim M, = 2 or 3 one gets easily, that
only one differential invariant can exist if any. Moreover, if for such differential systems
the corresponding structure Lie groups are special linear ones, for which the Lie algebras
a traceless, one easily gets that, on the whole, no invariant exists on M.
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This result is instructive enough for the mathematical theory of geometrically inte-
grable multidimensional nonlinear differential systems, possessing suitable connection
mappings (1.2) on A(M, E) under additional cohomology conditions H2/(M,R) = 0,
j € Z4. Namely, for these connection mappings to exist on A(M, E) in the higher-
dimensional case dim M, > 4, the nontrivial differential invariants can prove to exist.
The latter gives rise, in particular, to some topological obstacles to be satisfied. Really,
a nontrivial differential invariant entails right away nontrivial cohomology constraints
H*(M,R) # 0 for some s € Z., thereby contradicting with the above zero cohomol-
ogy conditions at these values s € Z. . Otherwise, if a priori H2*(M,R) # 0 for some
s € Z, the related characteristic Chern classes chs(E, M) for these s € Z . are, in gen-
eral, strongly nontrivial, thereby defining differential (25 — 1)-forms y5(A) € A2 (M)
only locally, owing to the classical Poincaré lemma. These local differential forms, if
reduced upon the integral submanifold M, C M, give rise to a set of differential multi-
valued quasi-invariants xs(A) € AZ57!(M,), where dxs(A) = 0 and whose existence
can mean, in particular, that our nonlinear differential system is in some sense ill-posed.
Remark here that related differential system structures can be studied also by means of
the corresponding exact co-chain de Rham —Hodge complexes (1.3). These aspects will
be also discussed below.

3. De Rham — Hodge theory and Delsarte — Lions transmutation operators. Con-
sider the cohomology complex (1.3) and define on spaces AP(M,, E), p € Z,, where
M, C M is the compact integral submanifold of the Riemannian manifold M, the stan-
dard Hodge star x-operation

*: AP(My,E) — A"™*"P(M,, E),

where m,, := dim M, and for any 8 € AP(M,, E) the form x3 € A™"P(M,, E) is
such that the following [1, 4, 5, 18] conditions hold:

) <'Ya*ﬁ>(ma7p) = ({7, %B) E)ma—p = (YN, B) B, dity,, )r forany v € A™e"P(M,,
E), where dju, is the invariant measure on M, induced at the dual imbedding mapping
it : A(M,) — A(M,) from the corresponding invariant measure dy, on the Riemannian
manifold M, endowed with the positive definite Riemannian metrics g: T(M)xT (M) —
— R, the scalar product

< D AB A ABH A A /\.../\y,(j)>k =
= det {</8£1),’yj<1)>1: 1, = I,—k},

where <6§1), 7](1)>1 = <Q;15£1),§;17§1)> for any ﬂi(l), fyj(»l) € AY(M,),i,5 =1,k,
and §,,: T(My) — T*(M,,) is the canonicalgizomorphism, generated by the correspond-
ing metrics (-, -) 4, 0n T'(My);

ii) (my, — p)-dimensional volume |x (| of the form x5 € A™="P(M,, E) equals
p-dimensional volume |G| of a form 8 € AP(M,, E);

iii) m,-dimensional measure (A, *3) g > 0 at a fixed orientation on M,,.

Owing to the above conditions i) —iii) one can endow the spaces AP (M, E),p € Z,
with the natural scalar product

(B,7) = /<6A,*7>E = /(ﬁw)(p)duga (3.1

M, Mo
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for any (3, v € AP(M,, E). Subject to the scalar product (3.1) we can naturally construct
the corresponding Hilbert space

Ha(My) == ke:e“OHﬁ(Ma)

well suitable for our further consideration. Notice also here that the Hodge star x-operation
satisfies the following easily checkable property: for any 3,7 € Hk (M), k = 0,m,,

(ﬁv’}/)(k) = (*ﬁv*’y)(ma—k)a (677) = (*57*7)7

that is the Hodge operation x: Ha (My) — Ha (M, ) is isometry and its standard adjoint
with respect to the scalar product (3.1) operation satisfies the condition (x)" = (x)~ 1.

Denote by d’, the formally adjoint expression to the Cartan type connection mapping
do: Ha(My) — Ha(M,) in the Hilbert space Ha (M, ). Here d,, := i*da, where
da: Ha(M) — Ha(M) is a suitable Cartan connection mapping and i,: M, — M
is the corresponding integral submanifold imbedding mapping, associated with a given
multidimensional nonlinear integrable differential system on the Riemannian manifold
M. Making use of these operations d!, and d,, in Ha (M, ), one can naturally define
[1, 18, 19] a generalized Laplace — Hodge operator A, : Hx(M,) — Ha(M,) as

Ag = ddo + dod,. (3.2)
Take a form 5 € Ha (M,,) satisfying the equality
ALf = 0.

Such a form is called harmonic. One can also verify that a harmonic form § € Hx (M,,)
satisfies simultaneously the following two adjoint conditions:

d,3=0, d.f=0, (3.3)

easily stemming from (3.2) and (3.3).
It is not hard to check that the following differential operation in Ha (M,,) :

dz, = xd ()" (3.4)

defines also a usual [10, 15, 17, 20, 21] Cartan type connection mapping in H (M,,). The
corresponding dual to (3.1) co-chain

E— A°(M.,E) S AV (Mo, B) % . % Am(M,, B) % 0 3.5)

is, evidently, & de Rham complex too, as the property d,d;, = 0 holds owing to the

definition (3.4).

Denote further by Hﬁ( @) (M), k = 0,m,, the cohomology groups of d,-closed and
by Hf\(a*) (M,), k = 0,m,, the cohomology groups of d}-closed differential forms, re-
spectively, and by 'Hf\(a*a) (M), k = 0,m,, the abelian groups of harmonic differential
forms from the sub-spaces Hﬁ(]\/[a, E), k = 0,m,. Before formulating next results, de-
fine the standard sub-spaces for harmonic forms ’Hf\ (a*a) (M) and cohomology groups
H]X(a)(Ma)v 'Hf\(a*)(Ma) for k = 0,m,. Assume also that the Laplace — Hodge opera-
tor (3.2) is elliptic in H%(Ma). Now by reasonings similar to those in [1, 14, 17— 19] one
can formulate the following a little generalized de Rham —Hodge theorem.
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Theorem 3.1. The groups of harmonic forms H?\(a*a)(Ma)V k = 0,mq, are, re-
spectively, isomorphic to the cohomology groups (H* (MQ,R))W, k = 0,mq, where
H*(M,,,R) is the k-th cohomology group of the manifold M, with real coefficients,
Y CRP, p€Zi, |X| = card X, is a set of suitable “spectral” parameters labeling
the linear space of independent d},-closed 0-forms from ’H?\(a) (M) and, moreover, the
following direct sum decompositions

Hf‘\/(a*a)(Ma) 2] AH?\(MQ) =
= HE (Ma) = H} (qr ) (Ma) ® da My (Ma) ® dy HET (M)

hold for any k = 0, my,.

Another variant of the statement similar to that above was formulated in [13, 14, 22,
23] and reads as the following generalized de Rham — Hodge theorem.

Theorem 3.2. The generalized cohomology groups ’/‘-{f\(a)(Ma)7 k = 0,mg, are

isomorphic, respectively, to the cohomology groups (H* (M, R))>!, k =0, m,.

Proof. A proof of this theorem is based on some special sequence [14, 22] of differ-
ential Lagrange type identities.

Define the following closed subspace:

M = {¢<°>(A) € HY ey (Ma): dip®(N) =0, A€ 2} (3.6)

for some set 2 C RP, where H% (a*) (M,,) is, as above, a suitable zero-order cohomology
group space from the co-chain given by (3.5). Thereby, the dimension dim H§ = card ¥
is assumed to be known.

The next lemma [14, 22 —25] is fundamental for the proof of the above isomorphism
Theorem 3.2.

Lemma 3.1. There exists a set of differential (k + 1)-forms Z*+1) [pO)(X),
dop™] € A¥L(M,,R), k = 0,mq — 1, and a set of k-forms Z®) [0 (), p*)] €
€ A*(M,,R), k = 0,mq — 1, parametrized by a set ¥ > \ and semilinear in (¢(%) (),
P *)) € Hy x HY (Ma), such that

Z(k+1) [@“”(A), dw(k)} — dz® {w(m ), W)}
forallk =0,my —land \ € X.

Proof. A proof is based on the following generalized Lagrange type identity holding

for any pair (0O (X), v ")) € Hy x HE (M,):
—{ax o, (k) A 5 _ [ g% ,,(0) —1/..(k) A = _
0= (@ N AP AD) = (@) A ()7 WD A)) =

= < *dl, (}) 7O (), A% (3) 7 (w(k) A §)>E =
= ()OO A ()72 ) =

= (07O ), A T ® e (6P A9))+ 20D [pO0), da®] Ay =

= (¢O0),A[dav™® A7) _+dZ® [0, 0] A7, (3.7
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where Z(HD [pO(X), dyp®] € AFFL(M,,R), k = 0,mq — 1, and Z® [p(D(N),
v € A¥(M,,R), k = 0,m, — 1, are some semilinear differential forms parametrized
by the parameter A € 3, andy € A™=~F=1(M,,, R) is an arbitrary constant (m, —k—1)-
form. Thereby, the semilinear differential (k + 1)-forms Z*+1) [ (X)), dp ] €
€ AM1(M,,R), k = 0,mq — 1, and k-forms Z®) [ (X), pB)] € AF(M,,R), k =
= 0,mq, — 1, A € X, constructed above, exactly constitute those searched for in the
lemma.

Based now on Lemma 3.1, one can construct the cohomology group isomorphism
claimed in Theorem 3.2 formulated above. Namely, following [14, 22, 23, 26], let us
take some singular simplicial [1, 2, 17, 19, 21] complex K (M, ) of the manifold M,
and introduce linear mappings ng): HE (M) — Cp(Ma,R)), k=0,my — 1, A\ €%,
where Cy(M,,R), k = 0,m, — 1, are as before free abelian groups over the field R
generated, respectively, by all k-chains of simplexes S*) € Cj,(M,,R), k =0, mq — 1,
from the singular simplicial complex K (M), as follows:

B (p)) = 3 5(1«)/Z<k>[¢(o>()\)7w<k>] 3.8)
Sk) eCy, (M4, R)) S(k)

with *) € Hk(M,), k = 0,m, — 1. The following theorem [14, 22, 25] based on
mappings (3.8) holds.

Theorem 3.3. The set of operations (3.8) parametrized by A € ¥ realizes the coho-
mology groups isomorphism formulated in Theorem 3.2.

Proof. A proof of this theorem one can get passing over in (3.8) to the correspond-
ing cohomology Hf\(a)(Ma) and homology Hy (M, R) groups of M, for every k =
=0, mq — 1. If one to take an element ¢(F) := 1)) (1) € 'Hf\(a)(Ma), k=0,mq —1,
solving the equation d1)(*) (1) = 0 with p € X, being some set of the related “spectral”
parameters marking elements of the subspace ij\(a)(Ma)7 then one finds easily from
(3.8) and the identity (3.7) that

dZM [ O (\), ™ ()] =0

for all pairs (A, u) € ¥ x X, k = 0,my — 1. This, in particular, means owing to the
Poincaré lemma [1, 17, 20, 21] that there exist differential (k — 1)-forms Q*=1) [ (X),
Y (p)] € AP (M,,R), k = 0,mq — 1, such that

ZW [ (N), 0" ()] = a2 D[ (), ) ()]

for all pairs (@ (\), v ®) (1)) € HE x HX(Q)(MQ) parametrized by (A, u) € 3 x X,
k = 0,mq — 1. As a result of passing on the right-hand side of (3.8) to the homology
groups Hy (M4, R), k = 0,m, — 1, one gets owing to the standard Stokes theorem [1,
17, 20, 21] that the mappings

B HE o) (Ma) & Hi(Ma,R)

are isomorphisms for every A € ¥ and A € X. Making further use of the Poincaré
duality [1, 5, 6, 17, 21] between the homology groups Hy(M,,R), k = 0,m, — 1, and
the cohomology groups H*(M,), k = 0, mq — 1, respectively, one obtains finally the
statement claimed in Theorem 3.2, that is Hf\(a) (M) ~ (HF(M,,R))®!.

The theorem is proved.
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Assume now that the Riemannian compactified manifold M = M, x R® dim M =

= s+dimM, € Z,,and E := RN where M, ~ % My ;, Mo, = [0,T}) C Ry,
j=1

7 =1,mg, and put

M 5
J

Jj=1

with 4;(t), j = 1,m,, being matrices parametrically dependent on ¢ € M. It is
assumed also that operators A;: HS (M) — HY (M), j = 1,mq, are commuting to
each other.

Take now such a fixed pair (¢(© (X), (O (p)dt) € Hg x HKL(‘ZY)(MQ), parametrized
by elements (A, 1) € ¥ x 3, for which owing to both Theorem 3.3 and the Stokes theorem
[1, 10, 17, 20] the following equality:

B (40 (udt) = S5 /'Q““*{¢muxw@mmﬂ (3.9)

(ma)
SS(t)

holds, where S ((:)1") € Cp,, (My, R) is some fixed element parametrized by an arbitrarily

chosen point ¢ € S((ts)) C M, . Consider the next integral expressions

Q)= [ QD000 50 (],

(ma)
954

Qo) (A 1) = / Qe O (x), O (u)dr |,

(ma)
8S(tu)

with a point g € S((Z:)") C M,, being taken fixed, A\, ¢ € X, and interpret them as the
corresponding kernels [27, 28] of the integral invertible operators of Hilbert—Schmidt
type Q) Qo) Lép)(Z,R) — Lép)(E,R), where p is some finite Borel measure on
the parameter set 3. It assumes also above that the boundaries 858;"*) = agr)lafl)and

85((2?)“) = agz)l;‘_l) are taken homological to each other as ¢t — ¢y € M,,. Define now
the expressions

Q9O (n) — 9O ()

for (0 (1)) € HY (M), n € ¥, and some 1) ()dt € HQ(M,), where, by definition,
foranyn € ¥

O () == O ()2 ey =

= [ ot [ ap(€0 )2 (1.9 €. (3.10)
b b

being motivated by the expression (3.9). Suppose now that the elements (3.10) are ones
being related to some another Delsarte — Lions transformed cohomology group H‘)\( &) (M,),
that is the following condition:
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da bV (n) =0 (3.11)

for (O () € H%(a)(Ma), n € X, and some new connection mapping in H (M)

dg = Z dtj AN Aj(t|6),

j=1

where A (t;0) := 0/dt; + Aj(t), j = 1, ma, are parametrically dependent on t € M,,.
Put now

A= QuA,00! (3.12)

for each j = 1, m,, where Q4 : HQ (M,) — HQ (M,,) are the corresponding Delsarte —
Lions transmutation operators related with some elements St (oEgL“*l), aéz)“fl)) €

(ma)

€ Cp,, (M, R) related naturally with homological to each other boundaries 0.5 o =

= (TE:SLQ ~Yand oS ((ZJL)") = JEZS’ ~Y_ Since all of differential expressions A : HQ (M,) —
— HY{(M,), j = 1,m,, were taken commuting, the same property also holds for the
transformed operators (3.12), that is [A;, Ax] = 0, k, j = 0, m,. The latter is, evidently,

equivalent owing to (3.12) to the following general expression:
ds = Qid, Q37" (3.13)
For the conditions (3.13) and (3.11) to be satisfied, let us consider the corresponding to
(3.9) expressions
B (O (n)dt) = S{ Oy (A, ),

related with the corresponding external differentiation (3.13), where S ((Z;L") € Cp, (M,R)
and (\,n) € ¥ x X. Assume further that there are also defined mappings

Q2 : @) = a0

with QF: H%( a)(Ma) — H%( a)(Ma), being some operators associated (but not nec-
essary adjoint!) with the corresponding Delsarte —Lions transmutation operators 2. :
HY (M) — HY(M,) and satisfying the standard relationships A;‘ = QfA;fﬂ(i’fl,
j = 1,m,. The proper Delsarte — Lions type operators 24 : HQ (M,) — HQ(M,,) are
related with two different realizations of the action (3.10) under the necessary conditions

Ay () =0,  dip@(\) =0, (3.14)

needed to be satisfied and meaning, evidently, that the embeddings $(©(\) €
€ H%(&*)(Ma), A€ %, and v () € 7{9\(5[)(M0¢)7 n € X, are satisfied. Now we
need to formulate a lemma being important for the conditions (3.14) to hold.

Lemma 3.2. The following invariance property

me) —1 My —1
7)) = Q) Q) 20 Qe (3.15)

holds for any t and ty € M,,.
As a result of (3.15) and the symmetry invariance between cohomology spaces
H?\(a) (M) and HIO\( &) (M) one obtains the following pairs of related mappings:
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0) (0 1 0 ~(0 ®,—1A®
PO =900 0, O = 00GTIOE),

7(0 0)—1 - ®,—1
PO =y )Q(t)Q(t0)7 30 =, )Q(t) ng)

(3.16)

where the integral operator kernels from Lgp ) E,R)® Lgp ) (%, R) are defined as

Qi) = [ 92 [0, 50 yar].

o(ma)

()

on o= [ 07T 000,50 oar]

(ma)

(1)

for all (A, u) € ¥ x X, giving rise to finding proper Delsarte —Lions transmutation oper-
ators ensuring the pure differential nature of the transformed expressions (3.12).
Note here also that owing to (3.15) and (3.16) the following operator property

Qo) 25 to) + Qo)) Uty = 0 3.17)

holds for any ¢ and ¢y € M, meaning that Q(t) = —Qy)-
One can now define similar to (3.6) the additional closed and dense in H{ (M,,) three
subspaces

Hy = {W (1) € HY (o) (Ma): datp@ () =0, e z},
Ho i= {00 (1) € HY ) (Ma): dad® () =0, pesx], (3.18)

Hi = {0 ) € My () (Ma): d56 O (n) =0, 3Ol =0, n e =},
and construct the actions

Q190 =90 = 900510,, 0% 0@ - @ = O Q®’*IQ§?O

3.19)
on arbitrary but fixed pairs of elements (<p(0) ()\)7¢(0(,u)) € H§ x Ho, parametrized
by the set 3, where by definition, one needs that all obtained pairs (¢(©)(X), %) (u)),
A, 11 € 3, belong to HY AE) ( o) X HY AE) ( «)- Note also that related operator property

(3.17) can be compactly written down as follows:

1y = o) U Ato) = =R10)z) to)-
Construct now from the expressions (3.19) the following operator kernels from the Hilbert

space LY (2, R) @ LY (2, R):

(k) = QO = [ 9D 000, 5O r]| =

(ma)
E)S(t)

== [ eI [0, 4O upar] -
8s(ma)
(to)
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_ / dQ(ma—1) [w(o)(k),w(o)(ﬂ)dﬂ =
S e el
_ / 207 [p O (), 0 (u)dr].
SR GRS
and, similarly,
0% (1) - = [ a0, uyar] -
a5()
= [ ame T o0,y ar] -
05155
_ / aQm DT (3), 4O (u)ar| =
S(ma)( (ma 1)7 E;”;;X 1))
_ 2 DT [oO0), pOdr], (320
U o5 ol ™)

where \, € X, and by definition, m,,-dimensional surfaces Sim” ( (ma—=1) (m”_l))

() 19 (to)

and ") (aél’;a*l) 8")& 1)) C Gy, —1(M,) are spanned smoothly without self-

intersection between two homological cycles agt)“ o= asgg‘a) and U((tm)a D._

-:as(ma) € Cp.—1(M,,R) in such a way that the boundary 9(S (m“)( (ma—1)

(1) ’
8”)“_1)) u gme ( E:;“_l) ((Z:)C“ U)) = @. Since the integral operator expressions

Qto) Q To)’ LY (5, R) — LY (S, R) are at a fixed point to € M,, evidently, constant
and assumed to be invertible, for extending the actions given (3.19) on the whole Hilbert
space H (M) xH Q(M.,,) one can apply to them the classical constants variation ap-
proach, making use of the expressions (3.20). As a result, we obtain easily the following
Delsarte —Lions transmutation integral operator expressions

Qe =1- [ dp©dp()i(E O (6.1

IO

x / Z(ma) [w(o) (n), ] :

(ma); (ma—1) (ma-1)
i C S s S

(3.21)
P —1- [ dp(©dpm(c ol €
UxX3
x / 207 ] O ()]
S (g =D plma )

7 (o)
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for fixed pairs (¢ (), (n)) € H§ x Ho and (@ (N), PO (1) € Hs x Ho, A\, 1 €
€ X, being bounded invertible integral operators of Volterra type on the whole space
‘H x'H*. Applying the same arguments as in Section 1, one can show also that respectively
transformed sets of operators A; := Q1 A;Q5, j = 1,mq, and A} = QAP
k =1, mq, prove to be purely differential too. Thereby, one can formulate [4, 13, 14] the
following final theorem.

Theorem 3.4. The expressions (3.21) are bounded invertible Delsarte — Lions trans-
mutation integral operators of Volterra type onto HS (M,,) ><H?\(Ma)7 transforming, re-
spectively, given commuting sets of expressions A;, j = 1, m,, and their formally adjoint
ones A}, k = 1,my, into the pure differential sets of expressions Aj = QiAJQ;,
j =1, Mg, and A} = Q?AZQ?’_l, k = 1,mg. Moreover, the suitably constructed
closed subspaces Hy C H%(a)(Ma) and Hy C H?\(d)(Ma) such that the operators Q
and Q® € B(HY(M,)) depend strongly on the topological structure of the general-
ized cohomology groups H%(a)(Ma) and H?\( &) (M.,,), being parametrized by elements

S (05,075 ™) € Con, (Mo R
Some applications of the results obtained to multidimensional integrable nonlinear
differential systems on Riemannian manifolds we discuss in the next section.
4. An example: three-dimensional Davey — Stewartson type integrable differen-
tial system. Consider the generalized de Rham —Hodge theory for a commuting set .4 of
three differential expressions in a Hilbert space H (M,,), for the special case when the

Riemannian compactified manifold M := M2 x C® and

A= {AJ = ait +AJ(t,)\|8) tj c MQJ = [O,T]) C R+, ] Zm},
J

where, by definition, the integral submanifold of a suitable multidimensional differential

3
system & is M2 := X M, ; and
Jj=1

A —u A 0 f
0 0
= —1u A= = — 0 =X
Ay a1, + u g | A, oty + g |
-f* =g 0 =g 0
0

SO B A

2

o . Jg

A - g% _\2 * —J

3 atg—i—z g A +gg /\ngat2

Af*+ 9t Ag o5, 99 +ff

for some smooth functions f, f*, g, g*, u, u: M, — R and arbitrary “spectral” parameter
A € R. The scalar product in H3 (M,,) is given as

(,9) == A | dtlp v

for any pair (¢, 1) € HQ (M,) x HQ (M, ). Respectively, the Cartan connection mapping
da: A(M,E) — A(M, E) on M is given as
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9 0 8
0 0
AT I—
AT ATy dg A 5

It is easy to check that for all t € M2 C M the zero curvature condition d? := i’ d3 =
3 -
holds, where d,, := Z - dt; A Aj, and commutators [A;, Ag] = 0 for j, k = 1,3. The
]:

latter is equivalent to the following three-dimensional Davey — Stewartson type integrable
differential system & on the Riemannian manifold M:

_y ( Ou +2u(ff*+gg>

dts Ot10ts
di [ 9%*u . .

augmented with such a set of compatible differential relationships:

99 _ 39 0f dg* 99"
o, ot " e, T Ton
of _of af* _ofr  _ .,
at, o, 9 o, o, 9o
of _ of af* _ofr  _ .,
oty o, " T oy, M
ou ou
T fa”, o Iy,
offr) olffr) _10wu)  (90(gg") n d(g99")
Ots oty 2 Oty oty Ots ’
df _ 82f a
d * 82 *
djz;z_l(ﬁt]; + 2ff" —uu)f* — — ),

dg [ 0%g . B ou
dtz ‘ (atf ~ (299" +utt)g - ot” )’
dg* [ 0%g* . . Ou

In particular, this means, evidently, that the corresponding generalized co-chains of mod-
ules

E — A(M,, E) % AN (M., E) % . % Ame (M, E) &2 0,

E— A%(M,, E) %3 AV Mo, B) 55 .. %8 Ame (0, B) B3 0
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are de Rham complexes. It is easy to check that all Chern type characteristic invariants
X;(a), j € Z4, on the integral submanifold M, C M are trivial. Nonetheless, the Chern
character ch(F, M) of the suitable connection mapping da: A(M,E) — A(M, E) on
the whole Riemannian manifold M is nontrivial, giving rise to some sets of relationships,
describing moduli space [3, 16, 17] of the Hermitian linear fiber bundle F (M) over the
manifold M.

Based on relationships (3.6) and (3.18), proceed to constructing closed subspaces HO®
and Hy, making possible to construct suitable Delsarte — Lions transmutation operators:

Ho = {0 (A ) € B (o) (Ma):

(0)
M = A](t)d)(o)()\,n), Jj=13,
ot
O\, ) — Ua(n) € E,

(A1) € T x zg},
“.1)
Hi o= {0 m) € H (o) (Ma):

9! (A, 1)
’ AX ()@ (A =1
o, te™(Am), =13,
dOm)| =) € E,
=to

for some “spectral” set ¥, € CP~!. By means of subspaces (4.1) one can now proceed to
construction of Delsarte —Lions transmutation operators Q4: H% (M,) S HQ(M,) in

the general form like (3.21) with kernels Q) (A; €, 1) € LY (34, R) ® LY (£, R) for
every A € X, being defined as

Q) (X; €)= / Q“’”“‘”[tﬂ(o)(k;f),w(m()\m)dﬂ,

(ma—1)
(to)

QG (Xi&m) = / Q=D GO (x;€), (O (x;m)dr]

o(ma—1)

(tg)

forall (\;&,n) € XxX3. As aresult one gets for the corresponding product p := p, o psz
such integral expressions:

=1 [dp () [ dps, (©dps, (1)

b)) Yo XEs
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x / dr FONONL, (NEMFOT ) (),

(ma) (g (ma—1) (ma—1)
e C G RS

4.2)

QP =1 [dp ) [ dps, (©dps, (1)

3 Yo XYy
x / dr O T (N €am) x BOT (X (),

S(moc)( (mu 1)’ E:’;;y 1))
where S( “)( Et) 1) gn)‘* )ECma(Ma,R is some smooth m,-dimensional sur-

)
(ma—1) (ma—1
(

face spanned between two homological cycles o £ and T to) ) e K(M,) and

S(,m“)( Eg“ 1) E:T)C‘ ) € Cp,, (M4, R) is its smooth counterpart such that the bound-

ary 6(S+m“) (Ugr)l" 1) 8”;’71 ) U gme) (a((gl"*l) EZJZ)Q 1)>> = @. Concerning the
related results obtained above one can construct from (4.2) the corresponding factorized

Fredholm operators §2 and Q®: H (M,,) — HQ (M,,), as follows:
Q:=07'0 , 0®.=097'0%

It is also important to notice here that kernels K= (2) and K+ (Q®) € HQ(M,) ®
® HQ (M,,) satisfy exactly the generalized [14, 27, 28] determining equations in the fol-
lowing tensor form

(Ajext © 1)K (Q) = (LOA] ) K£(9),
(A et © EL(QP) = (104 0 ) K1 (29).

Since, evidently, supp K, (Q2) N suppK_(Q) = @ and supp K. (Q®) N
N supp K,(Q®) = &, one derives from results [14, 24, 25, 29] the corresponding
Gelfand — Levitan — Marchenko equations

Ko (Q) + B(Q)+K,(Q) - $(Q)=K_(Q),
K, (29) + $(Q9)+ K. (29) - $(2®)=K_(Q®),

where, by definition, 2 := 1+ &(Q2), Q® := 1+ &(Q®), which can be solved [30, 31]
in the space BZ (HY (M,,)) for kernels K+ () and K+ (Q®) € HQ(M,) @ H(M,,)
depending on t € M?2. Thereby, Delsarte —Lions transformed differential expressions
Aj: HY (M) — HR(M,), j = 1,3, will be, evidently, commuting to each other too,
satisfying the following differential relationships:

o0} 0 P
o+ LA, - (_i> o= L 44, (43)
where expressions for A; € L(HQ(M,)), 7 = 1,3, prove to be purely matrices. The
latter property makes it possible to construct nonlinear partial differential equations on
coefficients of differential expressions (4.3) and solve them by means of the standard pro-

cedures either of inverse spectral [32 —36] or the Darboux — Backlund [25, 37] transforms,
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producing a wide class of exact soliton like solutions. On these and related Chern type
differential invariants problems we will stay in detail elsewhere.

5. Conclusion. The study done above presents some of recent results devoted to
the development of a generalized de Rham —Hodge theory [1, 4, 14, 17, 19, 21, 22, 25]
and related differential-geometric aspects of Chern characteristic classes, concerning spe-
cial differential complexes with Cartan type connections, which give rise to effective an-
alytical tools of studying multidimensional integrable nonlinear differential systems of
M. Gromov type [7] on Riemannian manifolds. Some results on the structure of the
Delsarte — Lions transmutation operators are adapted for constructing effective transfor-
mations of Cartan type connections for multidimensional integrable Davey — Stewartson
type nonlinear differential system on a Riemannian manifold M, vanishing upon three-
dimensional integral submanifold M, C M. The results obtained can be used for study-
ing a wide class of exact special solutions to this differential systems, having applications
[1, 3, 4, 16, 30, 32, 38] at solving some problems of modern differential topology and
mathematical physics.
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