UDC 517.9
A. A. Martynyuk (Inst. Mech. Nat. Acad. Sci. Ukraine, Kyiv)

STABILITY ANALYSIS OF LARGE-SCALE
FUNCTIONAL DIFFERENTIAL SYSTEMS

AHAJII3 CTIMKOCTI BEJIMKOMA CIITABHHUX
OYHKHIOHAJIbHO-ITUO®EPEHIHIAJIBHUX CUCTEM

The present paper is focused on the new method of analysis of stability of solutions of large-scale
functional differential system via matrix-valued functional Liapunov — Krasovskii. The stability
conditions are based on information about dynamical behaviour of subsystems of the general system and
properties of the functions of interconnection between them.

3anpornoHoBaHO O/IUH HOBUiI METO/| aHAJIi3y CTIMKOCTI po3B’s13KiB BeJIMKOMACIITaOHOI (pyHKIliOHAJIb-
HO-/indpepeHIIia/IbHOI CHCTEMU Ha OCHOBI MaTpHYHO3HauYHOro pyHKIioHasa JIssmyHoBa — KpacoBchko-
ro. YMOBH CTifKOCTi I'PYHTYIOTHCS Ha AMHAMIYHIN MOBEIIHI MiICUCTEM 3arajbHOI CUCTEMH Ta BJIac-
THUBOCTAX (PYHKIIiH 3B’ 3Ky MiXK HUMHU.

1. Introduction. Stability of continuous systems of ordinary differential equations has
been studied by many authors for more that 100 years while stability investigation of
solutions to functional differential equations has been undertaken quite recently. It is
known (see, for example, [2, 12, 23]) that there are two global approaches of
qualitative investigation of the dynamical behavior of solutions to systems of this class.
One is the method of Liapunov — Razumikhin functions and the other is the method of
Liapunov — Krasovskii functionals. Each approach is being intensively developed and
new interesting results are obtained in both directions (see [1, 3 — 11, 13, 14, 22 — 24,
26]).

The method of matrix-valued Liapunov functions worked out for the last years in
qualitative stability theory of nonlinear systems (see [16, 17]) allows generalization
investigation of solutions to functional differential equations in the framework of both
of the approaches mentioned above.

In this paper, stability analysis of large-scale systems of functional differential
equations with finite delay via the matrix-valued functionals of Liapunov — Krasovskii
are considered. A new theorem on uniform asymptotic stability is established. These
results generalize some theorems in the stability theory of functional differential
equations via scalar Liapunov functionals obtained recently.

The results of this paper are arranged as follows.

We provide a statement the problem in Section 2 and provide necessary information
on functional differential equations and matrix-valued Liapunov — Krasovskii
functionals in Section 3.

In Section 4 we elaborate on the various types of qualitative properties (i.e.,
stability properties) of large-scale functional differential equations that we will
consider. In Section 5 we specialize the results of Section 4 for a class of functional
differential equations and proposes new forms of decomposition-aggregation of large-
scale systems of functional differential equations via the application of matrix-valued
functionals. This follows us to establish new sufficient stability conditions for the
systems of equations under consideration in terms of special matrices property of fixed
sign.

2. Statement the problem. For x € R", |-| denotes the Euclidean norm of x.
Let C=C([-71,0],R") be the space of continuous functions which map [-7, 0] into
R" andfor ¢ € C, ||@|| < sup_;<p<o| 9(0)|, Cy isaset ¢ € C for which ||¢|| < H,
and x,, as anelement of C, is defined by correlation x,(0) =x(r+90), —-1<0<0.

Throughout this paper we will use a seminorm |- |, on C with ||, < || ¢]| for

all pe C.
We consider the large-scale systems described by functional differential equations

© A.A.MARTYNYUK, 2007
382 ISSN 1027-3190. Ykp. mam. xyph., 2007, m. 59, N° 3



STABILITY ANALYSIS OF LARGE-SCALE FUNCTIONAL DIFFERENTIAL SYSTEMS 383

dx
m =f(t,x), x, = @eC, 1,20, 2.1

where fe C(R,XC,R"), xe C([ty—1,~],R"), and x,e C. In (2.1), dx/dt
denotes the right-hand derivative of x at x e R,. We suppose that for every ¢ € C
and for every 7, >0, system (2.1) possesses a unique solution x,(7y, @) with x, =¢
and we denote by x(¢) =x(¢; 1y, @) the value of x,(,, @) at ¢ (for details see [2]).

Let the system (2.1) be decomposed into m interconnected subsystems described
by the equations

dx'
dt

= ]Ci(t,xf) + gl-(t, xll,...,x;"), (2.2)

where iel, ={1,2,..,m}, Zﬁlni =n, f;€ C(R+><CHl_,R""), and g; e
€ C(R, XCy.R"), Cy=Cp x...xCp . ie, Cy isasetof g C for which
||o'|| < H;, iel,. When g;(t,x)=0 forall iel,, from (2.2) we obtain the
isolated subsystems

dx'

dt
We also assume that f(z,0,...,0)=0, f;(£,0)=0, and g;(#,0,...,0)=0 forall
iel

> SO that x=0 (xi =0) are the solutions of (2.1) or (2.) respectively.
3. Auxiliary results. We will need some notions which we present now.
Definition 3.1. The functional U (t,¢) = [v;(t.)]. i.j = 1,2,....m,

continuous and defined on R, X Cy which together with the upper right Dini

= flt.x), x e0peCy, 1,20. (23)

derivative of V(t,9,n)=n"U(t, oM, M € R, defined by
D'V, ¢, M| 21y =
= limsup{[ V(t + B, x,,,(t9. ©). M) = V(& x,(tp. 0. W]t h >0}, (3.1)

solves the problem of stability of solution x = 0, is called Liapunov matrix-valued
functional.

Definition 3.2. The function w: [0, o) — [0, ), w(0) =0, w(r) strictly
increasing with w(0) =0 and w(r) > o for r — +oo, is called a wedge
function (for short we will use w e W).

Definition 3.3. The zero solution of (2.1) is

i) stable if for each € > 0 there exists & =8 (1), €) such that [(ty, Q) €
€ R XCy, |0l<8, 121y] implies |x(1; 15, 9)| <€ forall t2>1,;

i) uniformly stable if it is stable and if in the Definition 2.3(a) the value & does
not depend on ty;

iii) asymptotically stable (AS) if it is stable and for any ty =0 there exists A >
>0 such that [(1,@)€ R, X Cy, Q|| <A, t21y] implies |x(t; 1y, 9)| = 0 for
t = +o0;

1v) uniformly asymptotically stable (UAS) if it is uniformly stable and there exists
8* >0 such that for each € >0 there exists T >0 such that [ (ty, ®)€ R, X Cy,
loll<8", to=0] implies |x(t; ty, 9)| <€ forall t=1t,+T.

ISSN 1027-3190. Ykp. mam. xypH., 2007, m. 59, N° 3



384 A. A. MARTYNYUK

4. Stability of large-scale system. It is known that the problem of constructing
appropriate Liapunov — Krasovskii functionals which solve the stability problem of
solution x = 0 of system (2.1) is a central one in the direct Liapunov method for
functional differential equations (2.1). The application of matrix-valued functionals
allows one to extend the class of admissible components for construction of the
appropriate Liapunov — Krasovskii functional.

Further we shall investigate systems of connected equations (2.2) and independent
subsystems (2.3) in the framework of general methodology of qualitative analysis of
large-scale systems motion.

4.1. Approach A,. This approach is based on the system of conditions below.

Assumption 4.1. There exist functionals

v(t, 0'): Ry X Cy > R, and vy(t,¢',¢7): R, X Cy X Cy, = R,

wedge functions Wy, W,, Wy € W-class and constants Zzl-j, bl-j, 5ij, Lj=12,..
....m, and 0< K; < H such that

D@ wi(|e'O)]) < v 0h) < Eiiﬂ}ié(‘(?i
o) e R, % Cg., i=1,2,....m

for all (1,
)

o =2 (o
T) + CiiWi3(H(P

2) 51’,‘Wil(‘(Pi(O)‘)le(‘(Pj(O)‘) < vt 0l @)) < l;ijﬂ’iz(‘(Pi L )sz(‘(Pj ‘T) +
‘(pi“)wj3(“(pj H) forall (t,¢', ¢))e R, X Ck, % Ck,» i#j€ L.

+ Cij Wi3(

The following assertion holds true.
Proposition 4.1. If all conditions of Assumption 4.1 are satisfied, then in the
domain of values (t, @) R, X Cg for the functional

v, o,m) =n'U@ oM, me R, M >0, (4.1)
the bilateral inequality
W (1o ) H" AHW (|0(0)]) < V(1,9,1) <
< Wy (ol )H" BHWy (|0l ) + wi (o) H" CHws(| o) 4.2)
is fulfilled for all (t, 9)e R, X Cy, where

W (1o]) = (Wy(|¢'©

Jowes ([ @7 O] ).

)
(s 0" ) sl @™ [)-

A=la;) ay=ay B=[bl b= by

(wn(‘(pl L ) sz(‘(p’"

w3 (lol;)

w3 ([loll)

C=1[¢] & =2¢. H=dagn,...n,l
CK = C’K1 X CK2 X ... X CKm

Proposition 4.1 is proved by direct substitution by estimates 1), 2) of Assumption
4.1 in the expression of functional

V(t’ (p7 n) = znln]l)z](t’)

ij=1

with subsequent simple transformations.
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Assumption 4.2. There exist functionals v;;(t, (pi), i=1,2,...,m, and v,»j(t,
o, o)), i #je I,, mentioned in Assumption 4.1 which are locally Lipschitzian in
(pi and ((pi, (pj) respectively, wedge functions wy, @ = 1, 2,...,m, and
continuous positive function d;(t), dk,-j(t): R,—R,, k=1,2,3,i,j=1,2,...,m,
i #j, such that

D D vt 00| 3y < dywi([0'] ) forall (1,91 e Ry x Cy;

. . m . .
2) D1, 9")| 22y — D vt @) (23 < ; dyjj WM(‘(PZ L)Wﬂ(‘({)] ‘T)

i#]

forall (t,¢'¢/)e R, X Cg, X Cx., %]

J

3) D'yt 9", 97) 22) < Wi24(‘("i )=

= Zd%J 14(“"‘ il o/ ! )+ dyjj Wiy (“p‘ il o/ : ) + ds (| ! , )

i=1
z:t] i#j

forall (t,0' ¢/)e R, X Ck, X CKj, i#].
Proposition 4.2. If all conditions of Assumption 4.2 are satisfied, then

DT V(0] 22) < Wa(lol ) Dia(lol:) (43)
forall (t,9)e R, X Cg, Cx= Cg x Cg, Xx...x Cg , where

wa(lol;) = (Wm(\‘P i ) '"4(“" ))T

D(t) = [d;0)]. dj=dy. ij=12,.

d. (1) = 0} dy; + 22 0y +ds), i=1,2....m,
=
j>i

] m m ) .
dij(t) = 5n,.z(dh.j(r)+arlji(z))+ ;| D i+ Y, ds (@ |, (£ e,
s=1 s=1

S#J s;j

Proof. Estimate (4.3) is obtained by direct substitution by estimates 1) — 3) from
Assumption 4.2 in the expression

D'V(t,¢,m) = n' D*UEL @M, me R,

where D' U(t, ¢) is computed component-wise along solutions of subsystems (2.3)
and (2.2) respectively.
Estimates (4.2), (4.3) and Theorem 4.1 of the paper [15] enable us to establish new

stability conditions for the solution x =0 of system (2.1) as follows.
Theorem 4.1. Assume that for system (2.1) the functional U(t, @), is
constructed for the components of which all estimates of Assumption 4.1 are fulfilled

and for the upper right derivatives D+v,~j(t, -) estimates 1) — 3) of Assumption 4.2
are fulfilled, and moreover
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a) in estimates (4.2) matrices A = H'AH, B = H'BH and C = H'CH
are positive definite;

b) there exist ry < min; K; such that A, (A)w,(r) = Ly (C)ws(r) > 0 for all
re (0, ry), where wy, wy are the wedge functions such that wy(r) < szlT(r)szl(r),

wy(r) 2 vT/3T(r)vT/3(r) forany re (0, ry).
Then the zero solution of system (2.1) is

1
a) uniformly stable, if the constant matrix D p 2 E(DT(I) + D(t)) in inequality
(4.3) is negative semidefinite;

b) uniformly asymptotically stable if the matrix Djy; mentioned in condition a)
is negative definite.

Proof. Under condition a) of Theorem 4.1 estimate (4.2) implies that the
functional (4.1) is positive definite and decreasing and the upper right derivative of the
functional V(#, @, ) satisfies the condition

D*V(t,9. )| oy <0 forall (1,¢)e R, x Ck.

Therefore all conditions of Theorem 4.1(2) of the paper [15] are satisfied and the zero
solution of system (2.1) is uniformly stable. Assertion b) of this theorem is proved in
the same way in view of Theorem 4.1(3) of the same paper [15].

4.2. Approach A,. System of conditions of Assumption 4.2 outlines a general
approach to stability analysis of zero solution of system (2.1). The essence of this
approach is that stability conditions of zero solution of system (2.1) are established
based on the analysis of dynamical properties of independent subsystems (4.3) and
qualitative estimates of interconnection functions between them. Below the other
system of conditions is presented under which stability of system (2.1) can be studied
in the framework of this approach.

Assumption 4.3. There exist functionals v;;(t,¢') and ul-j(t,(p’, 0’),
mentioned in Assumption 4.1 wedge functions w;y, i =1, 2,...,m, and constants

dy;, dij, k=1,2,i,j=1,2,...,m, such that

) Doyt )| o3 < dliwi24(‘q)i L) forall (1,9")e R, x Cg;

m . .
2) 2 N4 D v, (Pl)‘ (22) = D vt (Pl)‘ 23 *
i=1

+ Zinj(D+vzj(ts (Pi’(Pj)(z.z))} = Zdzifvﬁ;(\(vi T) +
= i=1

J#I
+ zid,.j wia(| 0] )wja(|@’]) forall (9% @) e Ryx Cx, x Cy,.
=
ji

Remark 4.1. In some cases condition 2) from Assumption 4.3 allows one to
estimate more precisely the effect of the interconnection functions gi(t, xll yeres xtm ), i=

=1,2,...,m, onthe whole system dynamics.
Proposition 4.3. If all conditions of Assumption 4.3 are satisfied, then
D V(9,0 22y £ Wi (l0] )Ew(0l;) “4.4)
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forall (t,¢)e R, x Ck, where Wwy(|@|,) is determined as in Proposition 4.2
E = [sij], & = &> i,j=12,...,m,

g, =dj+dy;, i=12,....,m,
1 .
Eij = idlj’ 1 # ], (l,‘])e Im'

This proposition is proved in the same way as Proposition 4.2.

Theorem 4.2. Assume that for system (2.2) the matrix-valued functional U (t, @)
is constructed for which all estimates of Assumption 4.1 are fulfilled and for the
upper right derivatives D +vij(z, -) estimates of Assumption 4.3 and conditions a),
b) of Theorem 4.1 are satisfied. Then the zero solution of system (2.1) is

a) uniformly stable, if the matrix E in estimate (4.4) is negative semidefinite;
b) uniformly asymptotically stable, if the matrix E in estimate (4.4) is negative
definite.

The proof of Theorem 4.2 is omitted, since it is similar to the proof of
Theorem 4.1.

4.3. Approach B;. In distinction to the system of conditions from Assumptions
4.2 and 4.3, which is the basis for Theorem 4.2 we shall indicate the approach of
establishing stability conditions for zero solution of system (2.1), in which the
interacting subsystem is not divided into free subsystem and interconnection functions.
Besides some restrictions are imposed simultaneously on all interacting sub-
systems (2.1).

Assumption 4.4. There exist functionals vii(t,(pi) and vl-j(t,(pi, q)j ),
mentioned in Assumption 4.1, wedge functions Ww;4, and bounded on any finite
interval functions (1), By (1), B3;(), By;j(1), k=1,2,3, (i # j)e€l,, such
that

D) Dot ¢)| 23) < Bu(f)ﬁ’izzt(‘(Pi ‘T) + if’w(f)ﬂ’m(@i ‘t)wﬂ(‘(l)j ‘T)
=
j#i

forall (t,(pi,(pj)eR+><CKixCKi, i=1,2,...,m

J

+ iﬁzy(l)wm(q’i ‘T )VT’/'4(‘(Pj ‘T ) +
=

i#j

2) D+U,j(f,(Pi,(Pj)‘(2,z) < le'(t)wizzx(‘([)i

m
+ X By (|0 | )|/ ) + B iy(|o'| ) forall (1, 0% ¢)) e R, x
j=1
i#j
X Cg, % Cy,s (i#])€ 1.
Proposition 4.4. If all conditions of Assumption 4.4 are satisfied, then

DVt 0, 22y < Wi (l@l )0 ws(l0l,) 4.5)
forall (t,9)e R, x Cg. Here the elements of matrix 0(t) = [Gij(t)], Gl-j = 9]-,- for
all (i,j)e I,, are determined as:
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0,,(1) = M By + 2> i, (Boi()+B3;(), i=1,2....m,
j=2

J>i

1 m m . .
0(1) = 21 By (@) + mimy| X Boy () + X Byy(0) | (i#))e L,
i=1 j=1
i#]j j#i
The proof of this assertion is similar to those of Propositions 4.2 and 4.3 and so are
omitted here.
Theorem 4.3. Assume that for system (2.1) the matrix-valued functional U(t,
¢ ), is constructed for components of which all conditions of Assumption 4.1 are
fulfilled and for the upper derivatives D+Uij(t, -) estimates of Assumption 4.4 are

satisfied as well as conditions a) and b) from Theorem 4.1.
Then the zero solution of system (2.1):

a) uniformly stable, if the constant m X m-matrix 0,5 = %(GT(I)+6(I)) in

estimate (4.5) is negative semidefinite;

b) uniformly asymptotically stable, if the matrix ©,;, mentioned in condition a)
is negative definite.

The proof of this theorem is similar to that of Theorem 4.2.

4.4. Approach B,. This approach is based on the following system of
conditions.

Assumption 4.5. There exist functionals v; (1, 9') and v,;;(t, @', ¢J) for (i #
#j)e I,, mentioned in Assumption 4.1, wedge functions W;, and constants B;;,
i=1,2,....,m, Bij, (i#j)e I,, suchthat

s

) m—1 m ) )
nlz(D+vii(t’ (Pl))‘(z.z) + 22 Z‘éﬂm/(DJrUij(f, (Pl,(P]))‘(z.z) <
1 i-1 J=
Jj>i

1

< ZBiiwizzt(‘(Pi

i=

o
i=1 j=2

J>i

B ﬂ’i4(‘(\°i ‘T )WJ"‘(‘(pj ‘1:)

m—1 m

—_
—

forall (t,¢%, ¢/)e R, x Ck, X CKj.
Similarly to the above proposition the following assertion takes place.
Proposition 4.5. If all conditions of Assumption 4.5 are satisfied, then

D'Vt @, 22y < Wi(l0l )Py(l0]) (4.6)
forall (t,¢)e R, xCg, where the matrix P =[p;;l. Pij=Pji forall (i,j)el,,
has the elements

. 1 -
pij = B”, i=1,2,...,m Pij = EBU» (i#))e Ly,

The following result establishes stability conditions for zero solution of (2.1).
Theorem 4.4. Assume that for interacting subsystems (2.2) the matrix-valued
functional U(t, ©), is constructed, for the components of which all conditions of

Assumption 4.1 are satisfied and for the upper derivatives D+v,- j(t,+) the estimates
of Assumption 4.5 are fulfilled as well as conditions a) and b) from Theorem 4.1.
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Then the zero solution of system (2.1) is

a) uniformly stable if the matrix P in the inequality (4.6) is negative
semidefinite;

b) uniformly asymptotically stable if the matrix P in the inequality (4.6) is
negative definite.

The proof of this theorem is similar to that of Theorem 3.1.

Remark 4.2. Theorems 4.1 — 4.4 given a series of corollaries. Below a corollary
of Theorem 4.1, is presented being of importance in the next section.

Corollary 4.1. Assume that for system (2.2) the matrix-valued functional U (t,
©) be constructed such that the functional U(t, @, M) is continuous on R, X Ckg,
and locally Lipschitzian in ¢ and

i) W (O )A#(19O)]) < V(L. o. )< W) (o) By ([@]). where A, B
are constant m X m matrices and Wy, W, are wedge functions;
i) DYV o) 0y < -WI(|0O)])Dns(|9(0)]) for all (1, 0)€ R, x Ck,

where D is a constant m X m matrix;
iii) Au(4)>0, Ay(B)>0, Ly (D) >0.

Then the zero solution of system (2.2) is uniformly asymptotically stable.

5. Applications. Consider a linear delay system consisting of two interconnected
subsystems. To analyse stability of its zero solution we shall apply Approach A;. Let
the system be of the form

fCl = Alxl(t) + B]Xz(t) + Clxl(t—‘l?) + D1XQ(I—’E), (5 1)
% = Awxi (1) + Boxa(t) + Coxy (t=1) + Daxa(1=1), '

where T >0, X1 € le, Xy € Rmz, miy+my=n, A;, B;, C;, D;, i =1, 2, are
constant matrices of the corresponding dimensions.
Independent subsystems of system (5.1) are

X = Apx (1) + Crx(t-1),
5.2)
).C2 = Byxp(t) + Dryxo(t—7).

For system (5.2) we construct the matrix-valued functional U(¢, @) with the
elements

0
vt = x (OB x (1) + leT(t+s)R]x1(t+s)ds,

-1

0

vy = X3 (1) Py xy(1) + jx{(z+s)P22x2(z+s)ds, (5.3)
-7
0

via = x (P xo(1) + Jx]T(t+s)sz2(t+s)ds,

-1

which satisfy estimates characteristic for the quadratic forms
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0
MBI OF + [ X, (R 5+ 9 ds < vii (s, 1)

<
-1
0
2 2
< M BDIHOF + [ Ay (B|x e+ 5)f ds,
0
DB (OF + [ A, (P (1 +5) P ds < v3a(1, 92) <
-1
0
< APl OF + [ Ay (B xy+ 5)f ds, (5.4)
-
0
= Wit (P B x| xa0] = [N (B B) it + )| xp(r + 5)|ds <

-1

< vin(t 01, 92) < Ayy(Ba B) (D[l o ()] +

0
+ [ Maa(Ro BE) 3yt 4 5) [ xpt + ) |ds.

=T

Here Py, Pi» are symmetric positive definite matrices and Py is a constant matrix.
It is easy to verify that for the functional

Vi,x,m) =0 U xs)m, n = (1,17 (5.5)
the bilateral estimate
0
ul (YHT AHuy(r) + ju({(Hs)HTAHuO(zH)ds < V(t,xm) <
-7
0
< uj (VH BHug(t) + [ug(t+s)H" BHug(t + 5)ds (5.6)
-1
is valid, where

up (1) = ([ O.x30),  ug+s) = (xf ¢+, +59),

H' = H = diag(1,1),

P U G G Y
—XIA//IZ(PuPlg) A (Pry) ’

B_( Ay (R W(HZ%)J

7“111//12(1)12 Plg) Ay (Pry)
It follows from estimate (5.6) that for functional (5.5) to be positive definite it is
sufficient that the matrix H'AH to be positive definite.

For the upper right derivative of functional (5.5) along solutions of system (5.1) one
can easily obtain the estimate

D* V(1 x(s))| s S u'Gu (5.7)

where the following notations are used
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u = (@) uy ),
o [xM(C)+2xM(F) A2 (kKT) ]
W2k kT dopy (D) + 203y (L) )
where
(Am(ATR+RA+R) NP[RCOERC) ]
) ( N[ Bico® e Ay (=P ]

[kM(BzT Py + Py By +P22) 73/\/42[(})22 D,)(Py, Dz)T]]

Nof [ (Py Dy)(Pry D))" | Ay (= Py)
1
Ay (Ba Ay) EX‘A;z((azcz)(mCﬂT)
F =
1 9
SN (R (P2 C)) 0

. { }\41/(/]2(QQT) kl,(,,z(YYT)]

NZowwT) 0
) hu (B Ba) N (R D)(RE 1)’
Nz ((RE D) (A5 D)) 0 ’

Q = P\ \B, + A P + Al By + P13B,,
Y = PllDl + P12D2,

W= C Py + G Ry

Estimates (5.6) and (5.7) yield stability criterion for the state x = 0 of system (5.1)
formulated below.

Theorem 5.1. Assume that for system (5.1) the matrix-valued functional U(t, @)
is constructed with components (5.3). If in estimate (5.6) the matrices A and B
are positive definite and in estimate (5.7) the matrix G is negative definite then the
zero solution of system (5.1) is uniformly asymptotically stable.

The proof of this theorem follows from Theorem 4.1.

Remark 5.1. 1t is easy to show that conditions of Theorem 5.1 are fulfilled
provided that

a) Ay (Py)Am(Py) > )\'M(PiZ Plg)
b) An(C) + 204 (F) < O,
¢) Ay(D) + 2Ay(L) < 0,

&) (Mi(C) + 2(F) (Au(D) + 2hu(L)) > Myg(KK™).
Further, to study system (5.1) we apply Approach B, and the functional U(@)

with the elements (5.3). Let n € Rf, n =, l)T. Then, in the framework of this
approach one need to study sign-definiteness of the upper right derivative

D" V(x, n)‘(s,n = D+Uu(x1)‘(5.2) + D+U22(x2)‘(5.2) +

+ 2D+ U12(x1,x2)‘(5.1). (58)
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Having accomplished simple transformations in the expression (5.8) we get the
estimate

D' V(x,n)| 51y < u'Su, (5.9)

where u” = (Juy |,|u,|) and

>

)-

.X2(t - T)

>

xt-1), wl = (|50
( A0 73,(42(KKT)J
7\,1]1/,[2(KKT) }\11](42(D)
(Cll Clz] (du dlzJ (kll k12]
C = . D = R K = R
15} B S)) dyy  dy kyy  ky

T T
e = A‘M(Al Ri+RiA+ R4+ 4 EZ"'PH)’

>

w o= (|x0)

a1 = e = Mt (R G+ P B)(R, G+ Ry G)F),
¢ = Ay(=Pypy);
dy = KM(Bszzz + Py By + B By + P B +P22)’
dyy = dpp = xlz(dz((Pzz D, + Ry Dy)(Py D, + By DI)T)’
dyy = Au(=Py);

1/2 T T 1
kiy = Ay ((PIIBI +A Py +A Ry + Ry By +§P12) X

1 T

X (PllBl + A3 Py + APy + Ry By +§P12) )
1/2 T

kiy = Myt (R Dy + By D)(B Dy + Ry D)),
1/2 r

ko = M (P G+ By (P G + Ry O)F),

Lh1/2 T
kyy = EKM (P2 B3)-

Estimates (4.6) and (5.9) provide the following result.

Theorem 5.2. Assume that for system (5.1) the matrix-valued functional U(@)
is constructed with components (5.3). If in estimate (5.4) the matrices A and B
are positive definite and in estimate (5.9) the matrix S is negative definite, then the
zero solution of system (5.1) is uniformly asymptotically stable.

Remark 5.2. 1t is easy to verify that conditions of Theorem 5.2 are satisfied
provided that

a) Ma(Py)Am(Py) > Ay (Ra B),
b) Ay(C) < 0,

c) A\y(D) < 0,
d) M(C)A(D) > My(KK").

6. Bibliographical comments. The intensive investigation of functional
differential equations is motivated by many problem from mechanics, biology,
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elasticity, replicator dynamics, viscoelasticity, electricity, reactor dynamics, heat flow,
chemical oscillations, and neural networks. The books [1, 2, 11, 21] and papers [3, 13,
20, 22] are wonderful source of the problems in the direction.

In Section 2 we present some auxiliary results. It is based on some known results
[2, 12, 27].

In the Section 3 we used some results from [15, 18, 19].

Many authors try to find effective approaches to construction of Liapunov
functionals (see [4 — 7, 9, 24, 25]). However the problem is, in general, open.

The approaches presented in this paper are aimed at solving the problem of stability
of the zero solution of large-scale systems functional differential equations. These
approaches have a considerable potential for further development and applications.

First, we note that insignificant modification of the conditions of Theorem 4.1
allows us to establish a new boundedness conditions for motions in functional
differential systems with finite delay by further development of results of the papers [8,
10]. Also note that the proposed approach enables us to determine the stabilizing
(destabilizing) role of delay, since it admits the existence of both stable and unstable
subsystems in the initial system.

Second, the approach developed in this paper make it possible to apply efficiently
some general results (see, for example, [3, 9, 12]) on stability of solutions to large-scale
functional differential equations which contain functionals satisfying estimates of the

type
wi(|90)]) < v(t,9) < wy(l9]) (6.1)

or its generalizations, for example, in the form

wi(l9O)]) < v(1,0) < wylol) + wi(lell-l,, ). (6.2)

where || 1, is the norm in space L, and w;(-) is the comparison function of class
K(KR). We weaken conditions (6.1) or (6.2) by expansion of the set of components
vij, appropriate for construction of suitable functional. Some possibilities of the
proposed technique of stability analysis is applicable to quasilinear equations which
remain an urgent object of investigations, including estimates of stability domains in
parameter space.
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