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THE SPECTRAL THEORY
AND THE WIENER -1TO DECOMPOSITION
FOR THE IMAGE OF A JACOBI FIELD*

CIIEKTPAJIBHA TEOPIA TA PO3KJIA/Ll BIHEPA -1TO
JIAA 30bPAZKEHHS 110JIA AKOBI

Assume that KT : H_ — T_ is a bounded operator, where H_ and T_ are Hilbert spaces and p is a measure
on the space H_. Denote by px the image of the measure p under K. This paper aims to study the measure
pK assuming p to be the spectral measure of a Jacobi field. We obtain a family of operators whose spectral
measure equals pg . We also obtain an analogue of the Wiener —Itd decomposition for p i . Finally, we illustrate
the results obtained by carrying out the explicit calculations for the case, where p is a Lévy noise measure.

Hpunyctumo, mo K+: H_ — T_ e obmexenum onepaTopom, ie H_ Ta T — rins6epTosi npoctopy, i
 — Mipa Ha npocTopi H_ . Ilo3Haunmo yepe3 px 306paxenns Mipu p mia gieo K +. MeTtoro uiei po6otu €
BUBYEHHsI MipH p i 32 IPHIYILEHHS, 10 P € CIIEKTPaJIbHOIO MipoIo 1oJist Sko6i. OTpumaHo cimM’1o onepaTopis
i3 CHEK TPaJIbHOIO MipOI0, PIBHOIO P ¢ , @ TAKOK aHaJI0T po3KJiany Binepa—ITo nns p . Onepzkani pe3yJibTaTi
MPOiIIOCTPOBAHO ABHUMH PO3paxyHKaMH [JIs1 BUIAAKY, KOJIH p g € Mipolo mrymy Jlesi.

1. Introduction. Consider a real separable Hilbert space H and a rigging
H_S>H>DH,

with the pairing (-, -) . We assume the embedding H, — H to be a Hilbert—Schmidt
operator.
Consider another real separable Hilbert space 1" and a rigging

T_>T>Ty

with the pairing (-, -)r. Given a bounded operator K : T — H, define the operator
K*: H_ — T_ via the formula

(KY€, f)r = (&, Kf)n, €€H_, feTs.

Let p be a Borel probability measure on the space H_. We denote by px the image of the
measure p under the mapping K . This paper aims to study the measure pg assuming
p to be the spectral measure of a Jacobi field J = (J(4))gecn .- In particular, we want
to explain the Wiener—1It6 decomposition for px exploiting the operator theory point
of view. Our approach is based on the well-known connection between Jacobi matrices
and orthogonal polynomials and the infinite-dimensional version of this connection. The
principal examples will be described below.

De facto, this paper develops the ideas of [22]. The assumption of the density of
Ran(K) played a crucial role in [22]. This prevented the results from covering an im-
portant case of a Lévy noise measure. In the present paper, we show how to develop the
theory without assuming the density of Ran(K). The construction here is much more
general, and it allows to study more complicated phenomena. In particular, it describes
the Lévy noise measure as detailed below.

By definition, a Jacobi field J = (J(¢))gen . is a family of commuting selfadjoint
three-diagonal operators J (¢) acting in the Fock space
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F(H) =@ Fu(H),  Fu(H)=HZ"

(we suppose Hgo = (). The operators J(¢) are assumed to depend on the indexing
parameter ¢ € H, linearly and continuously. In Section 2 of the present paper, we
adduce the rigorous definition and the basic spectral theory of a Jacobi field. More details
can be found in, e.g., [1 —4]. Remark that the concept of a Jacobi field is relatively new,
therefore the definitions given in different papers may differ in minor details.

Jacobi fields are actively used in non-Gaussian white noise analysis and theory of
stochastic processes, see [2, 4—13]. In the case of a finite-dimensional H, the theory of
Jacobi fields is closely related to some results in [14—17].

The most principal examples of spectral measures of Jacobi fields are the the Gaussian
measure and the Poisson measure. The Jacobi field with the Gaussian spectral measure
is the classical free field in quantum field theory, see, e.g., [2, 3, 5, 18]. The Jacobi
field with the Poisson spectral measure is the so-called Poisson field (de facto, it has been
independently discovered in [19, 20]). Section 4 of the present paper contains the rigorous
definition of the Poisson field. More details can be found in, e.g., [2, 3, 5, 6].

For other examples of spectral measures of Jacobi fields, see [2, 4].

In Section 3 of the present paper, for a given operator /' and a given Jacobi field J,
we construct a Fock-type space

FOUTy, K) = @f§Xt(T+7K)

n=0

and a family Jx = (jK(f)>f€T+ of operators in F°** (T, K) pursuing the three follow-
ing goals:

1. To show that pg is the spectral measure of the family Jx .

2. To show that the Fourier transform corresponding to the generalized joint eigen-
vector expansion of Jx coincides with the generalized Wiener — It6 — Segal transform as-
sociated with pg.

3. To obtain an analogue of the Wiener —Itd orthogonal decomposition for px em-
ploying the generalized Wiener — [t — Segal transform associated with py .

The family Jx can no longer appear as a Jacobi field. Basically, in order to introduce
it and reach our destination, we need to extend the concept of a Jacobi field. The relation
between Jx and the original J will become clear from the definitions given below.

Several versions of the third goal for concrete examples of the measure px were
considered over the last decade. Different approaches were utilized. A collection of ref-
erences will be given later. To a large extent, this paper is intended to give an operator
theory approach to the problem within a rather general setting. We expect that our con-
struction will be useful in explaining the complicated technical results obtained by other
methods. It is also hopeful that it will be used for generalizations and extensions of the
concrete classical theories. Of course, our construction allows to deal with a wider class
of measures than those investigated in this context before.

We will now recall the classical concepts of the Wiener — [td — Segal transform and the
Wiener —It6 decomposition briefly. More details can be found in, e.g., [18] or [21].
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746 Yu. M. BEREZANSKY, A. D. PULEMYOTOV

Let ~y stand for the Gaussian measure on H_. Let P,, stand for the set of all continuous
polynomials on H_ with their degree less than or equal to n. Denote by P,, the closure
of P, in L?(H _, d). The Wiener - It6 - Segal transform

1
Fally) 3 @ o 120 = <= Prp op, (& Bu)i € LA(H- dy), n € Ly
' (1.1)

(we suppose P_; = {0} and preserve the notation (-, -) 7 for the pairing between F,, (H )
and F,,(H_)) can be extended to a unitary operator acting from F(H) to L*(H_, d).
The unitarity of I implies

LA(H -, d7) = ) (Po © Put ) = @ I(Fu(H).
n=0 n=0

This formula constitutes the Wiener —It6 orthogonal decomposition for the Gaussian mea-

sure. It is a powerful technical tool for carrying out the calculations in the space

L?(H_,dv). Remark that analogous results are possible to obtain considering the Poisson

measure instead of the Gaussian measure .

The Fourier transform corresponding to the generalized joint eigenvector expansion of
the classical free field coincides with the Wiener — Itd — Segal transform 7. An analogous
result is possible to obtain for the Poisson field. These facts give the basis for investigating
the concept of the Wiener—It6 decomposition from the viewpoint of spectral theory of
Jacobi fields.

The operator I can be represented as a sum of operators of multiple stochastic integra-
tion. An analogous result is possible to obtain considering the Poisson measure instead of
the Gaussian measure .

Our generalization of the classical picture is as follows. Let Q,, stand for the set
of all continuous polynomials on 7_ with their degree less than or equal to n. Denote
by Q, the closure of Q,, in L?(T_,dpx). We suppose Q_1; = {0} and preserve the
notation (-,-)7 for the pairing between F,,(7) and F,,(7-). One may introduce the
generalized Wiener — 10 — Segal transform I ¢ : F,,(T+) — L*(T_, dpk ) associated with
the measure py by the formula analogous to (1.1). Of course, now Q,, has to appear in the
place of 75n and the pairing used must be (-, -)7. But, in general, I cannot be extended
to a unitary operator acting from F (7)) to L2(T_, dp).

We construct the space F***(T',, K) so that I ¢ could be extended to a unitary oper-
ator acting from F(T,, K) to L?(T_, dpx ). The orthogonal component F=<*(T'y , K)
has to be constructed as the completion of F,,(7%.) with respect to a new scalar product
(') Fext(1, i) Clearly, the scalar product (-, -) zext (1, ) should satisfy the equality

(Fry Gn) Fext(ry k) = Uk Frs IKGR) 127 dpg)s Fry G € Fn(T4).

Basically, the problem of constructing the space F°**(T',, K) consists in identifying the
scalar product (-, -) zext (7, i) explicitly.

If the range Ran(K) is dense in H, and .J is the classical free field or the Poisson
field, then the scalar product (-, -) zext (7, k) satisfies the equality

(F717 Gn)]—'gxt(T+,K) = (K®nFna K@mGn)]—'n(H); Fna G, € fn(T—&-)

This case has undergone a detailed study in [22]. In the general case we are considering,
the scalar product (-, -) zext (7, x) has a much more complicated form.

ISSN 1027-3190. Ykp. mam. xypH., 2007, m.59, N° 6



THE SPECTRAL THEORY AND THE WIENER — ITO DECOMPOSITION FOR THE IMAGE ... 747

In order to construct the family Jx, we introduce an isometric operator A: F<(T', |
K) — F(H). The set Ran(A) is invariant with respect to the operators J (K f), f € T..
We define Jx (f) via the formula

Jk(f)=ATVI(Kf)A,  feT,.

Importantly, this family is no longer a Jacobi field (at least, in general). If the range
Ran(K) is dense in H; and J is the classical free field or the Poisson field, then the
operator A satisfies the equality

e
n=0

(we suppose K®Y = Idc.) In the general case we are considering, A has a much more
complicated form.
The unitarity of Ix implies

AT dpic) = €D (90 © Qu-r ) = @ I (FX(T4 K)).
n=0 n=0

This formula constitutes an analogue of the Wiener — Itd orthogonal decomposition for the
measure p . It discovers the Fock-type structure of the space L?(T_, dpy ) and enables
one to carry out the calculations in L?(T_, dpx ).

As mentioned above, the Wiener —It6 — Segal transform I can be represented as a sum
of operators of multiple stochastic integration. Presumably, an analogous representation
is possible to obtain for the generalized Wiener —Itd — Segal transform [ . However, we
do not concern ourselves with this problem in the present paper.

Noteworthily, if K is the operator of multiplication by a function of a new indepen-
dent variable and J is the Poisson field, then px is a Lévy noise measure on 7_. This
is an important illustrative example for us. Describing the operator theory approach to
the Wiener —1It6 decomposition for a Lévy noise measure is one of the objectives of the
present work. Related questions were studied in many papers as detailed below. Our
intention is to offer a construction that would help clarify the complicated phenomena oc-
curring in this area. We will now discuss a few details of the definition. Namely, suppose
T = L*(R%,dr) and H = L*(R“*% d(o ® 7)). Fix a real-valued function x on R%
and denote by o, the image of o under «. If K is defined via the formula

ft) = (Kf)(s,t) = r(s)f(t), seR™, teR®, (1.2)

and J is the Poisson field, then pg is the Lévy noise measure on 7_ with the Lévy
measure o, and the intensity measure 7. (A more complicated choice of K yields the
fractional Lévy noise measure on 7_.) In this case, the space F**(T., K) should be
similar to the extended Fock space investigated in [11]. A special form of this space has
been introduced in [23] in the framework of Gamma white noise analysis. Its further
study has been carried out in [7, 8, 10, 24], see also [12].

A family of operators with a Lévy noise spectral measure has been constructed in [9],
see also [11]. The case of the Gamma measure was studied in [7]. An analogue of
the Wiener —Itd6 decomposition for a Lévy noise measure has been obtained in [11], see
also [25 —28]. The case of the Gamma measure was studied in [8, 10, 23]. Remark that the
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748 Yu. M. BEREZANSKY, A. D. PULEMYOTOV

works [11, 26—-28] (respectively, [8, 10]) represent the generalized Wiener —It6 — Segal
transform associated with a Lévy noise measure (respectively, the Gamma measure) as
a sum of operators of stochastic integration. Once again we emphasize that the present
paper does not attempt to obtain an analogous representation for the generalized Wiener —
It6 — Segal transform associated with the measure px in the general case.

While constructing the space F***(T'., K') in Section 3, we identify the scalar product
(-, ) Fext(1, k) in terms of the operator K and the initial Jacobi field .J. However, it re-
mains quite a challenge to carry out the explicit calculations for a particular operator and
a particular field. In Section 4 of the present paper, we illustrate the constructions of Sec-
tion 3 by carrying out the explicit calculations for the operator (1.2) and the Poisson field.
Theorem 3.1 and Theorem 4.1 explain the Fock-type structure of the space L?(T_, dpy)
in this case. Theorem 4.1 implies that F°**(T', , K) is similar to the extended Fock space
investigated in [11].

Remark that the riggings we consider in this paper are all quasinuclear. One may
consider nuclear riggings instead.

2. Commutative Jacobi fields. This section contains the definition and the basic
spectral theory of a Jacobi field.

Let H be a real separable Hilbert space. Denote by H¢ the complexification of H.
Let & stand for the symmetric tensor product. Consider the symmetric Fock space

n=0

(we suppose Hé@o = C). This space consists of the sequences & = (9,)%2,, &, €
€ Fo(H). In what follows, we identify ®,, € F,(H) with (0,...,0,9,,0,0,...) €
€ F(H) (¥, standing at the nth position).

The finite vectors & = (Pq,...,P,,0,0,...) € F(H) form a linear topological
space Fan(H) C F(H). The convergence in Fg, (H) is equivalent to the uniform finite-
ness and coordinatewise convergence. The vector Q = (1,0,0,...) € Fqn(H) is called
vacuum.

Let
H_DHDH, (2.1)

be arigging of H with real separable Hilbert spaces Hy and H_ = (H,)' (hereafter, X’
denotes the dual of the space X). We suppose the embedding H, — H to be a Hilbert -
Schmidt operator. The pairing in (2.1) can be extended naturally to a pairing between
Fn(Hy) and F,,(H_). The latter can be extended to a pairing between Fg,(H4) and
(Fan(Hy)) . In what follows, we use the notation (-, -) y for all of these pairings. Note
that (Fpn(H4))' coincides with the direct product of the spaces F,(H_), n € Z..

Throughout the paper, Prx F' denotes the projection of a vector F' onto a subspace X.

2.1. Definition of a Jacobi field. 1In the Fock space F(H), consider a family J =
= (J(¢))¢en, of operator-valued Jacobi matrices
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with the entries
an(9): Fn(H) = Fnir(H),
bn(¢) = (bn(9))": Fn(H) — Fn(H),
ap(9) = (an(9))": Fuy1(H) — Fu(H),
¢peH,, neZy=01,....

Each matrix J(¢) gives rise to a Hermitian operator J(¢) in the space F(H): Given a
vector @ = (0,,)72, € Dom(J(¢)) = Fan(Hy), we define

J(@)® = ((J(9)®)o, .., (J(@)®)n,...) € F(H),
('](d))q))n = an—1(¢)(bn—1 + bn(¢)‘1>n + a:L(Qb)q)n—&-l, ne Z+

(we suppose a_1(¢) = 0and ®_; = 0).

Consider the following assumptions.

1. The operators a,,(¢) and b, (¢), ¢ € Hy, n € Z, are bounded and real, i.e., they
take real vectors to real ones.

2 (smoothness). The inclusions

an(P)(Fn(H)) C Fry1(Hy),  bu(9)(Fu(Hy)) C Fu(Hy),
an () (Fni1(Hy)) C Fo(Hy),
peH,, né€Ely,

hold true. Basically, this axiom explains the relation between our family of operators and
the fixed rigging. The tag “smoothness” appears because this axiom expresses the smooth-
ness of coefficients when differential operators are considered for a,,(¢) and b, (¢).

3. The operators .J(¢), ¢ € H,, are essentially selfadjoint and their closures .J(¢)
are strongly commuting.

4. The functions

Hi 3¢ an(@)®n € Foyr1(Hy),
Hy > ¢ b,(9)®, € Fo(HL),
Hy 2 ¢ ap (@)t € Fu(Hy), n€Zy,

are linear and continuous for any ®,, € F,,(H4), ®py1 € Fr1(Hy).

5 (regularity). This last axiom expresses a rather complicated technical requirement.
At the same time, it deals with a set of operators that are extremely important for our
further constructions.
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The linear operators V,,: F,,(Hy) — @?:0 F;(H, ) defined by the equalities
Vo = Tde, Va(g1 &... & 6) = J(61) - J(6) 2,
P1,.- 0 € Hy, neN,
must be continuous. The operators
Fu(Hy) 2 Fy= Voo By = Pry (g VaFy € Fu(Hy), n€Zy,

must be invertible. Again, we point out that V,, and V,, ,, play a crucial role in the further
considerations.

The family J = (J(6))gecn . is called a (commutative) Jacobi field if Assumptions 1 -
5 are satisfied. (Recall that .J(¢) stands for the closure of the operator .J(¢).) Once again
we should emphasize that the operators .J(¢) act in the Fock space F(H).

2.2. Spectral theory of a Jacobi field. One can apply the projection spectral theo-
rem (see [18, 29]) to the field J = (j(¢))¢eH+. We only adduce the result of such an
application here. Proofs can be found in [2].

Given n € Z_, let P,, stand for the set of all continuous polynomials

n

H_ >¢— Z@@J‘,ajm €C, a;€F;(Hy)

Jj=0

(we suppose {¥0 = 1.) The set P = |J;-, Pn is a dense subset of L?(H_,dp). The
closure of P,, in L2(H_, dp) will be denoted by P,,.

Theorem 2.1. There exist avector-valued function H_ > & — P(€) € (Fan(Hy))
and a Borel probability measure p on the space H_ (the spectral measure) such that the
following statements hold:

1. Forevery{ € H_, the vector P(§) € (Fan(H))' is a generalized joint eigenvec-
tor of J with eigenvalue &, i.e.,

(P&), J(0)®)r = (£, ) (P(€), P, ¢ € H, @€ Fan(Hy).
2. The Fourier transform
Fan(Hy) 2 ® — I® = (&, P(-))y € L*(H_, dp)

can be extended to a unitary operator acting from F(H ) to L>(H_,dp). We preserve the
notation I for this operator.
3. The Fourier transform I satisfies the equality

10, = Pr75n6757171 <Vn_,71L(I)n’ '®n>H7 ¢, € fn(HJr)» ne Z+

(we suppose P_1 = {0}).
Corollary 2.1. The equality

L2(H_,dp) = P (75n 9737171) =D 1(Fu(Hy))

holds true.
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Remark 2.1. 1If J is the classical free field, then
Von = Vol ldg, gy, n€Zy,

and p is the Gaussian measure. In this case, the Fourier transform I coincides with the
Wiener —It6 — Segal transform and Corollary 2.1 constitutes the Wiener —Itd6 decomposi-
tion for the Gaussian measure. Analogous results hold for the Poisson field.

Remark 2.2. The equality

IV Fy = (F,,®y,  F, € Fu(Hy), nel,,

holds true. See [22] for the proof.

3. Image of the spectral measure. This section aims to study the image of the mea-
sure p under a bounded operator. Our main example for p will be the Poisson measure, as
detailed in Section 4. We will now demonstrate how the image of p should be constructed
for our purposes.

Consider a real separable Hilbert space T'. Let

T_>T>Ty 3.1

be a rigging of T' with real separable Hilbert spaces 7'y and T = (T)’. As in the case
of the rigging (2.1), the pairing in (3.1) can be extended to a pairing between F,, (7. ) and
Fn(T-). The latter can be extended to a pairing between Fgy, (T%) and (Fan(T'y)) . We
use the notation (-, -)7 for all of these pairings.

Consider a bounded operator K : T}, — H such that Ker(K) = {0}. We preserve
the notation K for the extension of this operator to the complexified space (T4 )c.

The adjoint of K with respect to (2.1) and (3.1) is a bounded operator K*: H_ — T_
defined by the equality

(KY€ fyr =& Kf)g, €€H_, feT,.

One can prove that Ran(K ™) is dense in 7.
We denote by px the image of the measure p under the mapping K. By definition,
Pk 1s a probability measure on the o-algebra

c={AcC T_|(K*)"(A) is a Borel subset of H_}

((K*)~1(A) denoting the preimage of the set A).

Remark 3.1. Since the mapping K is Borel-measurable, the o-algebra C contains
the Borel o-algebra of the space T . If K takes Borel subsets of H_ to the Borel subsets
of T, then C coincides with the Borel o-algebra of 7.

Remark 3.2. The characteristic functional

prc(f) = / SN dpre(w), fET,,

T

of the measure py satisfies the equality

pr(f) =p(Kf), feTy,

with
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P(6) = / FEDndpe), ¢ H,y,

H_

being the characteristic functional of the measure p.

Remark 3.3. The assumption Ker(K') = {0} is not essential. Indeed, the measure
P proves to be lumped on the set of functionals which equal zero on Ker(K'). This
set can be naturally identified with (Ker(/K)=)’. Thus we can always replace T’y with
Ker(K)*+ C Ty

3.1. The space F***(T4, K) and its rigging. The goal is to produce a Fock-type
space F<Y(T, K) and a family of operators in it associated to the measure p. We must
mention the paper [30] that offers a very broad generalization of the classical Fock space
and discusses families of operators in it. That theory seems to be closely related to what
we suggest in this section.

Before constructing F°**(Ty, K), we have to introduce an auxiliary notation. Given
n € Zy, let V, stand for the subspace of F(H) generated by the vectors

V,K®IF;, Fj e Fi(Ty), j=0,....n

(we suppose K0 = Idc).
Introduce the mapping A: Fg, (T ) — F(H) via the formula

Fu(Ty) 3 Fy — AF, = L Pry ev, . VnK®nFn € F(H), nely
Vn!
(we suppose V_1 = {0}). It is easy to see that Ker(A) = {0}. We use this mapping to
identify the scalar product in our desired space F**(T, K).
Having the required notation at hand, it is now possible to proceed with the definition.
Let F4(T'y, K) denote the completion of F,, (T’ ) with respect to the scalar product

(Fn,Gn)]:ixc(TJﬂK) = (AFn,AGn)]:(H), F,,G, € fn(T+), nels.

Put
FOUTL, K) = @ Fo(Ty, K).
n=0
This space has an evident Fock-type structure of an infinite orthogonal sum. Once can say
that it was constructed on the basis of the Fock space F(T%.). Obviously, the mapping A
can be extended to an isometric operator acting from F**(T,, K) to F(H ). We preserve
the notation A for this operator.
Remark 3.4. 1f Ran(K) is dense in H ., then V, = @"_, F;(H) and

!
~ Val

If, additionally, J is the classical free field or the Poisson field, then

AFn Vn’nK®nFn, Fn S fn(T+)7 n e Z+.
AFn:K®nFn, Fn an(T_;'_), TLEZ+,
and the scalar product (-, ) zext (7, k) satisfies the equality
(FnaGn>]:§/Xt(T+7K) = (K®nFn,K®nGn)]:n(H), F,, G, an(T+)7 7’L€Z+.

This case has undergone a detailed study in [22].
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Remark 3.5. One can easily verify that

n
AP FP (T K) | =Va, neiy.
j=0

Now we have to construct a rigging of the space F***(T',, K). Recall that we are
aiming for the spectral theory of the family Jx . Clearly, the rigging of the space plays a
crucial role in this pursuit. Our next definition may seem a little clumsy at the moment,
but it will become natural when we present the explicit form of J.

Consider a linear topological space

FU Ty, K) = A~ (Fan(Hy) N Ran(A)).

The sequence (F,)n2, converges to F in F¢**(T, K) if and only if the sequence
(AF,)22, converges to AF in Fan(Hy).

The space F¢** (T, K) is a dense subset of F***(T',., K). Indeed, Fgn(H) NV, is
dense in V,, for all n € Z . Using Remark 3.5, we can conclude that Fg, (H4) NRan(A)
is dense in Ran(A). Hence F¢**(T'y, K) is dense in F***(T'; , K).

Construct a rigging

(FOUTy, K)) D FoYTy, K) D FOUTy, K).

Denote the corresponding pairing by (-, ) 4.

3.2. The family J g and its spectral theory. We will now define the family Jx and
prove the spectral theorem (an analogue of Theorem 2.1) for it. This would illuminate the
connection between Ji and pg, thereby leading us to our goal. In particular, this would
yield an analogue of the Wiener —Itd decomposition for the measure py .

Generally, Jx is not a Jacobi field, which is an important thing to understand. We
begin with a simple technical lemma needed for the further definitions.

Lemma 3.1. The set Fg,(Hy) NRan(A) is invariant with respect to the operators
J(Kf), feTy.

Proof. According to the properties of a Jacobi field, the space Fqp(H ) is invariant
with respect to J (K f).

Remark 3.5 implies that Ran(A) is generated by the vectors

‘/,,LK@)nFn, Fn an(TJ,_), TLGZJ,_
Evidently,
J(Kf)VoK®"F, =V, (KD (f & F,) € Ran(4), feTy.

Since the operators J(K f) [ F,(H) are bounded for any n € Z, , we can conclude that
Fiin(H4) NRan(A) is also invariant with respect to J (K f).

The lemma is proved.

In the space F**(T'., K), consider the operators

Jr(f) = ATVI(Kf)A,  Dom(Jx(f)) = F§ (T4, K), feTy.

Evidently, these operators are essentially selfadjoint and their closures J k (f) are strong
commuting.
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Define Ji = (jK(f))feT+ . Once again, J is not a Jacobi field (at least, in general).
Noteworthily, Lemma 3.1 implies that the space F$** (T, K) is invariant with respect to
the operators jK(f), feTy.

As before, we need to introduce the polynomials on our Hilbert space. Givenn € Z.,
let Q,, stand for the set of all continuous polynomials

T >wr Z<W®jacj>T eC, cj € fj(T.,.)
§=0

(we suppose w®® = 1). The closure of Q,, in L2(T_, dpx) will be denoted by Q,,. The
spectral theorem for Jx proceeds as follows.

Theorem 3.1. Assume Q = |J,—, Q,, to be a dense subset of L>(T_, dpk). There
exists a vector-valued function T_ 3 w — Q(w) € (F$* (T, K))' such that the follow-
ing statements hold:

1. For pg-almost all w € T_, the vector Q(w) € (F$(Ty, K))" is a generalized
Jjoint eigenvector of the family Jx with the eigenvalue w, i.e.,

(QW), Tk (HF)a = W, /)1{QW), F)a, F e FF (T, K).

2. The Fourier transform
FOUTL, K)o F s IxF = (F,Q(-))a € L*(T_,dpk)

can be extended to a unitary operator acting from F™Y(Ty, K) to L*(T_,dpg). We
preserve the notation Ik for this operator.
3. The Fourier transform I satisfies the equality

1
IFy = Pro,oa, (B ®lr,  Fa€F(T0, nele G2

(we suppose Q_1 = {0}).
Introduce the isometric operator

LA(T_,dpr) > G +— UG = G(K™-) € L*(H_,dp).

Before proving Theorem 3.1, we have to state an auxiliary lemma.
Lemma 3.2. The equality UQ,, = IV, holds true.
Proof. The space U Q,, is generated by the vectors

U(F;,-*)r, F, e F(Ty), j=0,...,n.
In virtue of Remark 2.2,
U(F;,-®)p = (K®Fy, - ®7) gy = IV;K®TF}.

Hence UQ,, = IV,

The lemma is proved.

Proof of Theorem 3.1. Let us construct the function Q(w). Fix a dense subset (F™)52 ,
of the space F$** (T, K). According to the definition of 1,

TAF" = (AF", P(-))n.
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Lemma 3.2 and Remark 3.5 imply the equality Ran(/A) = Ran(U). Therefore we can
find a set = C H_ and a sequence of functions (g,)2%; C L?(T_,dpk) such that
p(E) =1and

(AF" P(&))g = qu(KTE), E€EE, neNl (3.3)
There exists a unique operator A™ : (Fsn(Hy)) — (F$(T, K)) such that
<AFn7P(£)>H = <Fn7A+P(§)>A7 §€eH , neN
Formula (3.3) implies the equality AT P(&;) = AT P(&;) for the vectors &1, &, € E such
that KT& = K& Define Q(KTE) = ATP(€) for € € E.
We have constructed the function Q(w) on the set K™= < T_. Evidently,

pr (KTE) = 1. We extend Q(w) to the whole of the space T arbitrarily.
One can easily verify that

IxF = (F,Q(-))a =U'IAF, F € F(T},K).

The operator U 1T A is a unitary acting from F<*(T, K) to L?(T_,dpr). Hence I
can be extended to a unitary operator acting from F<Y(T, K) to L*(T_,dp).

Let us show that Q(w) is a generalized joint eigenvector of Jx with the eigenvalue w.
Given F' € F(Ty, K'), we obtain

IxJx(f)F = U AT (f)F = UM TAATYJ(K f)AF =
= U ' IJ(Kf)AF = U Y J(K f)AF, P(-))g =
= U (K[, ) u(AF, P(-))g) = (U NKf,)u) (U (AF, P(-)) ) =
= (, [)r(UT'AF) = (-, f)r(Ix F)

(overbars denoting the complex conjugacy). The latter implies

(Qw), Jk(f)F)a = (w, fHr(Qw), F)a

for px-almost all w € T__.
To complete the proof, we have to show that I satisfies equality (3.2). In accordance
with Lemma 3.2 and Remark 2.2,
1

IxF, =U 'IAF, = N U 'IPry, oy, , Vi, K®"F, =
1

= = U Priv,om,, VKO, =

1 - n n
N mU "Pryg,cve, (K9 Fa O =

1 - n
= v Prys, evs, , UlFn, My =

SVl

1
N Prs oo, ¢

= ]-71n7.®’ﬂ>,1_,7 F, an(T+)7 neZs.
The theorem is proved.
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Corollary 3.1. IfQ =1\J;", Qn is a dense subset of L*(T_, dp ), then the equal-
ity

LT dpi) = €D (G © Q1) = P Ix(F (T4, K))
n=0 n=0

hold true.

Corollary 3.1 constitutes an analogue of the Wiener — It decomposition for the mea-
sure pg .

4. The operator of multiplication and the Poisson field. As mentioned in Section 1,
it remains quite a challenge to carry out the calculations for a particular operator K and a
particular field J. In this section, we illustrate the constructions of Section 3. We obtain an
explicit formula for the scalar product (-, ) zext (7, k) assuming K to be the operator of
multiplication by a function of a new independent variable and J to be the Poisson field.
This situation was considered in many works, and one of our objectives here is to give an
operator theory approach to the problem. We hope this would be helpful in illuminating
the complicated phenomena arising in the case under discussion. As we point out below,
this case does not fall under the construction of [22]. Now F¢*(T',, K) will not be a
classical Fock space but rather an extended Fock space of a certain kind.

Firstly, the abstract objects that appear in the previous section must be specified. Of
course, 1" and H should now be function spaces. Consider a real separable Hilbert space
S = L*(R%,do). Let T equal L%(R%,dr). We assume the Borel measures ¢ and 7 to
be finite on compact sets. We also assume 7 to be absolutely continuous with respect to
the Lebesgue measure. Let the space H equal S ® T Clearly, H can be identified with
L2(RM1+42 d(o @ 7)).

We choose the spaces Ty and H arbitrarily. Recall that the embedding H, — H is
assumed to be a Hilbert — Schmidt operator. Typically, the role of 7'y and H is played
by weighted Sobolev spaces.

Define K via the formula

Ty 3 f(t) = (Kf)(s,t) = k(s)f(t), s€R", teR™. (4.1)

The function x € S has to be chosen so that K would be a bounded operator acting
from T’ to H, . We emphasize that Ran(K) is not dense in H now, which prevents the
example under discussion from being described by [22].

Suppose J = (J(¢))pcu, to be the Poisson field in F(H). The operators of the
Poisson field are defined via the formula

J(9) = J4(9) + Jo(9) + J-(¢), ¢ € Hy.

The operators J. (¢) and J_(¢) are the classical creation and annihilation operators in
F(H),ie.,

T @Fn=Vnt1¢&F,,  d€Hy, F,eFu(H), nel,,

and J_(¢) = (J4(#))*. In order to define Jy(¢), consider the operator b(¢) of multipli-
cation by the function ¢ € H in the space Hc. We assume b(¢) to be bounded for any
¢ € H, . For an arbitrary F,, € F,,(H), define

Jo(¢)Fo =0,
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Jo(d)Fn = (b(¢) @ ldg @ ... @ Idg) Fy, +
+ (Idg ®b(¢) @ 1dy ® ... @ Idg)F, + ...
oo+ (dp®...®1dg @b(¢))F,, € Hy, neN.

In other words, Jy(¢) equals the second (differential) quantization of b(¢).

We assume J to satisfy the definition of a Jacobi field. The spectral measure p of the
field J equals the centered Poisson measure with the intensity o ® 7. Its characteristic
functional is given by the formula

p(¢) = exp // (ei‘b(&f) ~1 —igb(s,t)) do(s)dr(t) |, o€ H,.
R42R41

The operator K takes p to a probability measure px on T_. According to Remark 3.2,
the characteristic functional of px is now given by the formula

pet) =exp | [ [ (7070 —1-in(s)(0) dats)arte) | f e

R42R%1

Denote by o, the image of o under . The above formula implies that pg is the Lévy
noise measure on 7_ with the Lévy measure o,; and the intensity measure 7.

4.1. Preliminary constructions. Before identifying the scalar product
() Fexe (1, k) explicitly, we have to carry out some preliminary constructions. Basi-
cally, we need to introduce all the ingredients in the formula for (-, -) Fext (7, k-

Given n € N, define x"(s) = (k(s))", s € R,

Lemma 4.1. The function K™ belongs to the space S for any n € N.

Proof. Consider a compact set A C R% such that 7(A) # 0. Fix a smooth compactly
supported function fy € T’ such that fy(¢t) = 1 for t € A. In the space H, consider the
bounded operator b( K fy) of multiplication by K fy € H.

The function

(0" (K fo)K fo)(s,t) = k" (s)(fo(t))" !, seR™, teR®,

belongs to H for any n € N. Hence the function k¢, (s) = x"T1(s)(fo(to))" ! belongs
to S for T-almost all ty € A. Since ky,(s) = k"T1(s) for ty € A, the latter implies
k"L e S.

The lemma is proved.

Applying the Schmidt orthogonalization procedure to the sequence (k™)52;, we ob-
tain an orthogonal sequence (k)22 in the space S. Each &, is a polynomial of degree
n with respect to x. We normalize x,, so that the leading coefficient of this polynomial
would equal 1.

Avector F' € TZ", n € N, can be treated as a complex-valued function F'(t1,...,t,)
depending on the variables t1,...,t, € R%. Analogously, a vector ® € Hg’", n € N,
can be treated as a complex-valued function ®(sq,..., sy, t1,...,t,) depending on the
variables s1,...,s, € R andt,,...,t, € R%. Vectors from F,(T) and F,, (H) appear
as symmetric functions. We assume the set of all smooth compactly supported functions
on R%" o be a dense subset of (7% )&".
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Consider an ordered partition w = (w1, . ..,wy) of the set {1, ..., n} into k nonempty
sets w1, .. .,wy. Let QF stand for the set of all such partitions and let |wy| stand for the
cardinality of wy,. Introduce the mapping

Rde > (tla"'vtk) = ’/Tw(tlv"'vtk) = (tha"'atin) € Rd2n

withi; = [ for j € w;.

4.2. An explicit formula for the scalar product (-, -) Fext (T ", K)-  Weare now ready
to identify the scalar product (-, -) zext (1, k) explicitly. This will show the similarity be-
tween (T, | K) and the extended Fock space, on which we will elaborate after prov-
ing the theorem. It is worthy to remark the relevance to the construction in [30].

Given a smooth compactly supported symmetric function F' € F,(T}), n € N,
denote D = (0, Dk, ..., D%,0,0,...) € F(H) with

D?(‘Sl,"'ask,tla"'»tk):

-y %(KM,(&)...WH(%)) Flroty,.t)), k=1,....n.

weNk

Theorem 4.1. In the specific framework of this section, when K is the multipli-
cation operator and J is the Poisson field, the scalar product (-,-) gext(1, ) can be
computed explicitly. It satisfies the equality

1 n
(F, G)}‘CXE(T+7K) = ﬁ Z / / D%(S,t)Dg(s,t) dg®k(s)d’r®k(t) (42)

k=1 Rd2kRd1k

for any smooth compactly supported symmetric functions F,G € F,(T+), n € N (the
overbar denoting the complex conjugacy). This describes the space F<*(T, K) and
leads to the Wiener —It6 decomposition for p .

Before proving Theorem 4.1, we have to introduce some notations and make some
remarks. We also have to state three auxiliary lemmas.

According to the definition of (-, ) Fext (7, k), it suffices to show that AF = Dp.

1
Vn!
Calculating AF involves identifying the subspaces V;, | € Z , and the vector V,, K" F.

We represent V) as the subspace of F(H) generated by an explicitly described set of
functions. More precisely, fix an orthonormal basis (c¢;)$2, of the space T" such that each
function ¢; is smooth and compactly supported. Define the symmetrization operator ~ on

TE* and HR*®, k € N, via the formulas

- 1
F(tl,...,tk):ﬁZF(tb(l),...,tb(k)), FETgk,
" LES)

N 1
@(81,...,8k,t1,...,tk) = E Z P (SL(1)7"'78L(k)7tL(1)7"'7tL(k)) , P e H(é@k
LESK

(Sk denoting the group of all permutations of the set {1,...,k}). Givenl € N, let W,
stand for the subspace of F(H) generated by the vacuum {2 and the functions

(K:Zl (81)6]1 (tl) st Klk (Sk)c]k (tk))/\7 k7i1’ R 7ik7’j1’ R 7.7k7 E N?

i1+ ...+ <.
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We suppose W, = C. Lemma 4.2 establishes the necessary properties of the subspaces
W,. Lemma 4.4 shows that V; = W, forany l € Z .

It should be noted that the proof of Lemma 4.4 is based on the arguments from [24].

We represent the vector V,, K®" F as the sum of an explicitly described vector Bp
and a vector Ny € W,,_1. Lemma 4.3 establishes the corresponding formula.

When put together, the assertions of Lemma 4.3 and Lemma 4.4 enable us to show

that AF = ﬁ Dp. As mentioned above, this completes the proof of Theorem 4.1.
n

Lemma 4.2. The inclusions
Je(Ke)W, C Wiy, Jo(Kcei))W, C Wi, J_(Ke)W, C Wiy, €N,

hold true. The first and the second inclusion hold for | € 7Z_ . The third one holds for
leN.

Proof. Let us prove the first inclusion. The second and the third one can be proved
analogously.

Evidently, J; (K¢;)Q2 € Wy, for any | € Z. By calculating the function

S (Kei)(Riy (s1)eg, (1) - mi (sk)eic (B6)) " Roin ik, gy ek €N
explicitly, one can show that
Jr(Kei) (ki (s1)eg, (t) - wi (sk) g, (E))” € Wi

as soon as i1 + ... + ix < l. Furthermore, the restriction J (K¢;) [ W, is a bounded
operator because W, C @;:o F;(H). Thus J4 (Kc;))W, C Wiy forany | € Z,..

The lemma is proved.

Denote By = (0, Bk, ..., B%,0,0,...) € F(H) with

B?’(sla"'vskatla"'atk) =

> % (Klwll(sl)...ﬁlwkl(sk)) Flro(ty,...otn), k=1,....n.

weNk

Observe that although Br resembles Dp, these vectors are not identical.
Lemma 4.3. The equality

VnK®nF = Br + Np,

holds with Np € W,,_1.
Proof. The statement is evident for n = 1. Assume it to hold for n = m.

Fix the basis vectors c;,, . . Denote

9 Cimar-
Fn(t,eostm) = (¢, (1) - ¢4, (Tn))
It suffices to carry out the proof for the function

Fm+1(t1, e 7tm+1) = (ij+1 (tm+1)Fm(t1, e ,tm))A.

According to the induction hypothesis,
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Vi1 KO = J(Kej ) Vin KO Fyp, =
= J+(K¢j,.11)Br,, + Jo(K¢;,..)Br, +J-(Kcj,,)Br, + J(Kcj,.,)NF,,
A straightforward calculation shows that

J+(Kcj,, ., )BF,, + Jo(Kcj, . ,)Br, = Br,

m41"°

Define

NF J- (cherl)BF + J(ch'rru+1)NF

m—+1 m m”*

One can easily verify that B, € W,,. Furthermore, Nr_ € W,,_; by the induction
hypothesis. Hence, according to Lemma 4.2, the vector Nz, ., € Wip,.

The lemma is proved.

Lemma 4.4. The equality V; = W, holds foranyl € Z .

Proof. The statement is evident for [ = 0. Assume it to hold for [ = m.

The inclusion V,,41 C Wiy,41 is a direct consequence of Lemma 4.3. In order to
prove the converse inclusion, consider the function

G(Sl,...,Sk,tl,...,tk) :Iiil(sl)...Kik(sk)g(tl,...,tk),
h+...+x=m+1, k,i,...,7x €N,

with ¢g being smooth and compactly supported. It suffices to prove that G e Vim+1. In
order to do this, we will now construct a sequence (G)52; C Vin11 which converges to
G in the space F(H).

Given a number j € N and a partition w € %, ,; withi =1,...,m + 1, introduce a
smooth function h, ; on R%(m+1) satisfying the following requirements:

1) the estimate 0 < h,, ;(t) < 1 holds for all ¢ € R%(m+1);

2) the equality h,, ;(t) = 1 holds for ¢t € Ran(m,,);

3) the equality h,, ;j(t) = 0 holds for all ¢ such that the distance between ¢ and
Ran(m,) is greater than %

The existence of h,, ; is easy to prove.
Fix ' € QF | such that |w}| = i1,..., |w}| = i\. Introduce the functions

k—1
Li(t) =g (7" (Prrane,nt)) by [T TT (1= hwi(®),
i=1 weQi
t e R4 e N,
According to Lemma 4.3, the equality

Vit KEOTy = B 4+ Np o, jEN,

J

. 1
holds with Nf“j € Wy, = V.. Define G = ﬁ ij.

To complete the proof, we have to show that (G;)52; converges to G in the space
F(H).
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Clearly, B%j =...= Bllifl = 0. Given kg > k, consider a partition w € Qfﬁ;’“. If

J

w= (wi(l), e va(k)> for some ¢+ € Sk, then

lim Hﬁlwll(sl) 1l (ST (o (b, 1))~

j—oo
— G (8,=1(1)y -+ 5 Su=1(k)s Tu=1(1)y -+ -5 Ep—1 H =0.
(se-101)s- -5 81y B 1) ®©) | 5 o
Otherwise,
Jhanczo ’H‘WH (81) s ﬂlw}co‘(sko)l—\j(ﬂw(tlv cee atko))’ Fo (H) =0
Hence
lim ||G; — G| li H L gt _¢ 0
m ; — = lim e N — =
gm0 D T e VAT T

and (G)72, converges to G in the space F(H).
The lemma is proved.
Proof of Theorem 4.1. According to the definition of (-, -) zext (7, k), it suffices to

1
prove that AF = i Dp or, equivalently,

Vn!

Vo, K*"F — Dp = Pry, _, V,K®"F. (4.3)
Lemma 4.3 implies the equality
VoK®"F — Dp = Bp + Np — Dp
with Ny € W,,_1. One can easily see that

(B}c’*D]}C’) (517"'7sk7t17"'7tk) -

1 ( |
= —= (w1 (s1) R (sh) = Rpy (1) - "F':‘Wk‘(sk)> x
weNk \/y
XF(?Tw(tl, . ,f,k)) € Wh-1
forany k£ = 1, ..., n. Therefore

(VuK®"F — Dp) € Wyo1 = V1.
To finish the proof of (4.3), we have to show that the difference
Vo, K®"F — (V, K®"F — Dp) = Dp

is orthogonal to V,,_;. Since V,,_1 = W,,_1, it suffices to show that D}% is orthogonal to
the function

ISSN 1027-3190. Ykp. mam. xypH., 2007, m.59, N° 6



762 Yu. M. BEREZANSKY, A. D. PULEMYOTOV

G(sla cey Sky . atk) = (K:il (Sl)cjl (tl) Ry, (sk)cjk (tk))Av
21++Z;¢§n—1, Z.17-"7ik'7j17"'7jk€Na

foranyk=1,...,n—1.
The scalar product (D%, G) £, (i) can be represented as a linear combination of the
expressions

(Kj‘wl"ﬁ;iz,(l))s“'(lekl’l{/iu(k))s7 L e Sk.
Using the inequality
lwi|+ ..+ lwkl=n>n—1>i 4+ ...+ ik

and the orthogonality of «;, one can easily prove that each of these expressions equals 0.
Thus Dp is orthogonal to V,, 1.

The theorem is proved.

Theorems 3.1 and 4.1 explain the Fock-type structure of L?(T_, dpr ). Theorem 4.1
shows that the space F°**(T, , K) coincides with the extended Fock space investigated
in [11] up to scalar weights at the orthogonal components.

Using the formula AF = = Dp, one can construct an embedding of F*<*(T';, K)

into a weighted orthogonal sum%f function spaces. Using the arguments from [24], see
also [7, 8, 10— 12], one can extend this imbedding to a unitary operator. We do not adduce
the details of the corresponding construction here.

Let us carry out a more accurate comparison of the results of the present paper with
the results of [11]. As before, we suppose K to be defined by (4.1) and J to be the Poisson
field. The extended Fock space is defined in [11] as the weighted orthogonal sum

F=P3un.

n=0

In this formula, the space §,, coincides with the completion of F,,(T+) with respect to
the scalar product given by the right-hand side of (4.2) (the space §y = C.) Theorem 4.1
of the present paper implies the equality §,, = F**(T;, K). Corollary 5.3 of [11] yields
a unitary operator 4 acting from § to L?(T_, dpr ). Noteworthily, the unitarity of i is
proved by confronting &l with an operator Z acting from an auxiliary Hilbert space H
to L2(T_,dpx) as a sum of operators of stochastic integration. Theorem 4.1 and The-
orem 5.1 of [11] establish the crucial properties of Z. Theorem 3.1 of the present paper

implies that 4{ coincides with I on F¢X*(T., K') up to the scalar factor Wi
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