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SINGULARLY PERTURBED PERIODIC
AND SEMIPERIODIC DIFFERENTIAL OPERATORS *

CHHI'YJISAPHO 3BYPEHI ITIEPIOIUYHI
TA HAIHIBIIEPIOWYHI JU®EPEHITIAJIGHI OITEPATOPHU

Qualitative and spectral properties of the form-sums

S4(V):=D3 +V(z), meN,
in the Hilbert space L2(0,1) are studied. Here, (D) is the periodic differential operator, (D_) is the
semiperiodic differential operator, D4 : u — —iu/, and V(z) is a 1-periodic complex-valued distribution
in the Sobolev spaces Hpor'™, a € [0, 1].
HociKeHo AKicHi Ta ceKTpaJibHi BJIaCTUBOCTI (popM-cyM

S+ (V):=D3" 4V(z), meN,
y risisbeproBomy npoctopi L2(0,1). Tyt (D4) ta (D_) — nepiognynuii Ta HamiBnepiognIHuil aude-
peHuiasbHi onepatopu, Dy : w — —iu/, a V() — nosiyibHa 1-nepioquyuHa KOMIUIEKCHO3HAYHA Y3arasib-
HeHa (pyHKuis 3 npocropis Codostesa Hpep @, o € [0, 1].

1. Introduction and statement of results. In this paper, we study the operators S (V)
and S_ (V) that are not selfadjoint in general and given on the Hilbert space L2(0, 1)
by two-terms differential expressions of an even order, with a 1-periodic complex-valued
potential V' (z), which is a distribution in D}, and periodic and semiperiodic boundary
conditions,

Siu=S:(V)u:= DI"u+ V(z)u,

Di:=—i,  Dom(Di)=HL, — DI":=|Ds",
X

Dom(D3™) = H¥™, mé€N,

V(z) =Y V(2k)e'*™ € D],

kEZ

u € Dom(S1).

Here by the H1 = H1[0,1] and H3™ = H3™[0, 1] we denote the Sobolev spaces of
functions that are 1-periodic and 1-semiperiodic on the interval [0, 1], and D} denotes the
space of 1-periodic distributions [1, p. 115].

In this paper, we give sufficient conditions for the operators Sy (V') to exist as form-
sums, conduct a detailed study of their gualitative properties, prove theorems about their
approximation and spectrum decomposition. The approximation theorem gives another
definition of the operators Sy (V') as a limit, in the generalized convergence sense [2]
(Ch. 1V, § 2.6), of a sequence of operators with smooth potentials.

Earlier in [3 — 5], the authors have carried out a detailed study of the differential op-
erators L (V') generated on the finite interval by the same differential expressions as the
operators S (V') but defined on the negative Sobolev spaces H, ™. The case m = 1 for
operators Ly (V') was treated in [6, 7] (see also closely related papers [8 —11]).
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So, for an arbitrary s € R, the Sobolev spaces of 1-periodic and 1-semiperiodic func-
tions or distributions are defined in a natural fashion by means of their Fourier coefficients,

IS Nz < OO},

Hi = Hj_[(), 1] := {f = Zf(2k)ei2k7rm

kEZ

1/2
| llas = <Z<2k>28|f(2k)|2> (k) =141k
keZ

F(2k) = (f, &™) | ke,

and

H? = H2[0,1] := {f =" f(2k + 1)l @kt Dme

kEZ

[RRFZERS OO},

1/2
I f Nee = <Z<2k+ 1>2S|f(2k+1)|2> (k) =141k,

keZ
F2k+1) = (f, i@ty ke,

By (-,-)+ and (-,-)_ we denote the sesquilinear forms that define the pairing between
the dual spaces H3 and H*® with respect to the zero space L2 (0, 1); these pairings are
obtained by extending the inner product in Lo (0, 1) by continuity [12, p. 47],

1
(f.9) = / f@)g(@) dz, f.g e Ls(0,1).

It will be useful to notice that the two-sided scales of Sobolev spaces { H } ;cr coin-
cide up to equivalent norms with scales generated by powers of the non-negative selfad-
joint operators | D | [13] (Ch. 11, § 2.1).

The Sobolev spaces

per

Ser = Ser[il?l] = {f = Zf(k)ezkﬂw || f HHb < OO} y S€ R7

kEZ

of 2-periodic elements (functions or distributions) are defined in a similar way.

Now, we are ready to formulate the main results obtained in the paper. But first recall
that an operator A on a Hilbert space is said to be m-sectorial if its numerical range ©(A),
1.e., the set

O(4) := (Au,u), ueDom(4), [ul =1,
is contained in a sector of the complex plane,
O(A) C Sect(n, ),
Sect(7, 0) := {)\ eC| |arg(A —v)| < 9}, 0<6< g

and the exterior of the sector Sect(7, ) belongs to the resolvent set Resol(A) of the
operator A [2] (Ch. V, § 3.10).
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Theorem 1. Let a 1-periodic complex-valued distribution V(x) be in the space
H™. Then the operators S1.(V') are well defined on the Hilbert space L3(0,1) as m-
sectorial operators — form-sums,

Sx(V) =DI" +V (@),

associated with densely defined, closed, sectorial sesquilinear forms defined on L2(0,1)
by

ts, [u,v] = tyfu,v] == <D:2tmu,v>i + (V(z)u,v),, Dom(ts,)=HL,
and act on the dense domains
Dom(S4) = {u € HY ‘ D¥"u+ V(z)u € Ly(0,1) }
as
Sy (Vu = D¥u+V(z)u, u € Dom(Sy).

Let us remark that, in virtue of the convolution lemma (see Lemma 1 below), a 1-
periodic complex-valued distribution V'(x) € H ™ defines, on the Hilbert space L2 (0, 1),
two sesquilinear forms,

[, v] i= (V(2) - u,v) u,v € H,

_j’_’

ty[u,v] = (V(z) - w,v)_, wu,veHT,

where V' (z) - u denotes the formal product, which converges in the Sobolev spaces H; ™,
of the Fourier series of the distribution V() € H{™ and the function u € H".

If the distribution V () has additional smoothness in the scale { H3 } scr of the Hilbert
spaces, then functions in the domains of the operators S (V') have an additional re-
gularity.

Theorem 2. LetV(x) € H ™", o € [0,1]. Then the inclusion

Dom(Sy) € H'?™)

holds.
In the case a # 0, i.e., for

V(z)e H™, ae(0,1],

the question about locality of the operators Si (V') is meaningful. Let us recall that an
operator A on a function space is called local if

supp(Au) C supp(u), u € Dom(A).
For the Hilbert space L2(0, 1), this is equivalent to the following:
u |(a.ﬂ) =0= Au ‘(D‘»ﬁ) = 0’ u e DOIH(A), (Oé,ﬁ) - [O? 1]

Theorem 3. IfV(x) € H ™, the operators Sy (V') and S_(V') are local.
The following theorem describes qualitative properties of the operators Sy (V).
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Theorem 4. Let a 1-periodic complex-valued distribution V (x) be in the space
H{™.

a) The operators S+ (V') are m-sectorial with respect to an arbitrary angle contain-
ing the positive half-axis.

b) The operators S+ (V') are selfadjoint if and only if the distribution V () is real-
valued, i.e., if

V(2k) =V (=2k), keLZ

c) The operators S+ (V') have discrete spectra.

The following theorem allows to give another alternative definition of the operators
S+ (V) described in Theorem 1.

Theorem 5. Let V,,(x), n € N, and V(x) be defined on the space H ™, and
suppose that

—m

H™
Volz) — V(z), n— oc.
Then the operators Sin) = S+ (V,,) converge to the operators Si = S1 (V) in the uni-
form resolvent convergent sense,

| R(A, Sin)) — R\, S1)|| =0, n— oo

So, by virtue of Theorem 5, the operators Sy (V') can be defined as a limit of a se-
quence of the operators Sin) with smooth potentials V,, (x) in the generalized convergence
sense [2] (Ch. 1V, § 2.6).

As an example, consider

V(z) = V(2k)e' ™ € o™,
keZ
the trigonometric polynomials
Volz) = > V(2k)e' ™ € HY,
k| <n
form the necessary sequence,

H-m
V() = V(z), n— oo,

which yields the convergence
IR(A, STY) = R, S1)|| = 0, n — oo
Due to Theorem 5 we also have that
o(SL)) = 0(Sx), n— oo,

where the convergence of spectra is upper semicontinuous in general [2] (Ch. 1V, § 3.1)
and, for real-valued potentials, it is continuous [14] (Theorems VIII.23 and VIII.24); by
U(S:(tn)) and o(S4) we denote unordered spectra of the corresponding operators.

Now, let us consider, on the Hilbert space La(—1,1), the m-sectorial operators —
form-sums S(V') with 1-periodic complex-valued potentials that are distributions V' (z) €
€EH ™ ie,V2k+1)=0Vk€eZ,

per
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SINGULARLY PERTURBED PERIODIC AND SEMIPERIODIC DIFFERENTIAL OPERATORS 789
S=S8(V):=D4V(x),

D:=—i—, Dom(D) = H!

per’

D*™:=|D[*",  Dom(D*")= H.}

per’
V(z) =Y V(2k)e' ™ e H T,

keZ
Dom(S) = {u € HJ}, | D*"u+V(x)u € Ly(-1,1)}, meN.

Analogs of Theorems 2—4 and 5 hold for the operators S(V'). In particular, they have
discrete spectra.

Let us study the structure of spectra of the operators S(V), S4(V), and S_(V) in
more details.

Denote by spec(A) the discrete spectrum of the operator A, taking into account the
algebraic multiplicity of the eigenvalues that ordered lexicographically. Namely, we will
say that an eigenvalue \;, precedes an eigenvalue A\, for k € Z if

Redy <ReMpy1, or Redy =Redgr1 and ImAy, <ImAgyq, k€Zg.
It is easy to see that

spec(D*™) =
{O; 17 1; 227n’ 22771; o (2]€ _ 1)2m’ (2]€ _ 1)2m; (2k)2m7 (2k)27n; . } . 7T2"L,
spec(D2™) = {o;22m, 92m. . (2K)2™, (2k)2™; ... } 2

spec(D?™) = {1, 1,3%m 32 (2 — 1)2™ (2k — 1)2™;. . } 2,
And thus we get
spec(D*™) = spec(D3™) Lspec(D?™)  (the disjoint sum).

The following theorem about spectra decomposition is a non-trivial generalization of the
last equality for the perturbed m-sectorial operators — form-sums S(V'), S (V'), and
S_(V).

Theorem 6. Let S(V), Sy (V) and S—_(V) be the m-sectorial operators, where the
potential V (z) is a 1-periodic complex-valued distribution from the Sobolev spaces H per '
and H ™ for the first and the second two operators, respectively. Then

S(V) =5 (V)@ S-(V),
and we have the decomposition
spec(S) = spec(S4) Uspec(S_).

A part of results are announced in [15] and contained in [16].

2. The proofs. At first, we will recall some known facts and results that will be
necessary.

Consider the Hilbert spaces of two-sided weighted sequences,

h* = h*(Z;C), seR,
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h® = {a = (a(k))pez |llallns < oo},

(@, b)ne = Y _(k)**a(k)b(k), (k) =1+]kl,

keZ

1/2
o= (o)

keZ

lal

The Fourier transform establishes an isometric isomorphisms between the Sobolev spaces
H?.., Hi and the Hilbert spaces h® of two-sided weighted sequences,

per»

Fils fe (D= (F0) _en,

~

Feoly o [ ()= (Ten),  en.

FoiHY 5 fe (f) = (f(2k+1)) € he.

keZ

This, together with the convolution lemma (see bellow), allows to give sufficient condi-
tions of existence of the formal product

V(z) ulz) =YY V(k—j)as) e .
keZ jeZ

To this end, introduce in the scale of the Hilbert spaces of two-sided weighted sequences
{h*}ser a commutative convolution operation. For arbitrary sequences

a=(a(k)e, and b= (b(k)),cz,

it is defined in a natural fashion,

(a,b) — axb,
(axb)(k) = ak = j)b(j)-
JEL

The following known lemma (see, for example, [7], Lemma 1.5.4) holds.
Lemma 1 (Convolution lemma). Let s,r > 0, andt € R witht < min(s, r).
(D) Ifs+r —t > 1/2, then the convolution map

(a,b) — axb

is continuous when viewed as the maps
(@) h" x h® — ht,
(b) h=tx h® — h™".
(M) If s+ r —t < 1/2, then this statement fails to hold.
2.1. Proof of Theorem 1. Due to the convolution lemma for

V(z) e H.™ and wu(x) € HY,

the products V(z) - u(z) are well defined in the Sobolev spaces H ™. Therefore, the
sesquilinear forms

i [u,v] = (V(z)u,v) 4, Dom(t),) = H'",
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SINGULARLY PERTURBED PERIODIC AND SEMIPERIODIC DIFFERENTIAL OPERATORS 791

tylu,v] = (V(x)u,v)_, Dom(ty,) = H™,
are well defined in the Hilbert space L2 (0, 1).
Further, set
7 [u,v]) == (DFu,v) 4, Dom(r4) = HY',
7_[u,v] := (D*™u,v)_, Dom(7_) = H™.

The sesquilinear forms 74 [u, v] are well defined in the Hilbert space L2(0, 1), they are
densely defined, closed, and nonnegative.

The following assertion is true.

Proposition 1. The sesquilinear forms t‘i/ [, v] are T4 -bounded with T1-boundary
that equals zero, i.e., we have V (z) << D3™.

Proof. Represent the 1-periodic distribution

V(z) =Y V(2k)e' ™ e H™
k€EZ

as the sum
V(z) = Vo(z) + Vs(x), (1)

where Vj(x) is a smooth function and V;s(z) is a distribution with an arbitrarily small
norm,

Vo((L') S HT,

and

. )
‘/5(-75) c H_:m with ||V5HH;7" < C_

The constant C),, is defined from the convolution lemma and is fixed. The decomposition
(1) is possible, since H" is densely embedded into the space H ™.
So, for

u € Dom(7s) C Dom(t¥),
we have
[t ul| = [V (2)u, u)a| < [(Vol@)u, u)e| + [(Vs(@)u, u)s] <

< H‘/O(x)uHLQ(O,l) HU||L2(0,1) + H‘/:S(x)“HH;’" ”u”H:’t" <

2 2
< Con Vo (@)l e ([l 0,1y + 0 lull sy -
Taking into account that
2 2 m 2 m
lullzrp < ullzy0) + 1612 40,1) = 1l 0,0y + (DF 0 0) &
for an arbitrary § > 0 we obtain the necessary estimate,
+
50| < 0me + (Con IVoll sy poy + ) Nl 0, @
The proof is complete.

Proposition 1, together with [2] (Theorem IV.1.33) yields the following corollary.
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Corollary. The sesquilinear forms
te[u,v] := (D3 u,v)y + (V(z)u,v)x, Dom(ty) = HY,

are densely defined, closed, and sectorial in the Hilbert space L2(0,1).

According to the first representation theorem [2] (Theorem VI.2.1), there exist m-
sectorial operators S (V) associated with the forms ¢4 [u, v] such that

i) Dom(Sy) € Dom(¢4) and

tyfu,v] = (Stu,v)

for every u € Dom(S4) and v € Dom(t4 );
ii) Dom(S4) are cores of ¢4 [u, v];
iil) if v € Dom(ty), w € L2(0,1), and

tyfu,v] = (w,v)

holds for every v belonging to the cores of ¢y[u,v], then v € Dom(Sy) and
S+t(V)u=w.

The m-sectorial operators S+ (V') are uniquely defined by condition i).

Now, investigate the operators S (V') associated with the forms ¢4 [u, v] in more de-
tails.

Let

u € Dom(S1) and v € Dom(ty).
Then we have
ty[u,v] = (D3 u,v)x + (V(2)u,v)x = (DF"u + V(2)u,v)s =
= (Stu,v) = (Syu,v)4.
This shows that we have the equality
(D3 + V(x)u,v)+ = (Syu,v)s, ve HY,
of linear forms. So, we can conclude that
S.(Vyu = D¥u+V(z)u € Ly(0,1), u € Dom(Ss),
and that the inclusions
Dom(S+) € {u € HY | DY"u+ V(z)u € Ly(0,1) }

hold. It remains to verify that the inverse inclusions hold.
Let

ue{ueHY }Dimu + V(z)u € Ly(0,1)} and v € Dom(t+).
Then
to[u,v] = (D3 u,v)x + (V(2)u,v)1 =

= (DY"u+ V(z)u,v)s = (DI"u+ V(2)u,v),
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and using the first representation theorem iii) (see above) we get the necessary estimate,
u € Dom(S1),
which implies that

{ue HP | DI"u+ V(z)u € Ly(0,1) } € Dom(S4)

and
S.(V)u= D3 u+ V(z)u € Ly(0,1).
So,
Dom(S1) = {u € HY | D¥"u+ V(z)u € Ly(0,1) }
and

S.(Vu = D¥u+ V(z)u € Lz(0,1), u € Dom(Sy).

Theorem 1 is proved completely.
Remark 1. Throughout the rest of the paper we will often use the notations

ts. [u,v] = tifu,v]

to underline the dual relations between the sesquilinear forms ¢4 [, v] and the associated
with them operators S+ (V'), see [2] ([Theorem VI.2.7).

2.2. Proof of Theorem 2. Let the 1-periodic distribution V' (z) belong to the space
H™* o €0,1]. Then for any u € Dom(S ), due to the convolution lemma, we have

V(x)u € H™,
and therefore
Di™u e Hy™.

From this we conclude that

u € H;n(Q_O‘).
2.3. Proof of Theorem 3. Let
u € Dom(Sy)
and
U|(a,p =0 with (a,8) C[0,1],
and let

p(x) € C5°[0,1]  with supp(p) € (a, B).
Then we have
(Szu,9) = (Sxu, 9)x = (DI"u+ V(2)u, )+ = (DI"u, 9)x + (V(2)u, p)x =
= (u, DI"p)x + (V(2),Tp)x = (V(2),00 =0,
which yields the necessary statement,

(Siu) |(a,5) =0.
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2.4. Proof of Theorem 4. (a) The m-sectoriality of the operators S+ (V') have been
proved in Theorem 1. Let us prove the second part of the assertion, i.e., we need to show
that for any € > 0 and some constant c. > 0 the following estimates hold:

larg ((S+ + ccId)u,u)| <e, u € Dom(Sy).
For this we have to make sure that
Im(Stu,u)| < eRe(Stu,u)+ cEHu||2L2(O71)7 u € Dom(S4),

for any € > 0 and some constant c. > 0.
So, take 0 < & < 1/2. From Proposition 1 (see (2)) we get

9 9
[t 1ul] < Srelul + (Cr IVo(@)ll sy + 5 ) lul 0. w € Dom(re),
and, hence,
3 9
—eReti[u] < §Ti[u] + (Cm ||Vo(a?)||H5rn + 5) Hu||2L2(071)7 u € Dom(74).

Further, taking into account that
Re(Stu,u) = (D3 u, u)+ + Re(V (x)u, u)+,
Im(Stu,u) =Im(V(x)u,u)r, u € Dom(Sy),
we obtain the necessary estimates,

3 9
[ (S, )| < |(V (@) )| < Sreful + (O Vo@l gy + 5 ) Il 0.1y <

< & (refu] + RetE[u]) + (200 [Vo(@) gy +¢) ul, 01) =

= eRe(Sxtu,u) + cEHuHQLQ(OJ), u € Dom(Sy).

(b) Let the 1-periodic distribution V' (z) be real-valued. Then the sesquilinear forms
ts. [u, v] are symmetric and, consequently, in virtue of [2] (Theorem VI.2.7) (also see the
KLMN theorem [17] (Theorem X.17)), the operators are self-adjoint.

Conversely, let the operators Sy (V') be selfadjoint. In the case of a non-real-valued
distribution V'(z), the operators Sy (V') are not symmetric either. This contradiction al-
lows to make conclusion that the distribution V () is real-valued.

(c) From [2] (Theorem VI.3.4) and Proposition 1 we immediately obtain the follow-
ing proposition.

Proposition 2. The resolvent sets of the operators S+ (V') are non-empty. Moreover,
the resolvents R(\, S+ (V) of the operators S+ (V') are compact.

Proposition 2 implies that the operators Si (V') have discrete spectra.

2.5. Proof of Theorem 5. The proof is based on the following proposition.

Proposition 3. Let the I-periodic distributions V,,(x), n € N, and V (x) be in the
Sobolev space H ™. For

H™
Valz) — V(z), n— oo,

the operators
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8V = 8:(Va) = DE"  Va(a),
Dom(SiLn)) = {ue HY | DI"u+ Vu(z)u € Ly(0,1) },
converge to the operators
Si=S5:(V)= D"+ V(x),
Dom(Sy) = {u € HY" | D¥"u+V(z)u € Ly(0,1) },

in the generalized convergence sense [2] (Ch. 1V, § 2.6).
Proof. Set

t o (U, v] = t(i”) [u,v] == (S’E_Ln)u,v)7 u € Dom(S(i")),v € Dom(tgf)) =HY,

s
and recall that

ts, [u,v] = tifu,v] = (Stu,v), u € Dom(S4),v € Dom(ty) = HY".
Then, for every u € Dom(t4) = Dom(t?)) =HT,

1] = teful| = [((Va(@) = V@)usu)| < |(Val@) = V@)ullgon lullay <

< CollVal@) = V@)oo (Nl + 7l

where the constant C,, is defined due to the convolution lemma, and 74 [u, v], as above,
Te[u,v] = (D3 u,v) 4, Dom(ry) = HY,

are sesquilinear, densely defined, closed and nonnegative forms. Since the forms
t‘i/[u, v] = (V(x)u,v) 4, Dom(t‘j}) =HY,

are 71-bonded with zero 71-boundary for an arbitrary 0 < £ < 1/2, the following esti-
mates hold:

2 [Re £ [u]| < rlu] + 2 (Con Vo (@)l sy + ) Il 0.0,
and thus
2RetE[u] + 7 [u] + 2 (Con Vo (@)l + ) ull3y 0.1) 2 0.
Taking to account that
Reti[u] = 74 [u] + Ret{[u]

we get the needed estimates,

1] = e[l < CuallVa(@) = V@)oo (Il + clu]) <

< C’mHVn(x) — V(x)HH;"‘ X
x (2Re €[] + 27 u] + 2 (Con [Vo (@)l + & +1/2) Nl 01y ) =

ISSN 1027-3190. Ykp. mam. xypH., 2007, m.59, N° 6



796 V. A. MIKHAILETS, V. M. MOLYBOGA

= anflul} 0,1) + buRe t[u),
where
an =2 (Con IVo(@)ll g + 1) Vo (@) = V(@) = 0
and
bu = 2C[Va(@) = V(@) 2 0

tend to zero as n — oo.

To complete the proof it suffices to apply [2] (Theorem VI1.3.6).

Proposition 3 and Theorem IV.2.25 [2] together with Proposition 2, give Theorem 5.

2.6. Proof of Theorem 6. Let the operators — form-sums S(V'), S, (V),and S_ (V)
be given with V(z) a 1-periodic complex-valued distribution from the Sobolev spaces
H . and H{™, correspondingly.

For an arbitrary s € R let us consider the Sobolev spaces

Hpop = {f = FR N g, < 00} >
kEZ
H; = {f =Y FR)E | f |l < oo} :
keZ

H> = {f =" f(2k + 1)l ket Dme

kEZ

[FRIFERS 00}-

It should be remarked that

H)p = Ly(—1,1) and HY} = H° = L,(0,1).

Set
Hyoi={f e M | F2k+1)=0 vkez},
Hpoew = {1 € Hioe | F2R) =0 VEEZ},
and thus
Hls)er - ngh-i- o ngr,—a seR.
Let

Ii: Hi 5 f(x) = f(z) € Hypp s s ER,

be extension operators that extend the elements f(x) € H5 defined on the interval [0, 1]
to the elements f(z) € H;,, . defined on the interval [—1, 1]. The operators /.. establish
isometric isomorphisms between the spaces Hf and Hj,, , fors € R.

Further, let us consider the operators S(V). Since the potentials V'(x) are 1-periodic
distributions from the space H ", i.e., V(x) € H ", , the operators S(V') are reduced

by the space H;;r" 4 [18] (Ch. 1V, § 40). So, we have

S(V) = Sper#(v) D Sperﬁ(v)7 (3)
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where the operators Sper 4 (V) are defined on the Hilbert spaces H.,, . Taking into

per,
account that

I_
and H® ~ H?

per,—

Hsl,sz
3 =

per,+

for an arbitrary s € R we conclude that the operators Sper,+ (V') and Si (V) are unitary
equivalent,

Iy

S (V) 2 Sper (V) and S_(V) = Sper,— (V).
From the latter relations and decomposition (3), we obtain the need statement,
S(V)=5:(V)®S-(V),
which implies
spec(S) = spec(S+) Uspec(S-).

The proof of Theorem 6 is completed.
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