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SLABKA ZBIÛNIST| INTEHRAL|NYX FUNKCIONALIV

VID VYPADKOVYX BLUKAN|, WO SLABKO ZBIHAGT|SQ

DO DROBOVOHO BROUNIVS|KOHO RUXU

We consider a random walk that weakly converges to a fractional Brownian motion with the Hurst index
H  > 1 / 2.  We construct an integral-type functional of this random walk and prove that it weakly
converges to an integral constructed on the basis of the fractional Brownian motion.

Rassmotreno sluçajnoe bluΩdanye, slabo sxodqweesq k drobnomu brounovskomu dvyΩenyg s

yndeksom Xgrsta  H  > 1 / 2.  Postroen funkcyonal yntehral\noho typa ot πtoho bluΩdanyq y

dokazana eho slabaq sxodymost\ k yntehralu, postroennomu po drobnomu brounovskomu dvy-

Ωenyg.

1.  Vstup.  Nexaj  { ξ i } i ≥ 1 — poslidovnist\ vypadkovyx velyçyn, zadanyx na

jmovirnisnomu prostori  ( Ω, F, P ),  Sn = ξii

n

=∑ 1
 — vidpovidne vypadkove blukan-

nq,  {  fn } n ≥ 1 — poslidovnist\ nevypadkovyx, hladkyx ta zbiΩnyx, u pevnomu ro-

zuminni, funkcij.

Dostatni umovy slabko] zbiΩnosti intehral\nyx funkcionaliv, tobto funk-

cionaliv vyhlqdu
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u vypadku, koly  ξ i — nezaleΩni odnakovo rozpodileni vypadkovi velyçyny

(n.o.r.v.v.), navedeno u knyzi [1].
U statti [2] dovedeno uzahal\nennq c\oho rezul\tatu, a same slabku zbiΩ-

nist\ funkcionaliv vyhlqdu
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de  { Wt  , t ∈  [ 0, 1 ]} — vineriv proces na  ( Ω, F, P ),  a velyçyny  ξ i  utvorggt\

martynhal-riznycg, tobto sumy  Sn  [ martynhalom.

U statti [3] rozhlqdagt\sq vypadkovi blukannq z intehral\nymy koefici[n-

tamy, wo magt\ vyhlqd
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ξ ,      t ∈ [ 0, 1 ], (1)

de  { }( )
≥ξi

n
i n, 1 — n.o.r.v.v.,  z ( t, s ) = C H s u u s duH

H H H

s

t
−



 ( − )− − −∫1

2
1 2 1 2 3 2/ / /

,

CH — stala, wo zaleΩyt\ lyße vid  H.  U cij statti dovedeno, wo taki vypadkovi

blukannq slabko zbihagt\sq do drobovoho brounivs\koho ruxu (DBR)  { Zt  , t ∈  [ 0,

1 ]}  z indeksom Xgrsta  H > 1 / 2.  (Nahada[mo, wo DBR  { Zt  , t ∈ R+}  z indeksom

Xgrsta  H ∈ ( 0, 1 ) — ce haussivs\kyj proces zi stacionarnymy pryrostamy i ne-

perervnymy tra[ktoriqmy,  Z0 = 0,  E Zt = 0,  E Zt  Zs = 
1
2

2 2 2t s t sH H H+ − −( ) .)
Tomu pryrodno postavyty pytannq pro umovy zbiΩnosti  intehral\nyx  funkcio-
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i
n

Z Zn i n
n

i n
n

i

n
, / /

( ) ( )
=
− 



∑ ∆

1

1
,  de  ∆Z Z Zi n

n
i n
n

i n
n

/ / /:( )
( + )
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la  f t Z dZt t( )∫ ,
0

1
.

Zaznaçymo, wo  f t Z dZt t( )∫ ,
0

1
  isnu[ qk hranycq majΩe napevno intehral\nyx

sum Rimana – Stil\t\[sa, qkwo  f  [ hel\derovog funkci[g,  f ∈  H 
α

 ( R+ ) ×

× H 
β

 ( R ),  de  β > 1 – H,  α > H 
–

 
1 – 1.  Cej rezul\tat dovedeno v statti [4].

Danu robotu pobudovano takym çynom.  Punkt 2 mistyt\ dopomiΩni tverd-

Ωennq pro zbiΩnist\ riznyx intehral\nyx funkcionaliv.  Osnovnyj fakt, na

qkomu ©runtugt\sq dovedennq, — ce te, wo kvadratyçna variaciq procesiv  Z (
 
n

 
)

asymptotyçno dorivng[ 0.  U punkti 3 dovedeno osnovnyj rezul\tat dlq funkcij

vyhlqdu  fn ( x )  ta sformul\ovano oçevydne uzahal\nennq dlq funkcij  fn ( t, x ).
2.  DopomiΩni rezul\taty.  Dali budemo prypuskaty, wo n.o.r.v.v.

{ }( )
≥ξi

n
i n, 1  ta funkci]  { fn } n ≥ 1 ,  fn : R → R,  zadovol\nqgt\ vidpovidno umovy:

A)  E ξi
n( ) = 0,  D : = E( )( )ξi

n 2  = 1,  i, n ≥ 1;

B1 
)  ∀n ≥ 1 : fn ∈  C

1
 ( R ),  f ∈  C

1
 ( R ),  pryçomu dlq bud\-qkoho  R > 0  isnu[

MR > 0  taka, wo

sup sup
n x R

nf x f x
≥ ≤

′( ) + ′( ){ }
1

  ≤  MR ;

B2 
)  fn ( x ) ⇒ f ( x )  rivnomirno na koΩnomu vidrizku  [ – R, R ] .

Nexaj  πr : = { = < < … < = }( ) ( ) ( )0 10 1t t tr r
p
r
r

 — deqka poslidovnist\ rozbyttiv

vidrizka  [ 0, 1 ],  | πr | → 0  pry  r → ∞.  Poznaçymo
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Lema 1.  Qkwo vykonu[t\sq umova A), to
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Dovedennq.  Naspravdi dovedemo troxy bil\ße, a same zbiΩnist\ do nulq v

L2 ( P ).  Dlq c\oho vykorysta[mo rivnist\ (1) i zapyßemo dlq bud\-qkyx  0 ≤ t1 <
< t2 ≤ 1  riznycg

Z Z n z
nt

n
s z

nt

n
s dst

n
t
n

k
n

k n

k n

k

nt

2 1

1
2 1

11

( ) ( ) ( )

( − )=

[ ]
− = [ ]



 − [ ]









∫∑ , ,

/

/

ξ  +

+ n z
nt

n
s ds k

n

k n

k n

k nt

nt [ ]





( )

( − )=[ ]+

[ ]

∫∑ 2

111

2

,
/

/

ξ .

ISSN  1027-3190. Ukr. mat. Ωurn., 2007, t. 59, # 8



1042 G. S. MIÍURA, S. H. RODE

Vvedemo poznaçennq
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Teper vraxu[mo intehral\ne zobraΩennq DBR  Zt  çerez vineriv proces, qke mis-

tyt\sq u statti [5]:  Zt = z t s dWs
t

( )∫ ,
0

,  zhidno z qkym prava çastyna (2) dorivng[
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Lemu dovedeno.
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Lema 2.  Qkwo vykonugt\sq umovy A) ta B1 
), B2 
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Tomu dlq bud\-qkoho  δ > 0
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Zhidno z rezul\tatom statti [3],  Z(
 
n

 
)
  zbiha[t\sq do  Z  v topolohi] Skoroxoda na

[ 0, 1 ].  Oskil\ky funkcionaly typu  sup  ta  inf  neperervni v topolohi] Skoroxo-

da, a rozpodil  Zt — haussivs\kyj, to

P sup P sup
0 1 0 1≤ ≤
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≤ ≤
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→ ≥

t
t
n

t
tZ R Z R

dlq vsix  R > 0.  Ostannq jmovirnist\ prqmu[ do  0  pry  R → ∞   [6], tomu dove-

dennq vyplyva[ z (5) ta lemy 1.
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3.  Slabka zbiΩnist\ intehral\nyx funkcionaliv.  Teper sformulg[mo i

dovedemo osnovnyj rezul\tat.

Teorema 1.  Qkwo vykonugt\sq umovy A) i B1 
), B2 
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Zhidno z rezul\tatom Cel[ [4], zhadanym u vstupi,

P lim ,−
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Na pidstavi lemy 2
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Zalyßylos\ ocinyty  ∆n r,
( )3

.  Dlq c\oho vykorysta[mo pryjom, wo analohiçnyj

vykorystanomu pry dovedenni lemy 2.

Nexaj

F ( x )  =  f t dt
x

( )∫
0

,      Fn ( x )  = f t dtn

x

( )∫
0

.

Todi
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(podiq pid znakom ostann\o] jmovirnosti ne [ vypadkovog).  Oskil\ky  fn  rivno-

mirno prqmu[ do  f  na  [ – R, R ] ,  to druhyj dodanok v (8) [ nul\ovym, poçynagçy z
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Tomu z (6) – (8) na pidstavi lem 1 i 2 ma[mo

P lim lim ,−
→∞ →∞r n

n r∆3   =  0,

wo i zaverßu[ dovedennq teoremy.

ZauvaΩennq.  Vsi poperedni mirkuvannq lehko perenosqt\sq na vypadkovi

blukannq, vyznaçeni na dovil\nomu vidrizku  [ 0, T ],  T > 0.  Nexaj teper  f ( t, x )  i
fn ( t, x ) : R+ × R → R,  n ≥ 1, — poslidovnist\ funkcij, wo zadovol\nq[ umovy:

C1 
)  f ∈ C

1
 ( R+ × R ),  fn ∈ C

1
 ( R+ × R )  i dlq bud\-qkoho  R > 0  isnu[  MR > 0
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sup , , , ,
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C2 
)  fn ⇒ f  rivnomirno na bud\-qkomu prqmokutnyku  [ 0, R ] × [ – R, R ] .

V cilomu analohiçno do teoremy 1 moΩna dovesty nastupnyj rezul\tat.
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), C2 

), to

f
i
n

Z Z f t Z dZn i n
n

i n
n

i

n
w

t t, ,/ /
( ) ( )

=

−




 → ( )∑ ∫∆

1

1

0

1

,      n → ∞.
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