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A NOTE ON MIXED SUMMATION
INTEGRAL TYPE OPERATORS

ITPO OIIEPATOPH MIIITAHOI'O
CYMOBHO-IHTEI'PAJIBHOI'O THUITY

Very recently Deo in the paper ”Simultaneous approximation by Lupas operators with weighted function
of Szasz operators” (J. Inequal. Pure and Appl. Math., 2004, Vol. 5, N® 4) claimed to introduce the
integral modifications of Lupas operators. These operators were first introduced in the year 1993 by
Gupta and Srivastava. They have estimated the simultaneous approximation for these operators and
termed these operators as Baskakov — Szasz operators. There are several misprints in the paper of Deo.
This motivated us to study further in this direction and, in the present paper, we extend the study and
estimate a saturation result in simultaneous approximation for the linear combinations of these
summation integral type operators.

Hemopasno Jeo y po6oti “Simultaneous approximation by Lupas operators with weighted function of
Szasz operators” (J. Inequal. Pure and Appl. Math., 2004, Vol. 5, N° 4) 3as4BHUB IIpO BBE/IEHHs HUM iH-
TerpaspHuX Moaudikariii oneparopis Jlymaca. Brnepie Taki oneparopu BBesin ['ynita Ta lpiBactaBa
y 1993 p. Bonu ouinusu ogHovacHe HaOJIMXKEHHSI IIMX ONepaTopiB Ta Ha3BasIM ix onepaTopamu backa-
koBa — [lawa. Y po6ori [Ieo € Kijibka HeTouHOCTel. Lle croHyKasio aBTOpiB MPOJIOBXKHUTU AOCJIi/l-
JKEHHS1 Y 3raflaHoMy HanpsiMi. Y [1aHiil CTaTTi PO3LIMPEHO KOJIO IOCJI/I)KEHb Ta OTPUMAHO OLIHKY pe-
3yJIbTATy LIOAI0 HACUYEHH I PH OJTHOYACHOMY HaOJ/IMKEHHI /151 JIIHIHHUX KOMOIHALIN X OTNepaTopiB
CYMOBHO-iHTEIPaJIbHOT'O THITY.

1. Introduction. Gupta and Srivastava [1] introduced the sequence of linear positive
operators by combining the well-known Baskakov (Lupas) and Szasz basis functions in
summation and integration respectively, to approximate Lebesgue integrable functions
on the interval [0, o) as

B,(fix) = 1Y, Puy(®) [ 5,00 f0)d, (1.1)

v=0 0

where f € C,[0,%) = {f € C[0,%): | f(1)] < Me" for some M >0, y > 0} and

n+v-1 x’ _m(nt)\’
Pui(x) = ( v )(l-i-x)"w’ Sy = e T

The norm | |, is defined as || f]l, = sup | f(@)]e” .
0<t<eo
In [2] Deo also claimed to introduce these operators. In the same paper, Deo esti-
mated the direct theorems in simultaneous approximation for the operators (1.1).
Actually, the direct theorems in simultaneous approximation for a more general class
had already been obtained by Gupta and Srivastava in [1].
It turns out that the order of approximation for the operators (1.1) is at best

O(n™"). Thus, to improve the order of approximation, Gupta and Srivastava [3]
considered the linear combinations of operators (1.1), which are defined as follows:
For a fixed natural number k and arbitrary fixed distinct positive integers d;, j =

=0,1,2,...,k, the linear conbinations B,(f, k, x) of Bd/ ,(f, x) are defined as

k
B,(fik x) = Y, C(j.k)By (£ %), (1.2)

j=0

where
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C(j, k) |k| d
J’ = ]
=0 4=
i#]

k+#0, €00 =1

This type of linear combinations was first considered by May [4] to improve the order
of approximation for exponential type operators. Gupta and Srivastava [3] estimated a
Voronovskaja-type asymptotic formula and error estimation in simultaneous approxi-
mation for B,(f, k, x). In [5, 6], respectively, the corresponding direct estimate in
terms of higher order modulus of continuity and an inverse theorem were established.
Actually, a saturation result is a more curious phenomenon. The order of approximati-
on beyond a certain limit O(¢(n)), ¢(n) > 0, n — oo, is possible only for a trivial
subspace. The function for which O(¢(n)) approximation is attained form the Favard
class and those with o({(n)) approximation forma trivial class. Thus, a saturation re-
sult consists of a determination of a saturation order ¢(n), the Favard class, and the
trivial class. In the present paper, we extend the study and estimate a saturation theo-
rem in simultaneous approximation for the linear combinations of the Baskakov —
Szasz operators defined by (1.2).

2. Auxiliary results. In this section, we mention certain lemmas and definitions,
which are necessary to prove the saturation theorem.

Lemma 2.1 [1]. Let the function W, (x), me N, be defined as

Mo ) = 1Y, Pryy(X) j by var(0)(t = X)"d .
v=0 0

Then

1+r(1+
W) = 1 ) = Hd+D

ba(®) = e+ x)+ 11+ r(12+ OF +nx(2 + )

n

and we also have the recurrence relation

Ay (1) = XL+ WD, (0 + [+ 1) + r(L+ X)W, () + mx(2 + X)W, o (X)),

m > 1.

Consequently, for each x € [0, «), we have from this recurrence relation that
—[(m+1)/2
Mn,m(x) = O(n Lm+1)/ ])-

Remark 2.1. It is remarked here that the above Lemma 2.1 was not estimated
correctly by Deo [2]. In the recurrence relation, he missed the last term on the right-
hand side of the recurrence relation.

Remark 2.2. The main result, i.e., Theorem 3.1 of [2], is not correct. Actually,
the last term in the conclusion must be divided by 2.

Remark 2.3. In Theorem 3.2 of [2], the existence of f(”l) on [0, ) is used
while in the hypothesis its existence is assumed only on the interval [0, a].

Lemma 2.2 [6]. Let f€C,[0,%). If FEKEED oxists at a fixed point x € (0,
o), then

2k+r+2

lim /"B (f k0 - FOW) =Y 06k x) fOW),

where Q(, k, r, x) are certain polynomials in x of degree at most i.
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By Cp we denote the set of continuous functions on the interval [a, b] having the

compact support and C(])‘ the subset of Cy of k-times continuously differentiable
functions.

Lemma 2.3. Let f€C,[0,) and geCy with supp g < (a,b). Then
W (B f ) = BOCR KL 8)] < MIFL,

where the constant M is independent of f and n and {h, g) = J-h(t)g(t)dt.
0

A function f continuous in the interval [a, b] is said to belong to generalized
Zygmund class Liz(a, k, a,b), 0 < o < 2, ke N, if there exist a constant M such
that

0y (f8,a,b) < M, & >0,

where ,,(f,9,a,b) denotes the modulus of continuity of 2k-th order of f on the

interval [a, b]. In particular, we denote by Lip*(oc, a, b) the class Liz(o, 1, a, b).
Theorem 2.1 [6]. If 0 < o < 2, feCY[O,oo) and 0 < a; < a, < az < by <
< by < by < oo, then the following statements (1) = (ii) < (iii) = (iv) hold true:

(i) f existin the interval [ay, b,] and

H Br(lr)(f, k, ) - f(r) — O(n—(x(k+1)/2)

)

Clay, by
(i) f© eLiz(a, k+1,ay, by):

(i) (a) for m < atk+1) <m+1, m = 0,1,2,...,2k+1, fU™ exists and
belongs to the class Lip(ouk +1)—r, ay, by);
®) for ak+1) =m+1, m=0,1,2,...,2k, fU exists and belongs
to the class Lip*(l, ay, by);
@) | B k)=

_ O(I’L_a(k+l)/2).

Clasz,bs]

3. Saturation theorem. In this section, we shall prove the following main result:

Theorem 3.1. Let feC,[0,%0) and 0 < a; < ay < a3 < by < by < by < oo.
Then in the following statements the implications (i) = (ii) = (iii) and (iv) = (v) =
= (vi) hold true:

() f\ exist in the interval [a,, b,] and
(r) N £
[BYG =1

(i) fO* D e AClay, by] and FHP e L las, byl

= o™y,

(r) N £ _ —(k+D)y.
i) | B k)= 17,y = O
; (r) N (D — —(k+1)y.
@) B k=1 g g = 00
2k+r+2 )
W) feC*™ay b)) and Y QG k) fPx) = 0,  xelanb,
Jj=k+1
where the polynomials Q(j, k, r, x) are defined in Lemma 2.2,
; (r) N £D — —(k+1)
W) B k=17 g = 07D
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Proof. We first assume (i). Then in view of (i) = (iii) of Theorem 2.1, it fol-

lows that f(2k+r+1) exists and is continuous on (ay, b;). Moreover, it is obviously se-
en that the statements
(r) N D) — —(k+1)
|8k =17y = 007D 3.1)
and
(r) N R . _ —(k+1)
EATRODEY A CD] IR TR (3.2)

are equivalent. Obviously (3.1) = (3.2). We just have to show that (3.2) = (3.1).
Assuming (3.2), since lim B(f,k,x) = f")(x), we have
n—»co
FO%) = B,k x) + [BY(f, k, x) = BO(f, k, x)] +

+ [BO(fo k, x) = B (f, k x)] +...+ [BY) (&, x)—ng,ln(f, ko] +...,

2"n
‘ Clay. b1

B o Bk B ]

BO(f k) — £

< Bk = Bk

Applying (3.2), in the above, (3.1) follows immediately.

We assume that {n**! (Bé:l)( f.k, x)— BU(f, k, x))} is bounded as a sequence in
Clay, b] andhencein L[ay, b]. Since L. [aj,b] is the dual space of Li[ay, b],
by Alaoglu’s theorem there exists he€ L,[a;, bj] such that for some sequence {n;} of

the natural numbers and for every g€ Cy, with supp g < (a;, b))

lim nf ™ BY) (f. k)= BY(f. k) g) = (hg). (33)

n; —oco

C2k+r+2

Next, since [a;, b1 N CY[O, o) is dense in CY[O, o), there exists a sequence

(Al in C* g, 1N Gyl0, ) converging to f in |-|,-norm. For any

g€ Cy with supp g < (ay, b)) and each function f;, making use of Lemma 2.2,
we get

tim nf | B (ko) = B (o ko) 8) =

n; —oo

1 2k+r+2 .
= _(1_2](+l z Q(J?k’x)f}fj)()’ g()] =

J=1

= (PusriaDVL(), €)= (fis Prarsa(D)E()), 3.4)
where P;;,,(D) is the dual operator of Py,,(D). Using Lemma 2.3, we have

Tim (B (F = fok ) = B = foko) ) < MIF= £l G

Combining the estimates (3.3), (3.4), and (3.5), we obtain

(f Piara(Dg()) = lim (f, Piipa(D)g()) =

= lim { lim <‘B§2(f—fx,k,-)—Bflf)(f—fx,k,-)

A—>oo | n;—>oo

L 8)+ A 61+r+2(D>g(-)} -
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= tim 2B (f. k) = BO(f. k)l g()) = (hg), (3.6)

n; —>oo
where
h(x) = Pyyria(D) f(x)

as a generalized function. Since Q(2k+r+2,k, x) # 0, by Lemma 2.2, regarding

(3.6) as a first order linear differential equation for f(2k+r+l), we deduce that

FEHHD ¢ AC[ay, by] and fPXD e L_[a,, by]. This completes the proof of (i) =
= (ii). Next, (ii) = (iii) follows from Lemma 2.2. The proof of (iv) = (v) is
similar to that of (i) = (ii) and (v) = (vi) follows from Lemma 2.2.

This completes the proof of saturation theorem.
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