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GENERAL KLOOSTERMAN SUMS
OVER RING OF GAUSSIAN INTEGERS

Y3ATAJIBHEHI CYMU KJIOCTEPMAHA
HAJ KIVIBIHEM IIVIMX TAYCCOBHUX YHUCEJI

The general Kloosterman sum K (m, n; k; q) over Z was studied by S. Kanemitsu, Y. Tanigawa, Yi. Yuan,
Zhang Wenpeng in their research of problem of D. H. Lehmer. In this paper, we obtain the similar

estimations of K(«, 3; k;~y) over Z[i]. We also consider the sum K(a, B; h, q; k) which has not an
analogue in the ring Z but it can be used for the inversigation of the second moment of the Hecke
zeta-function of field Q(4).

V3aransHeny cymy Kiocrepmana K (m,n;k;q) Han Z Bupdanu S. Kanemitsu, Y. Tanigawa, Yi. Yuan,
Zhang Wenpeng B ix gocnimkenHi npoonemu D. H. Lehmer. VY wiif crarti orpuMano moaiOHI OLiHKA

K(a, B; k;~) Han Z[i]. Takox po3nISIHYTO CyMy f((a,ﬁ; h,q; k), 0 He Mae aHaiora B Kuibli Z, ane
Moxke OyTH BUKOPHCTaHa IIPH TOCIIKEHHI APYroro MoMeHTy a3era-(yHkuii exe moms Q(4).

1. Introduction. The classic Kloosterman sums appeared first in the work of Kloosterman
[1] in connection with the representation of natural numbers by binary quadratic forms.
The Kloosterman sum is an exponential sum over a reduced residue system modulo ¢:

K(a,b;q) Z e Mth , a,beZ, q>1 isnatural,
(an q) 1
here and in seque z’ denote the reciprocal to x modulo g, i.e., zz’ = 1 (mod ¢). By the

relation for ¢ = q1¢2, (q1,¢2) = 1,
K(a,b; q) = K(aqgy, bgy; q1) K (aqy, ba; g2)

follows that suffices to obtain the estimations K (a, b; ¢) only for a case ¢ = p™, p be a
prime, n € N.

The greatest difficultly in an estimation of the Kloosterman sums provides the case
q = p. The estimation K (a, b;p) < pi under a condition (a,b,p) = 1 was obtained in
the named work of Kloosterman, and then Davenport [2] improved on it up to < p%.
A. Weill [3] proved the Riemann hypothesis for algebraic curves of over finite field and
obtained the best possible estimation < p%.

Davenport [2] studies the general Kloosterman sums over finite field with the multi-
plicative character v of this field

a b p Z 1/} 27T7a1+b7‘ )

z€Fy

The further generalization of the Kloosterman sums concerned with a substitution
of a prime field F, on it a finite expansion F,, ¢ = p", n € N. The generalization of
the Kloosterman sums concerned with theory of modular forms studies in the works
Kuznetsov [4, 5], Bruggeman [6], Deshoillers, Iwaniec [7], Proskurin [8]. In last years
in connection with the investigation of the D. H. Lemer problem was studied others
generalizations of the Kloosterman sums (see [9, 10]):

alk .L
K(a,b;q,k,v) = Z Y(x)e?™ @ 0 , xz’ =1 (modg),

z€R*(q)

where 1) is a multiplicative character modulo q.
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1180 S. P. VARBANETS

The multiple Kloosterman sums introduced Mordell [11]:

) i Zmlai@yt...+anan)
K(ay,...,an;q) = E e » ,

Ty, T €FY
xl..x,=1
where ay, ..., a, € F;, ¢ =p™, oy,(c) is a trace from Fy into IF),.

The multiple Kloosterman sums are a particular case of the trigonometric sums on an
algebraic variate over a finite field. By virtue of the investigations Dwork [12] (which
has proved a rationality of the zeta-function of an algebraic variate over finite field),
Deligne [13] (which has proved the Riemann hypothesis for an algebraic variate over
F,) and Bombieri [14] (which has estimated in terms of a generative polynomial the
number of characteristic roots of the zeta-function) was obtained the final estimation
(see Deligne [15], Bombieri [14])

K(ala"wan;q) an%

In this paper we obtain the estimations of general Kloosterman sums over the ring
of the Gaussian integers.
Notations. We denote Z[i] the ring of the Gaussian integers

Z[i] == {a+bila, b€ Z, i* = —1}.

For the designation of the Gaussian integers we shall use the Greek letters o, 3, v, &, 77; a
Gaussian prime number denote through p if p & Z. For « € Z[i] we put Sp(a) = a+ @,
N(«a) = aa, where @ denotes a complex conjugate with «; Sp(«) and N («) we name a
trace and a norm (accordingly) of a from Q(¢) into Q. F, denotes a field which contain
just g an element, ¢ = p™, n € N.

For « € Fy we denote through o, (z) a trace « from F, into IF,,, i.e.,

on(T) Sy N oi(z) =o(z) = x.

The writing a € R(q) (accordingly, a € R(q,4)) denotes that a € Z (accordingly,
a € ZJ[i]) and a runs a complete residue system modulo ¢. Analogous, a € R*(q)
(accordingly, a € R*(g,)) denotes a € Z (accordingly a € Z[i]) and runs a reduced
residue system modulo q.

The writing Z(U) denotes that the summation runs over the region U which describe

extra. Moreover, exp (z) = €%, e,(z) = e*™4 for ¢ € N; the Vinogradov symbol as in
f(z) < g(z) means that f(z) = O(g(x)).
For Gaussian integers «, 3, v we define the Kloosterman sum

/
K(a,8;7)= > exp <7Ti SPM)
zER*(y,1) v
Zanbyrbaeva [16] obtained the estimation
K(a,8;7) < 2”0 N (1) N((, 8,7))%,

where v(vy) is the number distinct prime divisors of 7; («, 3,7) denotes the greatest
common divisor of «, 3, 7.
We consider two type of general Kloosterman sums over Z]i]

azk 4+ ﬁx’k>

K(a,B;k;v,%) = Z Y (x) exp <7TiSp 5

zE€R*(v,1)
where «, 3, v € Z[i], ¥ is multiplicative character modulo ~,
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GENERAL KLOOSTERMAN SUMS OVER RING OF GAUSSIAN INTEGERS 1181

~ 1
K(a,B;h,q; k) = > eq (2 Sp(az® + ﬁyk)>7
z,y€R"(g,1)
N (zy)=h (mod q)

where «, § € Z[i], h,q € N, (h,q) = 1.
We call K(«, (3;k;v,1) the general power Kloosterman sum and f((a,ﬁ; h,q; k)
call the norm Kloosterman sum.
Our aim is to obtain non trivial estimations for K («, 3; k;~; v) and [N((a, Bih,q; k).
2. Auxiliary results. For the proofs of our main results some Lemmas are need.
Lemma 2.1. Letp be a Gaussian prime “odd" number,

a1, ..., € Z[i], (ag,p)=...=(ap,p) =1; wvg,vg,..., 06 >2,
are natural numbers.
Then for every natural n > 2 we have

( ‘ <a15 + p€? + azp3 & 4.+ ayprEF >)
Z exp | 2mi Sp =

&(mod pm) P

@.1)

n

{O if (a1,p) =1),
N(p)*s" if a1 =0(modp).

Lemma 2.2. Letp = 1+ i be a Gaussian “even” number and let o; € Zl[i],
i=1,2,..k (ag,p) =... = (ap,p) = 1.

Then for any natural numbers v; > 2,7 =2,3,...,k, and any n > 2 the following
estimate:

2 ~Y3 3 Vi k
Z exp <2m’Sp <a1£+a2p§ + aszp nf +.FaEp”E )) <.t
&(mod p™) P
holds, where
5 0 lf aq g—éo(mOdPQL
2 if a; =0(modp?).
The assertion of these lemmas are the consequences of the estimates of complete
linear sum and Gauss’sum to which we can reduced the primary sums.
Lemma 2.3. Let p be a prime number, A € Z, (A,p) =1, f(z) € Z|x],
f(z) = a1z 4 agz® + paza® + ... + p raga®,
(ai,p)=1,i=2,3,...,k;X\; >0,7=3,... k.
Then for any n € N the equality

Si= Y ep(Af(2) = c(n)pEey (AF(ar, ... )

z(mod p™)
holds, where F(x1,...,2,) € Z[x1, ..., %],
1 if n iseven,
g(n) = (2) . (z)(pT_l)z if m isodd, (;1) is a symbol of Legendry.

Proof. We setx =y +p" 1z, y (modp™~1), z (modp). Then we have

SoenAf@) = XY e (AU P W)

z (mod p™) y (mod p»—1) z (mod p)

ISSN 1027-3190. Vkp. mam. scypn., 2007, m. 59, Ne 9



1182 S. P. VARBANETS

The sum over z gives zero if f/(y) # 0 (mod p). But we have f/(y) = a1 + 2a2y (mod p).
Let yo be a root of congruence a1 + 2asy = 0 (mod p). Then

S=epm(Af(yo)) D> e (A(f(yo +py) — f(yo))) =

y (mod p™—1)

= €pn (Af(yO)) Z €pn—2 (Ag(y)) =

y (mod pn—1)
=pepr (Af(0)) D epn2(Ag(y)),
y (mod pn~2)
where
+ —
9(y) = f oo piQ) f (o) = by + boy? + pH3bsy® + ... + Py,
moreover by,...,bx are linear functions of aq,...,a; with the coefficients which

depends on g, and by = as (modp), (bj,p) =1, pu; > 1,5 =3,...,k Thus g(y) isa
polynomial such sort as f(y).
These consideration we continue further. Then for n = 1 (mod 2) we obtain

" Al £ o) | 9(y1)
S :p%eQW%A[ P +P"72+.“j|’

and for n is even
n—1 A £ o) 9(v1) 2
§ = prt AL ] Y eptertar) <

 (mod p)

ol , 2/c)?2
_ (A) i(p;1)2 QWZA[%JrZ;%*F...f%]

p

e

The lemma is proved.

Lemma 2.4. Let p be a prime number, p = 3(mod4) and let Ey be a set of
residue classes mod p* of the ring Z[i], which has norms congruous modulo p* with +1.
Then Ey is a cyclical group of order 2(p + 1)p°~!.

Proof. From an equality N(af8) = N(«a)N(3) follows that E, is a subgroup of the
group of residue classes modulo p* in Z[i].

At first let £ = 1. Then the residue classes modulo p’ organizes a field Fp2. Let go
be a generative element of multiplicative group of this field. We denote

g0 = z(u) +iy(u), (22)
where z(u), y(u) € F,, and i is an element of field F> such that i = —1. The residue
classes mod p for which norms = +1 (mod p) be characterized by a condition

24+ y* =41 (inF,).
Now from (2.2) we have

g0 = x(u) —iy(w).

—1
Hence an element g has a norm = £1 (mod p) iff gép+1)u = =41, ie, iff pT lu -
- 1 p—1
Denote u = th, t =0,1,...,2p+ 1, and set g,2 = g. The classes ¢',

t=0,1,...,2p+ 1, are just those and only those which have a norm = +1 (mod p).
Let f = g + pA, A € Z][i]. Then

fp:gp+p>\17 )‘162[2},
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GENERAL KLOOSTERMAN SUMS OVER RING OF GAUSSIAN INTEGERS 1183

fp+1 = gp+1 + pgP A (modpQ),

f2(p+1) = g2(p+1) + 2pgPti (modp2).
Let g2Pt1) =1 4+ pg,. We have

f2(P+1) —1=p(g1 +2¢"T\) (modpQ).
Always we can take A so

2PN — 1 4 ph, heZi], (h,p)=1.
Thus we can account that a generative element g of the group E, had selected so
g?>P+t) — 1 # 0 (mod p?). Now we easily get
92(p+1>z>H =1 (mod p?), g* £1(modp?), 0<k<2p+1)p1,

for every £ = 1,2,.... We must show also that for every ¢ = 1,2, ... there exists gy
such that g, = ¢ (mod p®) and N(g;) = —1 (mod p?).
For ¢ = 1 we proved already.
Let { = 2. 1f g = x + iy then
22y =1+ \p,
g*PD =14 p(hy +ihs), (hy +iha,p) =1, hy,hs € Z.
We have for k = ky + iko, k1, ko € Z:
N(z +iy + p(ky +iks)) = =1+ Ap + p(2xky + 2yks) + p* (k3 + k3) =
= —1+ p(\ + 2zk; + 2yks) (mod p?),
(@ + iy + p(k1 + ks))?PHIP =
= (& + iy)?PTVP L 2p? (1 4 iy)2PTIP= (ke 4 iky) (mod pP).
Hence,
((z + iy) + p(ky + ik2))*PTIPX + 22k + 2yks = 0 (mod p?),

here h(1) and « are the Gaussian integers and co-prome numbers with p.

Next, the congruence —h") = a(k; + iks) (mod p) holds only for one assembly of
(k9,k9) by modulo p. Therefore, if we take k; # kY (mod p) and define ko from the
congruence

A+ 22k; + 2yks = 0 (mod p?),

then we obtain that f = x + iy + p(k1 + ik2) has a norm = —1 (mod p?). Moreover, f
belongs to an exponent 2(p-+1)p by modulo p? and f2P+P = 14+ Hp? (H,p) = 1, i.e.,
f € E; and f belongs to an exponent 2(p+ 1)p*~! by modulo p* for every £ = 2,3,....

Now we note that the g5 = f + p?(my + imy) satisfies by the condition g;(p +p _

=1+ Hyp?, (Hy,p) = 1, for any my, mo € Z. We take my, m; € Z, such that
A2 + 2f1mq + 2 fame = 0 (mod p),

N — (-1 N +1 .
where A = (f)Q( ) (];)2 [ =h+ifa.
Then g3 = f + p?(my + ims) is a generative element of the group Es.
Next, by induction. If we defined already g,_; then a generative element of E, will
be

ISSN 1027-3190. Ykp. mam. scypn., 2007, m. 59, Ne 9



1184 S. P. VARBANETS

9o =go_1 + 0 (M1 +ima),
where my, mo define from a congruence
Ae—1+2g)_ymq + 2g)_yma = 0 (mod p)

N(ge—1)+1 .
(here A1 = Tt 9T 9o—1 1901, 9o—1,. 901 € Z)'

The lemma is proved.

Lemma 2.5. Let p be prime number, p = 3 (mod4), ¢ € N. Then every residue
x + iy a reduced residue system mod p® of the ring of the Gaussian integers has unique
representation in form

z+ iy = ¢%(u + iv)? (mod p?),
c=0,1,....,(p—1p~t =1, d=0,1,...,(p+1)p~ ' -1, (2.3)

where g is a primitive root modulo p* in 7, u + iv is a generative element of Fj.

Proof. Let g(a) denote the Euler function on Z[i]. Then for p = 3 (mod 4) we have

_ 1 _
B(p") = N(p") <1 — N(p)) =p* = - 1).

In the relation (2.3) we have p2(‘~1) (p? — 1) the formally distinguishable expressions of
form g°(u+iv)?. As for any c and d we have (g°(u +1iv)?, p) = 1 then for the proof of
the assertion of lemma sufficiently to show that the expression (2.3) are pairwise disjoint
mod p® for different assemblies of (c, d).

Let us assume

g (u+ i'U)d1 = g% (u+ iv)dz’ (modpé), c1 > Ca.
Then we have
g7 = (u+iv)2 "N (modp) if dy > dy
or
g™ (utiv)" 7" = 1(modp) if do < di.

And now take account that the sets {g“} and {(u+iv)?} has only one common element
(it is 1) modulo p’ we obtain all once ¢; = ¢3, dy = do.

The lemma is proved.

Corollary.  All reduced classes x + iy modulo p’, p = 3 (mod 4) which has equal
norms modulo p* we can write in form

-+ iy = g°(u+iv)*,
d=0,1,....p" Y (p+1) =1 if N(z+iy) = g¢> (modp),
(x +iy) = g°(u +iv)>,
d=0,1,....p" X (p+1) =1 if N(z+iy)=—g* (modp’)

(here 0<c< p%lpé_l — 1).

Let p be a prime number, p = 1 (mod 4). Then in the ring Z[i] we have p = p - p,
where p and p are the complex-conjugate Gaussian prime numbers (p # +p, =+ip).
Well-known that {a + bi‘a, b=0,1,...,p" — 1} is a complete residue system mod p’.
Similarly, for p = 2 we have 2 = —i(1 +4)? and {a + bi|a,b =0,1,...,2¢ - 1} is a
complete system mod p*, p = 1 + i in Z[i].
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GENERAL KLOOSTERMAN SUMS OVER RING OF GAUSSIAN INTEGERS 1185

3. General Kloosterman sum K («, 33 k; ). We consider the sum K («, 5; k; )
defining in Introduction for the trivial character 1)g:

k 1k
K(a, B k;7,100) = K (0, B k57) = > exp (m‘ Spm>’ 3.1)
U)

where U = {(z,2') € Z[i]*|z, 2’ (mod ), zz’ = 1 (mod~)}. Obviously, we have
K(a, Bik;7) = K(avs, Bras ks ) K (o, Byiikive) if v =m2, (1,72),

where 7177 = 1 (mod y2), 1275 = 1 (mod 71).
Thus we can therefore assume, without loss of generality, that v = p™, p is a Gaussian
prime number.

In part 1 we had obtained a description of a reduced residue system mod p™, p = p =
= 3 (mod4). For p € Zl[i], N(p) = p = 1 (mod 4), a reduced residue system mod p"
has a form

{a€Z|12a2p"—1,(a,p)=1},

and for Gaussian prime “even” number p = 1+ 4
{a+bz‘]a,b€ 0,1,...,2" —1}, a = 1 (mod 2), sz(mon)}.

Theorem 3.1. Let p be Gaussian prime number, N(p) = p = 1 (mod 4) and let
d= (k,p—1). Then

=

|K (e, B; k3 p)| < 2dN((cr, 5,p)) 2 N (p) 2.

Proof. If (a, 3,p) = p then our assertion is clear. Let (v, 3,p) = 1. By a description
of a reduced residue system mod p™ we can suppose that « = a, 6 = b, a, b € Z,
p =c1+ic, c1, ¢ €Z, (c1,p) = (c2,p) = 1.

Thus we have

K(a, B;k;p) = Z ep (; Sp (a(cl — iCQ)uk +b(c1 — iCQ)u’k)> =

u€R*(p)

(3.2)

= Z ep(acluk—l—bclu'k).
u€ER*(p)

The last sum was estimated in [10] but we shall give a calculation in order to make more
pricise an estimation.
We define

Ji(a) = #{z € Z‘O >r>p—1, zF = a(modp)}.
It is clear that

d if d|inda -1 tinda

Jr(a) = = Z e T

0 otherwise t=

(Here ind a denote an index of integer a, (a,p) = 1, by a radix of some primitive root
modulo p.)
Then we obtain
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1186 S. P. VARBANETS

|K (v, B; k3 p)| = Z T (u)ep(au+ bu')| <

u€R*(p)

T
L

< Z eq(tindu)e,(au + bu')| < 2dp? . (3.3)
t=0 |ueR*(p)

Here we take into account that an inner sum is classical Kloosterman sum weighting by
a character and hence estimates as 2p% (see Perel’muter [17], Williams [18]).

The theorem is proved.

Theorem 3.2. Letp=3(mod4), k€N, d= (k,p?> —1). Then

|K (0, B; ki p)| < 24N (0, 8,p))* N(p)b. (3.4)

Proof. The residue classes mod p in the ring Z[i] organizes a field F,». Hence,
o9(x) = x + xP. But we observed that T = 2P (mod p) for x € Z[i]. Thus

Sp(z) =z +7 =z + 2P = o2(x) (mod p).
Hence,
1
K(a, B;k;p) = Z ep (2 Sp(ozgg’€ + ﬂ;ﬁ)) — Z ep (O’Q (Qlaxk + Q’ﬂx/k)> 7
ER* (p) zeF?,

where 2 -2’ = 1 (mod p).
Let g denote a primitive element of the field F,2, indy x = indz for z € )2 and
let J(u) is a number solutions of equation z* = u in IFp2. It follows that

d—1
K (o, Bikip) = D Y ™™ e, (02(2ax + 2/ 82))| <

t= *
0 ;EE]FP2

1

d
< Z ep(02(2'az +2'82")) | + Z Z Y(z)ep(02(2' ax + 2'Ba’)) |,

xEF;2 t=1 xEF;2

where 9);(z) = eq(tind x) is a multiplicative character of the field IF,-.
Again using the estimations of the Kloosterman sums with a character of a finite
field we obtain finally

|K (cv, B; ks p)| < 2dN ((ev, B, p))

The theorem is proved.
For p = 1 + i we have trivially ’K(a,ﬂ; k;p)f =1.
Now for v = p™ we make a substitute  (mod p™) = y + p"z, where y (mod p™),

1
z (modp™"~™), m = [n—i—]’ and then using the standard technique, we easily obtain

N

N(p)*.

2
the following theorem.

s t .
Theorem 3.3. Lety = (1 +i)noHN( 1 o 1 =1 )p;.”. Then
Pi)= pj=3(4

|K (v, B; k:7)| < 2DV/N((a, B,7))N (7)3, (3.5)

s t
where D = Hizl(k,pj -1 szl(k,p? -1).
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GENERAL KLOOSTERMAN SUMS OVER RING OF GAUSSIAN INTEGERS 1187

Now we consider a nontrivial multiplicative character ¢ of the field F,, ¢ = p”,
r € N, p be a prime number, a, 8 € F; and o # 0 or 8 # 0. We define the general
power Kloosterman sum with a character v

K(o, Bik;q,9) = Y (@)ep(o2(az® + Ba’ ). (3.6)
a:eIF*

;hind o

Let d = (k,q— 1), ¢(z) = €>™ a=1 | where ind x take in regard to a some primitive
element for F,. We have two probable cases: d [h and d|h.

We shall prove that K («, §; k; ¢, %) = 0 in first case. We have for 3 # 0:
2
> Kl fikig )| =

aclF,

=3 Y v (nla" -yt +BE" - y"h) =

a€Fy  z,yelF;

zx'=yy'=1
=Y v@) Y (=085 — 1) I ep(2(ayf @ — 1)) =
z€lFY: yeFy: ack,
=03 Y v (c2(8y @ - 1) =ala - 1) Y wl@). G
yeFy zefFy z€F

In the last sum the summation runs over x € F; for which kindz = 0 (mod (¢ — 1)),

-1
i.e.,indx:qd s,s=0,1,...,d— 1, and thus
-1
Z|Kaﬂkq1/z)| gg—1)) €™ =0 if h#0(modd).
s=0

If d|h we have 1(z) = eq_1(hidindz) = e4_1(h1 ind z?). Hence, setting k1 = S,

h
> ¥ = 1, we obtain

K(a, 85 k; q,v) Z Uy (x ep(02 a(z)m +5(x/d)k1)) =

z€lF:
= Z jd Ep (O’Q( ks —+ ﬂx/kl)) =

z€lF?

d—1
= eq(sindx)ey—1(h1ind x)e, (Ug(al‘kl + ﬁx’kl)) =

s=0 xG]Fj;

= Z Z Va(z)ep (02 (aa® +ﬂ:c'k1)), (3.8)

s=0z€F%
—1
where ¢ () = eg—1(h2ind z), ho = w

So then we diminished the exponent £ in d-time if d > 1. But if d = 1 then clearly
that
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1188 S. P. VARBANETS

Ki(a, B;q) = Z eq,l(hk’ indxk)ep(ag(axkl + ﬂx’kl)) =
:CE]F;

=Y eq1(hk indz)e, (o2(0x + B2')) = Ki(a, B; ¢; ¥s),

z€F?

where kk’ = 1 (mod (¢ — 1)), ¥ = ¥

The sum Ki (o, 8;¢,3) is the Kloosterman sum over F, weighting by a multi-
plicative character 13 of the field IF, and has a estimation as Qq% if B # 0 (see
Perel’muter [17]). The relation (3.8) show that if (k1,q — 1) = 1 then

| Ki(o, B5.q,9)] < 2dq?.
If (k1,9 — 1) = d; > 1 we again consider two cases
(h1,d1) =dy or (ha,dy) < dj.
But if (ha,d1) < d; we have K(a, 3; k; q,) = 0.

The case hgfdl can execute only for those s, 0 < s < d — 1, for which hy =
= 0 (moddy), i.e., s must satisfy the congruence

-1 h
q—1 . q—1
But (dq, 0 = 1 since d1’k1 and (&, 7 =1.

d
It follows that we have only one value s modulo d;, and hence, at most [d} +1 the
1

value of s among 0 < s < d — 1, for which ho:d;. We apply this reduction and through
v(k) steps we obtain the estimation

|Ki(e, Bq,0)| < 2°WF kg2,

where v(k) denote the number a prime divisors of k.

And so we proved the following theorem.

Theorem 3.4. Let o, 8 € F, and though one of element o or 3 is not equal to
zero. Then for any multiplicative character 1) of field F, the estimation

|Ky(a, By q; k)| < 2kq?

holds.
Corollary. Let p be a Gaussian prime number and let x is a multiplicative character
of a field of the residue classes mod p. Then

/ . CMEk + ﬁx/k (k)+1 1 1
Zx(x) exp 7 Sp — 5 <2 kN(p)2N((a,3,p))>.
2 (mod p)

4. General Kloosterman sums over norm. Let o, 5 € Z[i], h € Z, q € N,
g>1, (h,q) =1. We set

~ 1
K(a,B;h,q) := Z €q (2 Sp(ax + 6y)> 4.1
z,y (mod q)
N (zy)=h (mod q)

and call the norm Kloosterman sum in Z[i].
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For ¢ = q1q2, (q1,¢92) = 1 we have
K(a,B:h,q) = K(, B;hq" 5, 1) K (o, B ha'' 1, 2) =
= K(ags, Bg2; h, q1) K (aqu, Bais b, g2).

Thus we shall consider only case ¢ = p”, p is prime rational number, n € N. We denote
Me = MaXm>y {@ = 0 (modp™)}.
Theorem 4.1. Let (h,p) = 1. Then

K(a, B h,p") < (p,p™ ") 2p (4.2)
with an absolute constant in symbol “<”.

Proof. At first let n = 1. The case m, = mg = 1 is a trivial. Thus we shall
suppose that m, = 0 or mg = 0. We set a = a; + iaz2, 8 = b1 + by and, hence,
(al,ag,bl,bg) =1.

For p = 1 (mod 4) we have

IN((oz, B;h,p) = Z ep(a1zy — agws + bryr — bay2), 4.3)
U)

where U = {21, 22,y1,52 € {0,1,...,p — 1}, (#? + 23)(y? + y3) = h(modp)}. Let

g is a solution of congruence z? = —1 (mod p).
We set
u; = 1 + €02, U2 = X1 — €0T2, v1 = Y1 + oY, V2 = Y1 — €oY2-

Now by (4.3) we obtain

K(a, B;h,p) = > ep(Arus + Agus + Bivy + Bavy),
)

where U = {Ul,UQ,Ul,UQ € {0,1,...,p— 1}, uqugvivg = h (Inodp)}.

E. Bombieri [14] proved that the last sum can be estimated as < pz.Ifp=3 (mod 4)
then the such estimation holds for the sum (4.3) (the proof is analogous).

The case p = 2 is a trivial.

Now, let n > 2. It is enough to consider only the case (p™=,p™5,p™) = 1. In this
case though one of number ai, as, b1, bo does not divide on p (here o = a; + ias,
B = by +ibs). We have

K(a, B;h,p") =
1
= Y =Y e (MN@NE) - )+ Riax) +R(Ey) =
-
z,y (mod p™) k=0
1
= ﬁ Z Epn (k’((l’% + x%)(y% + y%) — h) + ayx1 — asxo + by — b2y2>, 4.4

U

where U := {k (mod p"); x1, 22 (mod p™); y1,y2 (modp™)}.
Though one out of sums over 1, 2, Y1, y2 is equal 0 if (k,p) = p (by a rational
analogue of Lemma 2.1).

Thus, supposing (a1, as,p) = 1, we have
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K(a,B;h,p") =

= 5 D ep(kh)ey (KN (@)(57 +3) + Rlow) + biys — bayz) =
U

1 *
S I INEEET] IS SEED SN 5 960 SRS
p k (mod p™) z (modp™)  z(modp™) 1 2

N(z),p)=1 .

(N(x).p) N(2)p
say, where U := {k € R*(p"), = € R(p",%), y1, y2 € R(p™)}. Let N(z)’ and Kk’ are
the solutions of the congruences

N(z)u =1 (modp"), ku =1 (mod p"),

accordingly. Then

'Zl‘ = Z * epn(—k’h) Z epn (4/N($)/k’/(b% + bg) +a1x1 — agxz) .
k (mod p™) z (mod p™)
(4.6)
We set

0 m 0 m
T1=2x]+p 2, Ty =Xy +p 22,

)

1
ng?,xggpm—l, 0< 21,20 <p" ™1 m:{rH_ }

It is obvious
2 2 2 2
N@) = (a9 +8) (1 - 20" 08" + 2" (22 + 21))

and consequently

S| X et
k (mod p™)
D e (ARG oY (6 4 8) + araf - azr}) x
x93 (mod p™)

2 2
(x0% 4297, p)=1

X Z Epn—m ((Al + al)zl + (A2 + ag)ZQ) s
21,22 (mod pn—"m)
where Ay = 2((x(1)2 + asgg)’)2:z:8, Ay = 2((x(f2 + zg2)’)2x‘f.
The summation over z7, zo gives zero if the congruences
Ay +a; =0 (modp™™™), As — az =0 (modp™™™)
or the equivalent congruences

aszy + a1 = 0 (mod p™~™), 229 = —ay (m(l)z + x82)2 (mod p™™™)

are disturbs.
This system of the congruences has at most three solutions modulo p"~™, and
therefore at most 3p™~ (=) solutions modulo p™.
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Hence,

_ * g
‘21‘ = PPN epn(@ia] —agal) Y (kh+KB)| <837, (47)
)

k (mod p™)
where
U= {x?,xg (modpm)‘agx? = —a29 (mod p" ™),
0 02 02)? n—m
2r] = —ay (171 + x5 ) (mod p )}
At last, if N(z) = 0 (mod p) then ZQ =0 by Lemma 2.1.
The theorem is proved.
For natural £ > 1 we set
~ 1
K(o, B;h,q; k) := > eq (2 Sp(az® + Byk)) . (4.8)

z,y (mod q)
N (zy)=h (mod q)
It is obvious that IN((a, B;h,q;1) = IN((oz, Bih,q)-
The method of investigation of the sum K («, 5; h, ¢; k) towards suffices to consider
the case ¢ = p", p be a prime. At first we shall account that p = 3 (mod 4).
Theorem 4.2. Letp =3 (mod4),he€Z, (h,p)=1,keN,d= (k,p—1). Then
for any Gaussian integers «, 3, (a, B,p) = 1 the estimation

_ ?p? if d—1< &/p,
'K(aﬁ;h,p; k)’ < 7
dp®> if d> Yp+1

holds. )
Proof. Let k = dkq, (kl, pd> = 1. We have

1 .
S e gelattyt st -
2,y (mod p)
N (zy)=h (mod p)

1
=X a(gsealtyawtn) -
x,y (mod p)
N(zF1yF1)=h*1 (mod p)

1 ~
= Z ép (2 Sp(owcd + ﬁyd)) = K(a, f; hk p; d).
2,y (mod p)
N(zy)=h*1 (mod p)

Now, for any multiplicative character x of field IF,,> we have

> X(WK(a, B;h,p;d) =

heF*
sz

= Y X(N@)N®))ep (; Sp(ozxd)) e (; Sp(ﬁyd)> -

z,yGIF;Z

| X (W (5pae) ) || 2 x)e (500) | @)

mEF;2 yeF;Z
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and moreover the sums on the right of (4.9) can be estimate as (d — 1) N (p)% (see [17]).
Thus we obtain

> x(h)K (o, B h,pid)| < (d—1)*p*.
heF*,

The application of the Plansherel theorem give
> K (o, B hypsd)* < (d—1)"p".
heF*,

Now similarly as in the Bombieri work [14] we conclude that the weights of characteristic
roots associating with K (a, 3; h, p; d) are at most 3 if (d — 1)* < p. Hence, using the
results of Bombieri [14] and Deligne [13] we infer

K(a,B;h,p;d) < (d—1)%p* < d®p? if d—1< {/p.

Further, for © = x1 + ixs, x1, 22 € Z, we have x; — iz = (21 + ix2)P (mod p) and
thus N(z) = 2P (mod p). Hence,

S (Ssart ) -

z,y (mod p)
N (zy)=h (mod p)

= Z €p (; Sp(az? + ﬁyd)) =

z,y (mod p)
(zy)?*'=h (mod p)

= YT agselatean). (4.10)

€ (mod p) z (mod p)
ePT1=h (mod p)

The congruence 2! = h (mod p) has exactly p + 1 solutions mod p. The inner sum in
the right in (4.10) estimates as < 2dp. This completes the proof of the theorem.

Now, let ¢ = p", p = 3(mod4), n > 2. We shall use the description of a reduced
residue system mod p™ (see Lemma 2.5).

In farther the following assertion are need.

Lemma 4.1. Letn, k € N, p > 3 be a prime, w € Z, (p,u) = 1. Then for any
natural t we have

(1 +p*u)t = 14 pPart + p*agt® + p*2ast® + ... + p*a,t™ (mod p™),

moreover (a;,p) =1,i=1,...,n, A\; > 2k, j=3,...,n.
Proof. By the relation

(t ) _ 1 (tm— th‘1+...+(—1)m_l(m—1)"t>

m)  ml
and upper estimation of an exponent with which p enters in m! we obtain
(1 +p*u)t = 1+ pPart + p*agt® + p*2ast® + ... + p*a,t™ (mod p™),
1
where (a;,p) =1,i=1,...,m, \; > (k—l) j>2kforj=23,4,....
p—

The lemma is proved.
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From the proof of Lemma 2.3 it is obvious that a generative element u + v of the

group F; can be take that it is a generative element of the group E, for any fixed ¢,
£=2,3,.... Let { = max(5,n). We have

N((u+iv))? = 1 (mod p*),
(u+ iv)2PTY =1+ p(zo + iyo), (w0 + iyo,p) = 1.
Thus

N (1 + pxo +ipyo) = 1 + 2pxo + p2a2 + p*y2 = 1 (mod p*).
Hence, 2pzg = 0 (mod p?), 2o = pxy, (yo,p) = 1. So,
(u+ )Pt = 14 p’xg +ipyo,  (20,p) = (yo.p) = 1.
Now, applying the previous lemma we easy obtain

R((u 4 i0)2PTDY) = Ag + Ayt + Aot? + ...+ A, 1" (mod p"),

S((u 4 iv)2PTVY) = By + Byt 4 Bot? + ... + Bp_1t"~ ! (mod p™), (4.11)
where
Ap =1 (modp),
Ay = pPmo + 2'ygp* (mod p?),
Ay = —2'y3p? (mod p?),

By =0 (modp),
ie, A;=0(modp?),
ie, Ay=p°Ay,  (A,p) =1,
ie, Bi=pB], (BLp) =1,
By=A3=Bs=...=A, 1 = B,_1 =0(modp?).

By = pyo (mod p*),

We set

G=2(p+ 1)t +z,

0<t<p' -1,
and denote

0<z2<2p+1,

(u+ i) =u(z)+w(z), z=0,1,...,2p+ 1.
Then

(u+ iv)? = (u+ )2 (u(2) + iv(2)).
And hence, we have

R{ (u + iv)2 PV = A5 (2) + Ay (2)t+ ...+ A1 ()" (mod p™),
where A4,(z) = A;u(z) — Biv(z).

(4.12)
We clear up for which values z the congruence v(z) = 0 (mod p) holds.
Let v(2) = pvo(2), vo(z) = 0 (mod p*), k > 0. Then

(u+iv)* = u(z) + ipve(2),
(u+iv)" @ DP" " = (4 (2)) PP (mod p™).

The sequences {(u +v)28 } and {g®} can have only two common elements modulo p:
1 or —1. Thus

(u(2))® V""" = £1 (mod p").
The congruence (u(z))®—1»" =1 (mod p™) is impossible, so the other way we
have (—1)1’16_1 = (u(z))(zﬂrl)pn_1 = 1(modp"), i.e., —1 = 1 (mod p). Hence
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(u(2))"™"" = 1 (modp"),
2(p—1)p~ k= (mod 2(p + 1)p"1).

Since, (p — 1,p + 1) = 2, then 2z = 0 (mod(p + 1)p*~1). Whence it follows that from
p||v(z) we have z = p + 1 and from p?|v(z) follows z = 0. So we have

p||A1(z), Ai(z) =0(modp?), i=2,...,n—1, if 2#0,z#p+1,
A1(0) = Ai(p+1) =0 (modp®), p°||A2(0), p*||A2(p+1),
A;j(0)=A;(p+1)=0(modp®), j=3,4,...,n—1.

We are now in position to prove the following assertion.
Theorem 4.3. Letp be a prime number, p = 3 (mod4), h € Z, (h,p) =1,k > 1
is a natural, a, b are the Gaussian integer, (a,p) = (b,p) = 1. Then for n > 2

’ff(a, b h,p"s k)| < 2p3" ™ log p”, (4.13)
where m such that p™ Hk
Proof. Applying Lemma 2.5, we can write a, b in the form
a=g"u+iv)%, b= g (u+iv),

where ¢ is a primitive root mod p™ in Z, u + v is a generative element of the group
E,,. Then we obtain

K(a,b;h,p"; k) =

= Z epn (go‘6 R((u—+ iv)%2*) + g0 R((u + iv)%/yk)). (4.14)
z,y (mod p™)
N(z)N(y)=h (mod p™)
Let h = g (modp™). Then h = 4-¢** (mod p"), where

« if «o 1iseven,

20[0 =

-1
a+pr"_1 if o is odd.

The sum over x (mod p™) in (4.14) we split into two pairs, Z = 21 + 22 .

In sum over Zl we take these x (mod p™) for which N (z) = ¢?>** (mod p"), and

in ZQ come upon these 2 (mod p™) for which N(x) = —g¢** (mod p™). In both cases

—1
o runs the values 0,1, ..., pr"’l —1.So0

K(a,bihp"k) =3 +> . (4.15)
For z from Zl we have

z = g (u+ w)?* (mod p™),

1
a1 :()71’_._75(1)_1)29”—1 _17 /61 :Oalv"'a(p+1)pn_1 — 1.
Hence,
R((u+ w)ﬂéxk) = g" R((u+ iv)%ﬁﬁﬁé) (mod p™).

From the condition N (z)N(y) = h (mod p™) it follows
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N(y) = +g22 (mod p"),

where az = ag + ((p— 1)p" ' — 1) .
And thus we have

Zl - Z Z Z Epn (90‘““1’“5)%(@ +iv) kPR

(a1) (B1) (B2)
g ORR ()2 ), (4.16)

1
here (o) denotes that ay runs the value 0,1, .. ., i(p— 1)p"~! —1; (B;) runs the value

0,1,...,(p+1)p"~t —1,i=1,2; furthermore, § = 0 if h = g2*° (mod p"™) and § = 1
if h = —g?? (mod p").

Similarly,
ZQ - Z Z Z Epn (gaé’Jralk%((u + iv)2k51+ﬁ6+1) I

(1) (B1) (B2)
g TR () PR ), 4.17)
Again we have
Bi=(p+Dt;+ 2, ti(modp™ ), 2z =0,1,...,p, i=12.
Then
kG, =2(p+ Vkt; + kz;,, 1=1,2.

Now by (4.12), (4.13) and Lemma 2.1, it follows that the sums over ¢; are equal zero if
the congruences

B + 2kz = 0 (mod (p + 1)),
)+ 2kzo + k6 =0 (mod (p+ 1)) for a sum 21’
By + 2kz1 +1 =0 (mod (p + 1)),
) + 2kzo + kd =0 (mod (p+ 1)) for a sum 22,

(4.18)

are disturb.
Consequently one from the sums Zl or ZQ is equal always zero.
The congruences (4.18) can be true only for (k,p + 1)? pairs of the value (z1, 22).

Let B be set of these values (21, 22).
By (4.12)-(4.14) we obtain

K(a,bh,p"s k) =Y epn(Nog™ + Mog™?)x
(a1)
X Z Z epn—2 (Fi(kt1)g** + Fa(kt2)g*?),

(21,22)€B t1,to (modpn—1)

where F;(t) = cgi)tJr c(;)t2 +p)‘3cgi)t3 +... +p)“"c§i)tz, (cg),p) = (cgi),p) =...=1,
Aj > 0for j >3, (No,p) = (Mo, p) = 1.

The sums over t1, to calculates equally. Let k = p™ky, (k1,p) = 1. We break
the sum over ¢; into blocks of the length p"~2=2™ (if 2m < n — 2). Then applying
Lemma 2.3, we obtain
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K(a,bh,p"s k) = p"2™ 3 e,n (N1g° + Nag®), (4.19)
(a1)

where (N1,p) = (Na,p) = 1.

From the definition ag follows g*2 = g*°(g’)** (mod p™).

The sum on the right in (4.19) is the incomplete Kloosterman sum. By a choice of
a primitive root g we have

Then ¢’ =1 — puy, (u1,p) = 1,u = uy (mod p). We set
ai :(pf]-)t+za

t=0,1, .,%(p"*1 —1), 2=0,1,...,p—2.
Thus
g = g7 (1 + a1pt + azp®t® + azp™t> + ...) (mod p"),
a = —uq, az = —2'u* (mod p), Aj > 3.
Similarly
g2 = go0g' M = g20g"* (1 + byipt + bop*t? + bapt3t> 4 ...) (mod p"),
b = —uq, by = —2'u? (mod p), i > 3.
Hence,
Nig™ + Nog®? = co + cipt + cop®t> + c3p™t> 4+ ... (modp™),

where C; = gzaiNl + gaoglzbiNQ, = 1, 2.
Since (N1,p) = (N2,p) = 1 it easy observe that two congruence

¢1 =0(modp), ¢ =0(modp)

cannot realize simultaneously.

But from ¢; = 0 (mod p) follows g?* = g Ny N{ (mod p). It is possible only one
value z. Let’s designate this value through zj.

Thus from (4.19) we infer

K(a,b;h,p"; k) =
p—2 (" 7'-1)
. cg
— pn+2m QQWZW eg_l (clt + Cgpt2 + Cgpu3_1t3 —+ ... ) +
2=0 t=0
2#20
%(pn_lfl) ,
i 50
+ GQMWepn_z (cllt + CIQt2 + CépySiztS +.. ) ) (4.20)
t=0

where (c1,p) = (ch,p) = 1.

The sums over ¢ are the incomplete rational sums, their estimations we obtain by
way of estimations complete exponent sums.

We have for an arbitrary polynomial ®(t) € Z][t] :

T q—1 q
D D R D o
= q = min(r,q —r +1)
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Now, if ®(t) = c1t +copt? +c3p”>~H3+..., (c1,p) = 1, ¢ = p" 1, then the complete
sums in (4.21) are equal to zero for all  except the case r = ¢; (mod p). In this special
case we have U(t) = c|t + cht? + cgp”3;1t3 + ..., (ch,p) =1, qg=p" 2, and than a
complete sum estimates by a value 2p™= .

Hence,

o
n+m 1 n-2 n-2
’(abhp k’ Z|Cl +;%p2 +pp 2
z;ézo
At last, we take account that for the distinct values z we have the distinct values
¢1(z) (mod p), and thus we obtain
log p™ )
) .

If 2m > n — 2 then the assertion of theorem is trivial.

The theorem is proved.

We go towards a estimation of the norm Kloosterman sum K (a,b; h,p™; k) for the
case p = 1(mod4), k > 2, (a,p) = (b,p) = 1. For p = 1 (mod4) we have p = pp,

where p and p are the complex conjugate Gaussian prime number. Then the reduced
residue system mod p” can write as

T = g£1ﬁn + gfzpn7 0 S 617 £2 S (p - 1)10”_1 - 17

‘ff(a,b;h,p”;k)‘ < pEntm (

where g is a primitive root mod p™ such that
g rt=14+pH, HcZ, (Hp) =1
Thus
N(z) = 27 = 20 p" + gl2p" + gh T2t 4 ghttagn =
= g"*25p(p*") (mod p™). (4.22)
Therefore, if p = ¢ + id then (¢,p) = (d,p) = 1, and by the induction we easily obtain
P =c, +id,, n=12,...,
where
(1)1 .2m . . @2(™=1) (mod p),
(~1ym - 2miz. gom,
(=1)2m=t.om. g2m=1 (modp) if n=2m—1,
(—1)m=t.2m*2. . ?m=1 (modp) if n=2m.
Hence, for p = 1 (mod 4) we have
K(a,b;h,p"; k) Z epn (A(g1F + g2%) + B(gF 4 g%2%)) =

= Z% ( (o7 +~’6’§)+B(y’f+y§)), (4.23)

where

U i= {4, 6y, £, 65 (mod (p — 1)p"~")| "4+ = [ (modp™)}
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U" = {21, 22,91, y2 (mod p") |z1 229152 = H (mod p™) },
A,B,€Z, (Ap)=(Bp =1
Theorem 4.4. Let p = 1(mod4) is a prime number and let a,b € Z[i], (a,p) =
= (b,p) = 1. Then

N ?p3 i (d—1)* <p,
R(a,b; h, p; k)‘ < f ld=1)
d'p> if (d—1)*>p,
where d = (k,p —1).

Proof. With out loss of generality, we can suppose a, b € Z.
By (4.23) and similarly as in the case p = 3 (mod 4) we obtain

Rlabihpk)= Y At +29)+ Bl +19)).
z2,22,Y1,Y2E€F
T1,@2,y1,y2 =HY

Now, for (d — 1)* < p we obtain by analogy with the case p = 3 (mod 4)

2 2
> x(WEK(a,Bihpid) = | > x(@)ep(Az?) | | D x(w)ep(By®)
heFy z€Fy, yeFy

Hence,
~ 2
> o[k snpa)| <@-10ht i @1t <p
Then

K(a,b;h,p; k) < d?p? if (d—1)* < p.

Let (d — 1)* > p. Denote through g a primitive element of field F,, and let z = ¢
for z € ).

Let G is a group of multiplicative characters of F),. For x € G we have x(z) =
= ep—1(vind z) with some v € F,. Then using the arguments from Theorem 4.1, we
can obtain on a routine way the following relation:

indz

K(a,b;h, p;d) =
1 d—1
= X(H) Z X(A%2B?)ey ((51 + s2)ind A + (s3 + s4) ind B) X
P13 S1,sa=0

X Z eq(siindzy + ...+ sgindza)x(z1, ..., za)ep(z1 + ...+ 24) =

T1,...,04 €FY

d—1
B p%l Z Z ep—1(vind H)e,—1(Fi(v, s))x

veF, s1,...,84=0
X Z ep—1(Fa(v, s,2))ep(x1 + ... + 24),
]:1,...,(E4E]F;

where

-1 -1
Fi(v,s) := (2V—|—(81 +52)pd ) ind A 4+ (2l/+(83+84)p ) ) ind B,

Fy(v,s,x) := <51p —|—1/> indzy + ...+ <54p —|—1/> indzy4.
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The last sum over x1, ..., x4 is the product of the Gauss sums of field IF,,. And hence,
K(a,b;h,p;k)| < d*p*.

The theorem is proved.
If n > 2 we can use the description of solution of the congruence x;, x2, x3,
x4 = H (mod p™):

x; =y +p"z, yi(modp™), z;(modp™"™™),
1

w4 = Hylyoys (1 — p"y121 — p"yaze — p™y323),  yiy; = 1 (modp™).
Theorem 4.5. Let p = 1(mod4) be a prime number, n € N, n > 2; h € Z,
(h,p) =1; a,b € Z[i], (a,p) = (b,p) = 1. Then
dipinif (d—1)* <p,

‘f((a,b;h,p";k)‘ <
d4pn+m lf (d _ 1)4 2 P,

1
where m = nt
Proof. By (4.23), (4.24) we have
K(a,b;h,p"; k) = > epn (f(y1,y2,y3)) X
y1,Yy2,¥y3ER*(p™)
X > epn-m(F (21, 22,23)), (4.25)
z1,22,23 (mod pn—")
where
k  k ok
Fy1,y2,y3) = AYY + ays + Bys + BHy; ys v
F(z1,20,23) =k {( — By} k+1y’2ky§,k)z1+

+(Ay§*1 B(y " y5y5) )22 + (Ay’gf*l — B(yyysys ™) )23} :
Let (k,p"~™) = p*. Then we obtain from (4.25)

K(a b;h,p™i k) (n— m)zep fy1,v2,v3)),
)

where U := {yl, Y2, y3(modp™)|(y;, p) = 1,4 = 1, 2, 3; yf = pt =

=13 (modp" m—@) 4k' = BA’ (modp” m— K)}

Now, for n = 2m we estimate the sum Z v by the number triples (y1,y2,ys3) € U,

and for n = 2m — 1 we take into account also the Theorem 2.4. Hence, we have finally

N dipinif (d—-1)*<p,

K(a,b; h,p";k)‘ <
d*pntm™ if  (d—1)* > p.

The theorem is proved.
Collection our previous estimations from the Theorems 4.2 —4.5 we get the following
theorem.
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Theorem 4.6. Let o, 8 € Z[i] and let h,q,k,n € N, k > 2, (k,q) = (h,q) = 1.

Then for (o, q) = (8, q) = 1 we have

K(a, B;h,q; k) < D(k,q)q?,

where

Dk,q)= [ dkyp) ] d*k.p)logp™,

plq p"||q
p=1(q) p=3(q)

d(k,p) = (k,p —1).

We must note that the norm Kloosterman sum K (, B; h, ¢; k) has not an analogue

in the ring Z.
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