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WEIGHTED SHARP BOUNDEDNESS
FOR MULTILINEAR COMMUTATORS

3BA’KEHA TOYHA OBMEXEHICTbD
JIJIA MYJBTUJITHIMHUX KOMYTATOPIB

In this paper, the sharp estimates for some multilinear commutators related to certain sublinear integral
operators are obtained. The operators include the Littlewood —Paley operator and the Marcinkiewicz
operator. As application, we obtain the weighted LP (p > 1) inequalities and L log L-type estimate for
the multilinear commutators.

OnepaHO TOYHI OLIHKH JJISl JESKUX MYJIBTHIIIHIHHUX KOMYTATOpiB, IO MOB’sI3aHi 3 MEBHUMH CYOTiHIN-
HUMU iHTerpanbHuUMH oneparopamu. Lli oneparopu BiiouaroTh B cebe omeparop JlitiByna—Ilanes Ta
oneparop MapuinkeBuya. Sk 3acTOCyBaHHS, OTPUMaHO 3BaxkeHi LP (p > 1) HepiBHOCTI Ta OL{HKY THITY
Llog L nist MyJIbTHIIHIHHHX KOMYTATOPIB.

1. Introduction. Let b € BMO(R™) and T be the Calderon—Zygmund operator.
The commutator [b, 7] generated by b and T is defined by [b, T|f(z) = b(x)T f(z) —
— T(bf)(x). By virtue of classical result of Coifman, Rochberg and Weiss [1], we
know that the commutator [b, 7] is bounded on LP(R™) (1 < p < oc). However, it
was observed that [b,T] is not bounded, in general, from L'(R") to L1'*°(R"). In
[2], the sharp inequalities for some multilinear commutators of the Calderén — Zygmund
singular integral operators are obtained. The main purpose of this paper is to prove the
sharp estimates for some multilinear commutators related to certain sublinear integral
operators. In fact, we shall establish the sharp estimates for the multilinear commutators
only under certain conditions on the size of the operators. The operators include the
Littlewood — Paley operator and the Marcinkiewicz operator. As the applications, we
obtain the weighted norm inequalities and L log L-type estimate for these multilinear
commutators. In Section 2, we will give some concepts and theorems of this paper,
whose proofs will appear in Section 3.

2. Preliminaries and theorems. First, let us introduce some notations (see [2—5]).
Throughout this paper, ¢ will denote a cube of R™ with sides parallel to the axes. For
any locally integrable function f, the sharp function of f is defined by

1
# = S —_— -
f7(x) sup Q|Q/|f(y) feldy,

where, and in what follows, fo = |Q|™! / f(x)dx. 1t is well known that (see [3])
Q

zeQ c€C

# = in L — .
P (a) = sup inf Q/ () — cldy

We say that f belongs to BMO(R™) if f# belongs to L>=(R") and | f|pymo =
= ||f#||=. For 0 < r < 0o, we denote f# by

£ @) = [ (@)
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Let M be the Hardy - Littlewood maximal operator, i.e., M(f)(z) = sup |Q|™* x
z€Q

></ |f(y)|dy; we write M,(f) = (M(fP))'/?. For k € N, we denote by M* the
Q

operator M iterated k times, ie., M'(f)(z) = M(f)(z) and M*(f)(z) =
= M(M*=1(f))(z) for k > 2.

Let & be a Young function and P be the complement associated with . For a
function f, we denote the ®-average by

Iflle,@ = inf )\>0:|é/<1>(|f(§/>|>dy§1
Q

and the maximal function associated to ¢ by

Mo (f)(x) = sup || flle.q-
T€EQ

The main Young function to be used in this paper is ®(t) = exp(t") — 1 and ¥(¢) =
= tlog"(t + e), the corresponding ®-average and maximal functions are denoted by
| Mlexp £m,@> Mexp - and || - || £ log £)7,@» ML(10g £)~- We have the following inequality
forany r > 0 and m € N:

M(f) < Mpaogny-(f), M (10g Lym (f) ~ M™FL(f).

For r > 1, we denote
[1bllosce . = Sup [ = bgllexp £7,@;

the spaces Oscexp - is defined by
OSCexp Lr = {b S Lllog(R”): 16l oscerp zr < oo}.
It is that (see [2])

16— bargllexp Lr2v0 < Ckl|bll0scory or -
It is obvious that Osceyxp, - coincides with the BMO space if 7 = 1. For r; > 0
and b; € Osceyppm for j = 1,...,m, we denote 1/r = 1/r; + ... + 1/r,, and
6] = H;n:l ||bj|\oscexP ,r - Given a positive integer m and 1 < j < m, we denote by
C7" the family of all finite subsets 0 = {o(1),...,0(j)} of {1,...,m} of j different

elements. For o € C7", denote 0¢ = {1,...,m} \ o. For b = (b1,...,by) and
O’~: {c(1),...,0(j)} € C]m, denote b, = (bo(1)7 .. ~abo(j))a by = bg(l) .. .bg(j) and
1o ll0scerp zro = Nbo@llose, ,raiy - 1o llose, v -

We denote the Muckenhoupt weights by A, for 1 < p < oo (see [3]).

We are going to consider some integral operators defined below.

Let b;, j = 1,...,m, be the fixed locally integral functions on R".

Definition 1. Let A > 34 2/n, ¢ > 0 and ¢ be a fixed function which satisfies
the following properties:

) [ vtz =o
Q) [Y(x)] < O+ |z[)~(+1),
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WEIGHTED SHARP BOUNDEDNESS FOR MULTILINEAR COMMUTATORS 1421

3) [¥(z +y) = (@) < Clyl*(1+ [a) =1+ when 2Jy| < |a].
The Littlewood — Paley multilinear commutator is defined by

1/2
ni - dud
|/ (M;_l) F @l ]
R
where

Rn

and Py (x) = t7"p(x/t) for t > 0. Set Fy(f) = ¢ * f. We also define that

1/2
2 dydt
F
|/ (== 5) ool
R7L
which is the Littlewood — Paley function (see [6]).
1/2
Let H be the Hilbert space H = {h: |kl = (// 2dydt/t”“) <

< oo}. Then for each fixed = € R™, F/A(f)(z,y) may be regarded as a mapping from
(0,+00) to H, and it is clear that

(t)nm Ff) ()

k() | e p—

and

ni/2
(@) = H (=) BOW

Definition 2. Let A > 1,0 < v < 1 and §) be homogeneous of degree zero on

R™ such that / Q(z")do(x") = 0. Assume that Q € Lip, (S"™1), i.e., there exists
n—1

a constant M > 0 such that for any z, y € S"~', |Q(z) — Qy)| < M|z — y[7. We

denote T'(z) = {(y,t) € R"+1 |z — y| < t} and the characteristic function of T'(x) by
Xr(z)- The Marcinkiewicz multzlznear commutator is defined by

1/2

n
t g dydt
Fb 2
R

where
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We set

We also define

1/2
wow=| [ [ () mowrdd|
R

which is the Marcinkiewicz integral (see [7]).

1/2
Let H be the space H = {h: Ih|l = (// |h(y,t)|2dydt/t"+3) < oo}.
RGH

Then, it is clear that

t

ni/2 ;
W) Fy(f)(@,y)

W) = H(

and
/2

() (@) = H (py) AW

More generally, we define the following multilinear commutator related to certain
integral operators.

Definition 3. Let F'(x,y,t) be a function defined on R™ x R" x [0, +00), we denote
that

F(f)(x) = / F(a,y.t)f(y)dy
P

and

FiH@) = [ | T1s@) = b)) | Pl )y
g LI=1
for every bounded and compactly supported function f.
Let H be the Banach space H = {h: ||h| < oo} such that, for each fixed x € R™,

Fy(f)(x) and th(f)(a:) may be regarded as a mapping from [0, +oc) to H. Then, the
multilinear commutator related to F? is defined by

Ty(f)(x) = ||FY(f)(@)];

bl

we also denote

T(f)(@) = [|[F(H)@)]-

Note that when by = ... = by,,, T is just the m order commutator. It is well known
that commutators are of great interest in harmonic analysis and have been widely studied
by many authors (see [1, 2, 4, 5, 8—12]). Our main purpose is to establish the sharp
inequalities for the multilinear commutator operators.

The following theorems are our main results:
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1423
Theorem 1.

Let v; > 1 and bj € Osceyp i for j = 1,...,m. Denote 1/r =
=1/r1+...4 1/rm. Then the following statements are frue:
(1) For any 0 < p < q < 1, there exists a constant C > 0 such that for any
f € C§(R™) and any x € R",
~ m -~
(GRUDF (@) < C | IbIMpgog y (@) +D Y Mg (f)() |-

j=1loeCy
2) If1 <p<ooandw € Ay, then

19X ) 2oy < CIBIF o -

(3) Denote ®(t) = tlog'/"(t + €). If w € Ay, then there exists a constant C' > 0
such that for all A > 0,

w({z e R™: g{(f)(x) > \}) < c/cp (W) w(z)dz.
i

Theorem 2.

Let rj > 1 and bj € OSceypmi for j = 1,...,m. Denote 1/r =
=1/r1 + ...+ 1/ry. Then the following statements are frue:

(1) For any 0 < p < q < 1, there exists a constant C > 0 such that for any
feC§(R™) and any x € R",
b

S (DNF @) < C [ IDIMpgog Ly (@) + D0 S Myl (£)() |-

j=1 UEC;-"’
() If1 <p<ooandw € Ay, then

15N 2oy < CIRNIA 200

(3) Denote ®(t) = tlog!/"(t + ¢). If w € Ay, then there exists a constant C > 0
such that for all X > 0,

o B b
w({z e R": b (f)(z) > A}) < C/<I> (W) w(x)dx.
R”L
3. Proofs of theorems. We begin with a general theorem.
Main Theorem. Let r; > 1 and bj € Osceypmi for j = 1,...,m. Denote 1/r =
=1/r1+ ...+ 1/rm. Suppose that T is the same as in Definition 1 and such that T is

bounded on LP(w) for all w € A,, 1 < p < 0o, and weak (L*(w), L' (w)) bounded for
all w € Ay. If T satisfies the size condition

HFt((bl - (bl)ZQ) ce (bm - (bm)ZQ)f)('r)_

~Fu((b1 = (51)20) - (b = (bm)2) ) (w0) | £ CM 1105111/ ()(@)

Jor any cube Q = Q(xg,d) with supp [ C (2Q)¢ and z, T € Q = Q(xo,d), then for
any 0 < p < q < 1, there exists a constant C > 0 such that, for any f € C§°(R"™) and
any x € R",
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(T3 ()} (@) < (”bML(long/T +Z D Myl 1?)))

j=loeCy

To prove the theorem, we need the following lemmas:
Lemma 1 (Kolmogorov, [3, p. 485]). Let 0 < p < q < oo and let f > 0 be an
arbitrary function. We define, for 1/r =1/p — 1/q,

1
I/ lwre = supAl{e € " f@) > M7, Noo(h) = sup | fxellee/lceller
>
where the sup is taken for all measurable sets E with 0 < |E| < oo. Then

Iflwee < Npo(f) < (a/(a = )Pl llwro-

Lemma 2 [2]. Letr; > 1 for j =1,...,m. Denote 1/r = 1/r1 + ...+ 1/ry,.
Then

1
@ / |f1(.23) s fm(x)g(a:)|dx < ”f”exp L™1,Q - - ”fHeXPL””aQ”g”L(IogL)l/v',Q-
Q

Proof of Main Theorem. 1t suffices to prove that, for f € C§°(R") and some
constant C), the following inequality holds:

1/p
(IQI J s C‘]pd”) <

(|b||ML (log L)1/ ( +Z Z My ( 33))

Jj=1 UGC’”

Fix a cube Q = Q(zo,d) and & € Q. We first consider the case m = 1. For f; = fx20
and fa = fXRgn\2q, We write

FP (f)(@) =
= (b1(x) = (b1)20) Fr(f)(x) — Fi((by — (b1)20) f1) () — Fe((b1 — (b1)20) f2) (%),
then
Ty, (f)(z) = T(((b1)2g — b1) f2)(wo)| < ||FL*(f)(z) — Fe(((b1)2g — b1) f2)(zo)|| <
< (01 (y) = (01)2@) Fe(f) (@) || + [[Fe((b1 — (b1)2@) f1) () ||+
H|F((br = (b1)29) f2)(z) — Eo((b1 — (b1)2) fo)(w0)|| =
— (&) + [I(z) + IT1(x).

For I(x), by Holder’s inequality for the exponent 1/1+ 1/I’ =1 with 1 <[ < ¢/p and
pl = q, we have

e 1/p
(&/U(@V’dm) (|Q /|b1 — (b1)20P|T(f)(x )|pdx> <
Q
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1/pl’ 1/pl
by ( (by) )|Pld
(2Q|/|1 (Pr)zal ) (IQI/T 7 ) :

< Cllo1l|0seery o Mpt(T(£))(Z) < Cllb1|Osceny, 1 Ma (T(£))(E)-

1425

For II(x), by Lemma 1 and the weak type (1, 1) of T, we have

1/p
1 Pdx T
(LQIQ/B(M d ) (Q|/’T — (b1)2) f1)(2)["d ) =

1Ty = (br)2¢) f1) llr
< CRQ|™ 2o <

< CR2QITHT((br — (b1)20) fx20)lwer <

< CRQl! / 1b1(2) — (b1)agllf(2)|dz <

< Cllbr = (b1)2llexp L 2@ fl Latog £y1/7 20 <

< CHbl HOSCCxp L ML(log L)l/’“(f)(j)'

For ITI(x), using the size condition of T, we have

1/p
(Kl?l/c(scﬂpdx) < CM (106 1)1/ (f)(E).
Q

We now consider the case m > 2. For b = (b1, ..., by, ), we write

FN(f / [ ] F(x,y,t)f(y)dy

R™

= /(bl(iv) = (b1)2q) — (b1(y) — (b1)2¢) - - - (bm(2)—

R’n

—(bm)2Q) = (bm(y) = (bm)2@) F(x, y, 1) f(y)dy =

gMS

> — (b)ag)o / (b(y) — (B)a@)o F (. y.£) F(y)dy
C R‘!L

= (b1(x) = (b1)2Q) - - - (b () — (bn)2@) Fi(f) (@) +
FH(=1)"F (b1 — (b1)2q) - - - (b — (bm)2@) f)(z)+

Z 32 (A7) - D) / (b(y) — b()) o=z, 9, ) f(4)dy
j=1 C

R™

= (b1(@) = (b1)2q) - - - (bm (@) = (bm)2@) Fi(f)(%)+
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(=D F((br = (01)2@) - - - (b — (bm)2@) ) (2)+

+Z 37 o (b@) = (0)20)0 FP° (1) (@),

j=1 aECm

whence

m—1

+|[F((br = (b1)2q) - - - (b — (bm)20) f1) ()| +

H|F (b1 = (01)2Q) - - - (b — (bm)2@) fo) ()~

—Fy((b1 = (b1)2@) - - - (b — (bm)2@) f2) (z0) || =
=IL(z) + Iy(z) + Is(x) + 14(x).

For I;(z) and Iz(x), similar to the proof of the case m = 1, we get

1/p
<|Ql| / (Il(x))pdx) < OM,(T())(@)
Q

and

1/p
1 m—
Nl (I (m))pdx <C M og L)t ,(f)(ff)
<|Q|Q/2 ) zz Y

For I3, by the weak type (1, 1) of T and Lemma 2, we obtain

1/p
(@ﬂ / <13<z>>pdx) <
<51 / 1) = (b1)agl - B (z) — Bm)aall f @l <

< Clby — (b1)2@llexp L1 ,2Q - - - [|bm — (b ) 2@ lexp Lrm 2@ | f1 L(tog £)2/7 20 <
< Ol M og Ly (F)(Z)-

For I, using the size condition of T, we have
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WEIGHTED SHARP BOUNDEDNESS FOR MULTILINEAR COMMUTATORS 1427

1/p

/ (Li(e)Pde | < OMygog 1y (F)(E).
Q

This completes the proof of the Main Theorem. ) }
To prove Theorems 1 and 2, it suffices to verify that ¢§ and pf satisfy the size
condition in Main Theorem, that is

t+ |-y t+]zo —yl

X Fy((b1 — (b1)2q) - - - (b — (bm)20) f)(¥)

s
Q|

<

< CML(log L)t/r (f)(lj)

Suppose that supp f C Q¢ and z € Q = Q(x¢, d). Note that |xg — z| ~ |z — z| for
z€Q°.
For g%, by the condition of ¢ and the inequality a'/? — /2 < (a — b)'/2 for

a>b>0, we get
t+ [z —yl t+ |zo —

X Fi((br — (b1)2q) - - - (b — (bim)2q) f)(y)

tnA/2|x0 756‘1/2
: / / / {(t—&- |zo _y|)(nA+1)/2|b1(Z) _(b1)2Q|...

RI (2Q)°

<

1/2

% dyd
o (2) = (bm)2g ] 1f (2)] |1 (y — 2)|dz t3+f <

<c / 1b1(2) = (b1)2@] - - - [bm(2) — (Bm)2| 1£(2)] %
(2Q)¢

1/2

" / / ti=m A g — x|dydt s
(t+ |wo —y )" + |y — 2[)+2 ’

n+1
R+

noting that 2t + |y — 2| > 2t + |zg — z| — |xo — y| > t + |xo — 2| for |zo — y| < t and
2K 4y — 2| > 2K 4 2o — 2| — |20 — y| > |20 — 2] for |39 — Y| < 281t and
recalling that A > (3n + 2)/n, we get

B
t+lzo—yl) (t+y—z])2t2

n
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- t+lro—yl/) (t+]y—z[)>+?

|zo—y|<t

0o ¢ n dy
+t" / <
2 <t+lxoy> (t+ly —z[)>+> —

k:Oth<\zofy\§2k+1t

<4n / 22n+2dy N
> ‘ - (Qt + 2|y _ Z|)2n+2
To—Y|l>
N i 271971)\ 2(Ic+2)(2n+2)dy _
= @2 T 2oy — ol |
T lwo—y| <2k +1t
dy
<Cct™
: |
|zo—y|<t
N i e 2k(2n+2)dy -
G+ 2T [y — e | =

k=000 —y<2r+1t

dy
<Ct™
= / (t+ o — 22 2

|zo—yl<t

o0
2k(2n+2)d
+ Z / 2—kn)\ :g 5 <
— (t+ |zo — z[)>+
=0z —y<artiy

" T ok (3n2-n\) "
< Ct—n 2 n —n <
- (t+ |zo — z])2nt2 + kZ—O (t+ |zo — z])2n+2 | —
< C
= (t+ |wo — 2])2n 2’
since
Vi d
i _ —2n—1
/ (o — sz ~ G0 =2l
0
we obtain

( ¢ )ﬂ)\/2 ( ¢ >n)\/2
e — — e — X
t+ |z —yl t 4 |zo —

XE((01 = (b1)2@) - - (bm — (bm)20) ) (y) || <
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|£L’0 71,‘1 2
<C [ |na() = Beal - [om(2) = bm)ae 1 () sy ds <
(2Q)°
oo m
N L L (YR
k:12k+1Q\2kQ =1

m

T10() = B)20)|| 1f(2)ld= <

2k+1QQ J=1

= Cirm ﬁ |b; — (b
k=1 j=1

< CZ 2_k/2‘2k+1Q|_1
k=1

j)2Q Hexp L7i 2k+1Q Hf”L(log L)1/ 2k+1Q <

m

< C’ka2 k/2 H l1b; ||ObCexpL v Mpgog Ly (F)(E) <

<C H bjllose, ., s MLog Lyr/+(f)(Z)-
j=1

For ,u§7 by the condition of €2, we get

< t )’VL)\/Q ( t )’VL)\/2 y
t+|r—y t+ |zo =yl

XFy (b1 = (b1)20) - - - (b — (bn)20) ) (y)

<[] ]

R (2Q)

<

Xr () (Y, )" 2o — |1/
X
t+ |z — (nA+1)/2|q — z|n—1
y y

1/2
2
X H |bj(z) — (bj)2Q||f(Z)|d21 fn+3 =
j=1
1/2

m nA—n—3
Xr(x) (v 1)t |0 — x|dydt :
<cC / [116:(2) = (Bi)ellf () // (t+ o =y iy — 22 B

Q)¢ /=1

Rn

noting that the inequalities | — z| < 2t and |y — z| > | — 2| —t > |z — z| — 3t hold
for |z — y| <t and |y — 2| < t and the inequalities |z — z| < #(1 + 28+1)
ly — 2| > |z — 2| — 2¥+3¢ hold for |z — y| < 281t and |y — 2| < ¢, we obtain

( ¢ )TL)\/2 ( ¢ >n>\/2
e — — e — X
t+ |z —yl t+ |zo — yl

ISSN 1027-3190. Ykp. mam. scypn., 2007, m. 59, Ne 10
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xFy((br = (b1)2) - - - (bm = (bm)20) ()| <

<C [ TLI0e) - (y)aol 7)o — 2l

(2 77!
1/2
o0 ni+1 —n Jud
y / / t Xr(z) (y, t)t " dydt ot
t+ ]z —yl (|z — 2| — 3t)2n+2
0 Jo—y|<t

+¢ [ TTIn) - Gaal ) o — o172
(2Q)¢ 7=
00 1/2
y /i / t " e (v, " dydt "
P t+ |z —yl (Jo — 2| — 2++3¢)2n+2
0

=Ookpc|p—y|<2r+1t

IA

s¢ / ﬁ\bj<z>—<bj>m||f<z>\|xo—x|1/2x

(2 77!
- 1/2
dt
X d
/ (o—z -tz | 7
lz—z]/2

+C / 1_[|bj(Z)—(bj)zcz||f(~’1)||900—95‘1/2><
(2Q) =1

1/2

dz <

o0 7 —k(nA+2) (okp\np—nok
s 2 (2kt)nt—m2k gt

(lx — 2| — 2FF3g)2n+2
k:02*2*"‘|.r—z\

<C / H ‘bj(z) - (bj)2Q| lf(2)] |zo — $|1/2|33 _ Z|_n_1/2dz+
(2@ 7

- 1/2 = n—ni— —n—
+C / H’bj(z)—(bj)gQ‘|f(z)||x0—x’ / ZZM A2 — |24 <
(20)° I k=0

|x07x|1/2

<c [ L) - 0zl G, dz <

1] zo — 2| t1/277 =
(2Q) I=1

<C H ”bj”Osccxerj ML(log L)l/r(f)(:z')'
j=1

These yields the desired results.
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By (1) and the boundedness of g, pux and M (14 1,y1/-, We may obtain the conclusi-
ons (2), (3) of Theorems 1 and 2. This completes the proof of Theorems 1 and 2.
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