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NABLYÛENNQ KLASIV PERIODYÇNYX

FUNKCIJ BAHAT|OX ZMINNYX LINIJNYMY

DODATNYMY OPERATORAMY

In an N-dimensional space, we consider the approximation of classes of periodic functions which are
invariant with respect to a displacement by a linear operator with kernel determined as the product of
two kernels, one of which is positive.  We establish that the least upper bound of this approximation does
not exceed the sum of respectively chosen least upper bounds in m- and ( N – m )-dimensional spaces.
We also consider the cases in which the obtained inequality becomes the equality.

Vstanovleno, wo v  N-vymirnomu prostori toçna verxnq meΩa nablyΩennq klasiv periodyçnyx

funkcij, invariantnyx vidnosno zsuvu, linijnym operatorom z qdrom, wo [ dobutkom dvox qder,

odne z qkyx [ dodatnym, ne perevywu[ sumy vidpovidno vybranyx toçnyx verxnix meΩ v  m-  i  ( N –
m )-vymirnyx prostorax.  Rozhlqnuto vypadky, v qkyx dlq otrymano] nerivnosti ma[ misce znak

rivnosti.

Vidomo, wo znaxodΩennq velyçyn toçnyx verxnix meΩ nablyΩennq klasiv peri-

odyçnyx funkcij linijnymy operatoramy u prostori rozmirnosti  N  ne zavΩdy

moΩna zvesty do obçyslennq vidpovidnyx velyçyn u prostori menßo] rozmirnos-

ti.  V danij roboti qkraz i vkazano umovy, pry qkyx ce moΩlyvo zrobyty.

Dovedeno, wo v  N-vymirnomu prostori toçna verxnq meΩa nablyΩennq kla-

siv periodyçnyx funkcij, invariantnyx vidnosno zsuvu, linijnym operatorom z

qdrom, wo [ dobutkom dvox qder, odne z qkyx  m-vymirne i dodatne, ne perevywu[

sumy vidpovidno vybranyx toçnyx verxnix meΩ v  m-  i  ( N – m  )-vymirnyx prosto-

rax.  Vstanovleno, wo v nerivnosti ma[ misce znak rivnosti dlq central\no-sy-

metryçnyx klasiv neperervnyx abo istotno obmeΩenyx funkcij, qki zadovol\nq-

gt\ we odnu dodatkovu umovu.  Z oderΩanyx rezul\tativ u vyhlqdi naslidku

moΩna oderΩaty teoremu 1 z roboty [1].
Pokazano, wo nablyΩennq linijnym dodatnym operatorom z dovil\nym qdrom

zaleΩyt\ lyße vid odnovymirnyx skladovyx c\oho qdra, tobto zbiha[t\sq z na-

blyΩennqm deqkym linijnym dodatnym operatorom z qdrom, wo [ dobutkom od-

novymirnyx qder.

Nexaj  C  
N,  LN

∞   i  Lp
N

 — prostory  2 π-periodyçnyx po koΩnij iz  N-zminnyx

funkcij  f ( x  ) = f ( x1 , … , xN ),  vidpovidno neperervnyx, sutt[vo obmeΩenyx i su-

movnyx v  p-mu stepeni  ( 1 ≤ p < ∞  ),  z normamy

f C N   =  sup ( )
x

f x ,      f LN
∞
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f xvrai ,

f Lp
N   =  

1
2

1

π











∫
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f x d x( ) ,
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PN  =  
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N

=
∏ [ ]
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—  N-vymirnyj kub.

Poznaçymo çerez  x  
m = ( x1 , … , xm ),  x  

N
 
–

 
m = ( xm + 1 , … , xN )  i  x  = ( x1 , … , xN  )

vidpovidno  m-,  ( N – m )-  i  N-vymirni vektory, koordynatamy qkyx [ dijsni çys-

la; çerez  E 
m

,  E 
N

 
–

 
m

  vidpovidno mnoΩyny vsix  m -  i  ( N – m  )-vymirnyx vektoriv
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k  
m  = ( k1 , … , ki , … , km  ) ,  k  

N
 
–

 
m  = ( km + 1 , … , kN  ) ,  koordynatamy qkyx [ cili

nevid’[mni çysla.  S ( k 
m

 )  i  S ( k 
N

 
– m  ) — çyslo koordynat vektoriv  k 

m
  i  k 

N
 
– m,  wo

dorivnggt\ nulg,  B 
m

  i  B 
N

 
– m — vidpovidno mnoΩyny najmoΩlyvißyx m- i ( N –

– m  )-vymirnyx vektoriv, koΩna koordynata qkyx dorivng[ 0  abo 1;  B ( k 
m

 )  i

B ( k 
N

 
– m  ) — pidmnoΩyny mnoΩyn  B 

m
  i  B 

N
 
– m  taki, wo qkwo  k j = 0,  to i  i  j = 0,

de  i 
m = ( i1 , … , ij , … , im )  ∈ B ( k 

m
 ) ,

a
k
i

m

m
  =  

1
21π
π

m
P

m

j

m

j j j

m

f t k t i dt∫ ∏
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— koefici[nty Fur’[ funkci]  f ( x 
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 ) ,  de  i 
m = ( i1 , … , ij , … , im )  ∈ B ( k 

m
 ) ,

U f x
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+ ( ; ; )Λ   =  
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— linijni operatory vidpovidno z qdramy  
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=
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Operator  U f x
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Qkwo  f ( x ) = f ( xi ) — funkciq odni[] zminno]  xi ,  to
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U f x
n im
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=
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, , , , , ,
, , , , , ,
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… …
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0 0 1 0 0
, , , , , ,
, , , , , ,
… …
… …

,

(1)
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  =  λ 0 0 0 0

0 0 0 0 0
, , , , , ,

, , , , , ,
… …
… …
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,      µki

  =  λ 0 0 0 0
0 0 1 0 0

, , , , , ,
, , , , , ,
… …
… …
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.

Vvedemo poznaçennq

U f xn ii

+ ( ; ; )Λ   =  2 1m
n iU f xm
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P
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π
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de
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i i
k t k t

=

−

∑ −( )
1

1

λ µcos sin   ≥  0,

a  λki
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  vyznaçagt\sq formulamy (1).

Nexaj  A — bud\-qkyj linijnyj operator, qkyj vidobraΩa[ mnoΩynu  M ⊂ X 
N

( X 
N = C 

N, LN
∞ , Lp

N )  v  X  
N

,  mnoΩyna  M  [ invariantnog vidnosno zsuvu, tobto z

vklgçennq  f ( x  ) ∈ M  vyplyva[, wo  f ( x + t  ) ∈ M  i  G M A
X N( , )  =

= sup ( )
f M

Xf A f N

∈
−  — nablyΩennq mnoΩyny  M  operatorom  A  u prostori  X 

N
.

Poznaçymo çerez  M
X m ,  M

X N m−   i  M xi
  pidmnoΩyny funkcij mnoΩyny  M,

qki otrymugt\sq z  M,  qkwo zafiksuvaty zminni vidpovidno  ( xm + 1 , … , xN  ) ,
( x1 , … , xm )  i  ( x1 , … , xi – 1, xi + 1 , … , xN ).

U roboti dovedeno, wo qkwo mnoΩyna  M  [ invariantnog vidnosno zsuvu, to

G M U
n n X

m N m N
,

; −
+( )   ≤  G M U

X n X
m m m, +( )   +  G M U

X n X
N m N m N m− − −( ), , (2)

i rozhlqnuto vypadky, pry qkyx v nerivnosti (2) ma[ misce znak rivnosti.

Qkwo zafiksuvaty zminni  x xm1
0 0, ,…( ) = xm

0   abo  x xm N+ …( )1
0 0, ,  = x N m

0
−

,  to z

oznaçennq norm vyplyva[
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x

m N m
Cm

N mf x x
0

0
−( ) −   =  sup ,
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mf x x
0
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x
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Lm P

N mf x x
0

0
−( ) − , (5)

f LP
N   ≤  sup ,

x

m N m
LN m P

mf x x
0

0
−

−( ) . (6)
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Lema 1.  Qkwo mnoΩyna  M ⊂  X 
N  [ invariantnog vidnosno zsuvu, to vykonu-

[t\sq nerivnist\ (2).

Dovedennq.  Vvedemo dopomiΩni linijni operatory
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n

m
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nq operatoriv  U f x
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(7)

Iz nerivnosti (7), vykorystovugçy uzahal\nenu nerivnist\ Minkovs\koho, (dyv.,

napryklad, [2, c. 22]), znaxodymo

G M U
n nm N m,

; −
+( )  ≤  sup ( ) ( ; ; )

;
f M

n X
f x U f xm N

∈
∞
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∞
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.

(8)

Iz nerivnosti (8) i spivvidnoßen\ (3) – (6) vyplyva[

G M U
n nm N m,

; −
+( )  ≤  sup sup , ; ; ,

;
f M x

m N m
n

m N m
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∈

−
∞
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+  
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n
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X

m

m m
N m N m

f x t x U f x t x dt
∈ +

−
∞

−+( ) − +( )( )− −
0 0

0 0 0 0Λ .

Oskil\ky  f ( x )  pry fiksovanyx  x N m
0
−

  i  xm
0  + tm

0   naleΩyt\ vidpovidno mnoΩy-

nam  M
X m   i  M

X N m− ,  to, vykorystovugçy oznaçennq operatoriv  U f x
nm ;

( ; ; )∞
+ Λ

i  U f x
nN m− ∞;

( ; ; )Λ ,  U f x
n

m
m
+ ( ; ; )Λ ,  U f x

n
N m
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−( ; ; )Λ ,  otrymu[mo
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G M U
n n X

m N m N
,

; −
+( )   ≤  sup ( ) ( ; ; )

f M
n

m
X

X m

m mf x U f x
∈

+− Λ   +

+  
1

π
λm

P
n

m

m

m t∫ +Λ ( , ) sup ( ) ( ; ; )
f M

n
N m

X
m

X
N m

N m N mf x U f x dt
∈

−
−

− −− Λ   =

=  G M U
X n X

m m m, +( )   +  G M U
X n X

N m N m N m− − −( ), .

Lemu 1 dovedeno.

Naslidok 1.  Qkwo mnoΩyna  M ⊂ X 
N  [ invariantnog vidnosno zsuvu, to

G M U
n n n Xm

N m N
,

, , ;1 …
+

−( )   ≤  
i

m
x

n X
G M Ui

i
=

+∑ ( )
1

, ( , )λ µ   +  G M U
X n X

N m N m N m− − −( ), .

Ma[ misce taka teorema.

Teorema 1.  Nexaj mnoΩyna  M ∈  X  
N  ( X  

N = C  
N, LN

∞)  [ invariantnog vidnos-
no zsuvu i central\no-symetryçnog, tobto z vklgçennq  f ( x  )  ∈ M  vyplyva[,

wo  – f ( x ) ∈ M.  Qkwo z vklgçennq  f (  x  
m

 )  ∈ M
X m  ⊂  M  i  g  ( x 

N
 
–

 
m

 )  ∈ M
X N m−  ⊂  M

vyplyva[, wo  f x g xm N m( ) ( )+( )−  ∈ M,  to

G M U
n n X

m N m N
,

; −
+( )   =  G M U

X n X
m m n, +( )   +  G M U

X n X
N m N m N m− − −( ), . (9)

Dovedennq.  Prypustymo, wo  G M U
X n X

m m m, +( )  = ∞  abo

G M U
X n X

N m N m N m− − −( ),  = ∞.  Oskil\ky  M
X m  ⊂ M  i  M

X N m−  ⊂ M,  to

G M U
n n X

m N m N
,

; −
+( )   ≥  G M U

X n n X
m m N m N

,
; −

+( )   =  G M U
X n X

m m m, +( )   =  ∞

abo

G M U
n n X

m N m N
,

; −
+( )   ≥  G M U

X n X
N m N m N m− − −( ), .

Z lemy 1 vyplyva[ (9).

Nexaj  G M U
X n X

m m m, +( )  < ∞  i  G M U
X n X

N m N m N m− − −( ),  < ∞.  Todi za oznaçen-

nqm toçno] verxn\o] meΩi isnugt\ funkci]  ϕk  ( x  
m

 )  ∈ M
X m   i  φ  ( x 

N
 
–

 
m

 )  ∈ M
X N m−

taki, wo magt\ misce spivvidnoßennq

G M U
X n X

m m m, +( )   =  ϕ ϕk
m

n k
m

X
x U xm m( ) ( ; ; )− + Λ

i

G M U
X n X

N m N m N m− − −( ),   =  φ φk
N m

n k
N m

X
x U xN m N m( ) ( ; ; )− −− − −Λ ,

abo isnugt\ poslidovnosti funkcij  ϕk
mx( ){ } ∈ M

X m   i  φk
N mx( )−{ } ∈  M

X N m− ,

k = 1, 2, 3, … ,  dlq qkyx

G M U
X n X

m m m, +( )   =  lim ( ) ( ; ; )
k

k
m

n k
m

X
x U xm m

→∞
+−ϕ ϕΛ (10)

i

G M U
X n X

N m N m N m− − −( ),   =  lim ( ) ( ; ; )
k

k
m

n k
N m

X
x U xN m N m

→∞
−− − −φ φΛ . (11)

Pokladagçy  fk ( x  ) = ϕ φk
m

k
N mx x( ) ( )+( )−  ∈  M  ta vraxovugçy central\nu

symetrig mnoΩyny  M  i te, wo  X 
N = C 

N
  abo  X 

N = LN
∞ ,  otrymu[mo
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G M U
n n X

m N m N
,

; −
+( )   ≥  lim ( ) ( ; ; )

;k
k n n X

f x U f xm N m N→∞
+− − Λ   =

=  lim ( ) ( ; ; )
k

k
m

n k
m

X
x U xm m

→∞
+−ϕ ϕΛ   +

+  lim ( ) ( ; ; )
k

k
N m

n k
N m

X
x U xN m N m

→∞
− −− − −φ φΛ ,

a ce razom iz spivvidnoßennqmy (10), (11), (2) i dovodyt\ (9).

Vidmitymo, wo isnu[ mnoΩyna  M ⊂  C  
N

,  invariantna vidnosno zsuvu i cent-

ral\no-symetryçna, dlq qko] iz vklgçen\  f ( x  
m

 )  ∈ M
X m   i   g  ( x 

N
 
–

 
m

 )  ∈ M
X N m−

ne vyplyva[, wo  f x g xm N m( ) ( )+( )−  ∈ M.

Nexaj, napryklad,  M = Hω ( t, z ) ⊂  C  
2
 — mnoΩyna neperervnyx  2  π-periodyç-

nyx po koΩnij iz zminnyx funkcij  f ( x, y ),  dlq qkyx  ω ( f; t; z ) ≤ ω ( t, z ),  de

ω ( f; t; z )  ≤  sup ( , ) ( , )
,h t z

Cf x h y f x y
≤ ≤

+ + ∂ −
∂

2 ,

a  ω  ( t, z ) — funkciq typu modulq neperervnosti.  Vidomo (dyv., napryklad, [3,
c. 124]), wo

max ( , ); ( , )ω ωt z0 0{ }  ≤  ω ( t, z )  ≤  ω ( t, 0 )  +  ω ( 0, z ).

Qkwo  ω ( t, z ) ≠ ω ( t, 0 ) + ω ( 0, z ),  to  f ( t ) ∈ ω ( t, 0 ) ∈ Hω ( t, 0 ) = M 

x
  i  g  ( z ) =

= ω ( 0, z ) ∈ Hω ( 0, z ) = M 

y
,  ale  f t g z( ) ( )+( ) ∉ M.

Naslidok 2.  Qkwo  M  — central\no-symetryçna mnoΩyna, invariantna
vidnosno  zsuvu,  dlq  qko]  iz  vklgçen\     f  (  xi ) ∈ M xi  ⊂  M ,     i  = 1, m ,     i

g ( x 
N

 
–

 
m

 )  ∈ M
X N m−  ⊂ M  vyplyva[, wo  

i

m
i

N mf x g x=
−∑ +( )1

( ) ( )  ∈ M,  to

G M U
n n n Xm

N m N
,

, , ;1 …
+

−( )   =  
i

m
x

n x
G M Ui

i i=
∑ ( )

1

, ( , )λ µ   +  G M U
X n X

N m N m N m− − −( ), ,

de  X 
N = C 

N
  abo  X 

N = LN
∞ .

Z naslidku 1, mirkugçy, qk i pry dovedenni teoremy 1, oderΩu[mo naslidok 2.

Poznaçymo çerez  H N
ω( )1   klas funkcij  f ( x ) ∈ C 

N
,  qki zadovol\nqgt\ umovu

f x f x( ) ( )− ′   ≤  
i

N

i i ix x
=
∑ − ′( )

1

1ω( )
,

a çerez  H N
ω( )2   klas funkcij  f ( x ) ∈ C 

N
,  dlq qkyx

f x h f x f x h( ) ( ) ( )+ − + −2   ≤  
i

N

i ih
=
∑ ( )

1

2ω( )
.

Tut  ωi it
( )( )1

  i  ωi it
( )( )2

 — dovil\ni fiksovani funkci] typu moduliv neperervnos-

ti perßoho i druhoho porqdkiv vidpovidno.  Oskil\ky klasy  H i
N
ω( ) ,  i = 1, 2,  zado-

vol\nqgt\ umovy naslidku 2, to, vykorystavßy joho, moΩna otrymaty, napryk-

lad, teoremu 1 z [1].
Teorema 2.  Qkwo mnoΩyna  N  zadovol\nq[ umovy naslidku 2 i, krim toho, iz

vklgçennq  f ( x ) ∈ M  vyplyva[, wo  ( f ( x ) + C) ∈  M,  de  C — dovil\na stala,
to

G M U
n n X

m N m N
,

; −
+( )   =  

i

m
x

n X
G M Ui

i
=

+∑ ( )
1

1, ( )Λ   +  G M U
X n X

N m N m N m− − −( ), . (12)
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Dovedennq.  Oskil\ky mnoΩyna  M
X m  ∈  X 

N
  [ invariantnog vidnosno zsuvu,

X 
N = C 

N
   *abo   X  

N = LN
∞    i dlq koΩno] funkci]   f ( x  

m
 )  ∈ M

X m    vyplyva[, wo

( f ( x 
m

 ) + C) ∈ M
X m ,  to

G M U
X n X

m m m, +( )   =  sup ( ) ,
f M

m
P

m
n

m

X m m

mf t t dt
∈

+∫ ( )
0

1

π
λΛ , (13)

de  M
X m
0

 — pidmnoΩyna funkcij mnoΩyny  M
X m   takyx, wo  f ( 0 ) = f ( 0, … , 0 ) =

= 0.  Vnaslidok toho, wo mnoΩyny  M xi
  zadovol\nqgt\ ti Ω umovy, wo i mno-

Ωyna  M
X m ,  vraxovugçy oznaçennq operatoriv  U f xn ii

+ ( ; ; )Λ ,  ma[mo

G M Ux
n X

i
i

, ( )+( )Λ 1   =  sup ( ) ,
f M

i n i i
xi

i
f t t dt

∈

+∫ ( )
0

1

0

2

π
λ

π
Λ , (14)

de  M xi
0  — pidmnoΩyna funkcij mnoΩyny  M xi

  takyx, wo  f ( 0 ) = 0.

Vykorystovugçy teoremu Fubini, ma[mo

1

π
λm

P

m
n

m

m

mf t t dt∫ + ( )( ) ,Λ   =  

  =  
1 1

01
0

2

1 2 2 1 2

1
π π

λ
π

m
P

m m n
m

m

m

mf t t t f t t t dt dt dt−
+

−

∫ ∫ … − …( )













 …( , , , ) ( , , , ) ( , )Λ   +

  +  
P

m m n
m

m

m

mf t t t f t t t dt dt dt dt

−

∫ ∫ … − …( )








 …+

1

1
0 0 0

0

2

2 3 3 2 1 3π
λ

π
( , , , , ) ( , , , , ) ( , )Λ   + …

… +  
P

m n
m

m m

m

mf t t dt dt dt

−

∫ ∫ …








 …






+
−

1

1
0 0 0 0

0

2

1 1π
λ

π
( , , , , , ) ( , )Λ . (15)

Qkwo  f ( t1 , … , tm )  ∈ M
X m
0

,  to pry fiksovanyx  ( t2 , … , tm  ), ( t3 , … , tm ), … , tm

vidpovidno  ( f ( t1 , t2 , … , tm ) – f ( 0, t2 , … , tm ) ) ∈  Mt
0
1
,  (  f ( 0, t2 , t3 , … , tm  ) –  f ( 0, 0,

t3 , … , tm ) ) ∈  Mt
0

2 , … , f ( 0, 0, 0 , … , tm  )  ∈ Mtm
0 .  Todi, vykorystovugçy (15), ne-

vid’[mnist\ qdra  Λ
n

m
m t+ ( , )λ   i oznaçennq operatoriv  U f xn ii

+ ( ; ; )Λ ,  otrymu[mo

sup ( ) ,
f M

m
P

m
n

m

X m m

mf t t dt
∈

+∫ ( )
0

1

π
λΛ   ≤  

i

m

f M
m

P
i n

m

ti
m

mf t t dt
= ∈
∑ ∫ ( )

1 0

1
sup ( ) ,

π
λΛ   =

. =  
i

m

f M
i n i i

ti
i

f t t dt
= ∈

+∑ ∫ ( )
1 0

2

0

1
sup ( ) ,

π
λ

π
Λ . (16)

Z (13), (16), (14) i teoremy 1 vyplyva[, wo

G M U
n n X

m N m N
,

; −
+( )   ≤  

i

m
x

n X
G M Ui

i
=

+∑ ( )
1

1, ( )Λ   +  G M U
X n X

N m N m N m− − −( ), .

Dovedennq spravedlyvosti rivnosti (12) analohiçne dovedenng rivnosti (9).

Teoremu 2 dovedeno.
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ZauvaΩennq.  Dlq klasiv funkcij, wo zadovol\nqgt\ umovy teoremy 2, na-

blyΩennq linijnym dodatnym operatorom iz dovil\nym qdrom zaleΩyt\ vid od-

novymirnyx dodankiv c\oho qdra.  Tomu, zhidno z naslidkom 2, dlq takyx klasiv

funkcij nablyΩennq dodatnym operatorom iz dovil\nym qdrom zbiha[t\sq z na-

blyΩennqm dodatnym operatorom z qdrom, wo [ dobutkom odnovymirnyx qder.

Vykorystovugçy dovedeni tverdΩennq, moΩna, napryklad, znaxodyty ocinky

zverxu abo asymptotyçni rivnosti dlq velyçyn  G M U
n n X

m N m N
,

; −
+( ) ,  qkwo vidomi

ocinky zverxu abo asymptotyçni rivnosti vidpovidno dlq velyçyn

G M U
X n X

m m m, +( ) ,  G M U
X n X

N m N m N m− − −( ), ,  G M Ux
n X

i
i

, ( )+( )Λ ,  i = 1, m .

Poznaçymo çerez

Fl ( f ,  x1 )  =  
1

0

2

1 1 1 1π

π

∫ + +f x t t dtl( ) ( )Λ

operator Fej[ra z qdrom

Λl t+ ( )1   =  
sin

sin

2
1

1

2
2 2

lt

l t
/
/

( )
( )

,

çerez

Sn, m ( f ,  x2 , x3 )  =  
1
2 2 2 3 3 2 3 2 3

2
π

P
n mf x t x t D t D t dt dt∫∫ + +( , ) ( ) ( )

operator Fur’[, de

Dk ( t )  =  
sin

sin
k t

t

+( )
( )
/
/
1 2

2 2

— qdro Dirixle, çerez

Fl Sn, m ( f ,  x 
3

 )  =  
1
3

3 3 3 3

3
π

P
l n mf x t t dt∫ + +( ) ( ), ,Λ

operator z qdrom  Λl n m t, , ( )+ 3  = Λl n mt D t D t+ ( ) ( ) ( )1 2 3 ,  qke [ dobutkom qdra Fej[ra i

qder Dirixle.  Todi z naslidku 2 vyplyva[  G H F Sl n m Cω( ) , ,1 3
3( )  = G H Fl Cω( ) ,1 1

1( )  +

+ G H Sn m Cω( ) , ,1 2
2( ) .

ZauvaΩymo, wo z asymptotyçnymy rivnostqmy dlq velyçyn  G H Sn m Cω( ) , ,1 2
2( )

i  G H Fl Cω( ) ,1 1
1( ) ,  a takoΩ vidpovidnog bibliohrafi[g moΩna detal\niße oznajo-

mytys\ v monohrafi] O.VI.VStepancq [4].
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