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STRUKTURNÁE SVOJSTVA FUNKCYJ, ZADANNÁX

NA SFERE, NA OSNOVE  ΦΦΦΦ -SYL|NOJ APPROKSYMACYY

Structural properties of functions defined on a sphere are established on the basis of the strong
approximation of Fourier – Laplace series.

Vstanovlggt\sq strukturni vlastyvosti funkcij, zadanyx na sferi, na osnovi syl\no] aproksy-

maci] rqdiv Fur’[ – Laplasa.

1.  V nastoqwee vremq suwestvuet dostatoçno mnoho rezul\tatov, kasagwyxsq

obratn¥x teorem v termynax syl\noj summyruemosty tryhonometryçeskyx rq-

dov Fur\e (sm., naprymer, [1 – 6]).
V dannoj rabote rassmatryvagtsq strukturn¥e svojstva funkcyy, zadannoj

na edynyçnoj dvumernoj sfere  S 
2,  v termynax Φ -syl\noj summyruemosty rq-

dov Fur\e – Laplasa.  Pry πtom formulyrovky rezul\tatov, poluçenn¥x v rabo-

te, v yzvestnoj stepeny analohyçn¥ sootvetstvugwym rezul\tatam yz [5, 6].
Pust\ funkcyq  f ( x ) = f ( θ , ϕ )  neprer¥vna na edynyçnoj sfere s normoj

f f xC S
x S

( ) max ( )2
2

=
∈

.

Pod modulem neprer¥vnosty funkcyy  f ( x ) ∈  C ( S 
2)  budem ponymat\ vely-

çynu, opredelqemug ravenstvom [7]

ω ( f ; δ )  =  sup ( ) ( ; )
( )0

2
< ≤

−
γ δ

γf x S f x
C S

, (1)

hde

S f x f y dt y
x y

γ
γπ γ

( )
sin

( ) ( )
( , ) cos

=
≤
∫1

2
,

( x , y ) — skalqrnoe proyzvedenye vektorov v evklydovom prostranstve  R 
3,  d t —

πlement plowady poverxnosty  { y :  y ∈ S 
2 :  ( x , y ) = cos γ , 0 < γ < π  }.  PoloΩym

∆γ f ( x ) = f ( x ) – Sγ f ( x ) .  Modul\ neprer¥vnosty  k -ho porqdka,  k ∈  N ,  opredelq-

etsq ravenstvom

ωk ( f ; δ )  =  sup ( )
( )0

2
< ≤γ δ

γ∆
k

C S
f x ,

ω1 ( f ; δ )  =  ω ( f ; δ ) ,

hde

∆ ∆ ∆γ γ γ
k kf x f x( ) ( )= ( )−1 ,      ∆γ

0 f x( )   ≡  f ( x ) .

Pust\, dalee,

Tn ( x )  =  Tn ( θ , ϕ )  =  Yk
k

n
( , )θ ϕ

=
∑

0

— polynom sferyçeskoj harmonyky, hde  Y k ( ⋅ ) — sferyçeskaq harmonyka po-

rqdka  k ,  tak çto

D Yk ( θ , ϕ )  =  – k ( k + 1) Yk ( θ , ϕ ) ,
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D  =  1 1
2

2

2sin
sin

sinθ
∂
∂θ

θ ∂
∂θ θ

∂
∂ϕ{ } +

— operator Laplasa na sfere,

En ( f )  =  E fn C S
( )

( )2   =  inf ( )( ) ( )T
n C S n C S

n

f T f T f
−

− = −− −
∗

1

2 21 1

— velyçyna nayluçßeho pryblyΩenyq funkcyy  f  sferyçeskymy summamy po-

rqdka ne8v¥ße  n – 1.  PoloΩym      

ρ σk kf x f x f x( / ) ( / )( ; ) ( ) ( ; )1 2
1

1 2= − − ,

σ ν ν
ν

n
n

n

n
f x

A
A S f x( / )

/ –
/ ( / )( ; ) ( ; )1 2

1 2
1 2 1 2

0

1= −

=
∑ ,

hde  σn f x( / )( ; )1 2  — srednye Çezaro  ( C , 1 / 2 )  rqda Fur\e – Laplasa (sm., napry-

mer, [7]),

f ( x )  =  f ( θ , ϕ )  �  1
4

2 1
0 0

2

0π
θ ϕ γ θ θ ϕ

ππ
( ) ( , ) (cos )sinj f P d d

j
j+ ′ ′ ′ ′ ′

=

∞
∑ ∫∫ , (2)

Pj ( t ) — mnohoçlen¥ LeΩandra,  S f xν
( / )( ; )1 2  — çastyçn¥e summ¥ rqda (2),  ν = 0,

1, 2, … .
2.  Ymeet mesto sledugwee utverΩdenye.

Teorema 1.  Pust\ funkcyq  Φ  ( ⋅ )  neprer¥vnaq stroho vozrastagwaq
v¥puklaq vnyz na  [  0 , + ∞ )  y ravnaq nulg v nule, a funkcyq  Ψ  ( ⋅ ) — obratnaq

k nej.  Esly dlq  f ( x ) = f ( θ , ϕ ) ,  zadannoj na sfere  S  
2 ,  suwestvuet posledo-

vatel\nost\  ( Tn ( x ) ) ,  n = 0, 1, 2, … ,  sferyçeskyx summ takyx, çto

Φ T x f xk
k C S

( ) ( )
( )

−( )
=

∞
∑

0 2
  =  M  <  + ∞ , (3)

to dlq modulq neprer¥vnosty v¥polnqetsq neravenstvo

ω ( f ; h )  ≤  K h u
u

du
h

2
3

1 Ψ( )∫ , (4)

hde  K — poloΩytel\naq velyçyna, ne,zavysqwaq ot  h > 0.
Dokazatel\stvo.  Prymenqq neravenstvo Yensena [8, s. 92], s uçetom (3) na-

xodym

M  ≥  Φ T x f xk
k n

n

C S

( ) ( )
( )

−( )
=

−
∑

2 1

2
  ≥  n

n
T x f xk

k n

n

C S

Φ 1 2 1

2
( ) ( )

( )

−



=

−
∑   =

=  n
n

T x f x n
n

T x f xk
k n

n

C S
k

k n

n

C S

Φ Φ1 12 1 2 1

2 2
( ) ( ) ( ) ( )

( ) ( )

−






≥ −






=

−

=

−
∑ ∑   ≥

≥  n Φ ( E2n ( f ) ),      n ∈ N . (5)

Yz uslovyj teorem¥ sleduet, çto funkcyq  Ψ  ( ⋅ )  takΩe neprer¥vna, stroho

vozrastaet, ravna nulg v nule y v¥pukla vverx na  [ 0 , + ∞ ) .  Tohda, kak yzvest-

no,  Ψ ( ⋅ )  qvlqetsq modulem neprer¥vnosty, dlq kotoroho spravedlyvo svojst-

vo poluaddytyvnosty:

Ψ  ( t1 + t2 )  ≤  Ψ  ( t1 ) + Ψ  ( t2 )    ∀t1 , t2 > 0. (6)
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Sohlasno (6) yz (5) poluçaem

E2n ( f )  ≤  Ψ Ψ Ψ ΨM
n

M
n

M
n

K
n




 ≤

+



 ≤ +( ) 



 =






[ ]
[ ]

1
1 1 1 . (7)

Podbyraq  k ∈ N  tak, çtob¥  2k ≤ n < 2k
 
+1,  na osnovanyy (7) ymeem

En ( f )  ≤  E fk2
( )   ≤  K K

nkΨ Ψ1
2

1
1 1−





 ≤




 . (8)

Ar.8S.8DΩafarov¥m [9] ustanovleno neravenstvo

ω ( f ; 1 / n )  ≤  K n k E fk
k

n
−

=
∑2

1
( ) . (9)

Sopostavlqq (8) y (9), naxodym

ω ( f ; 1 / n )  ≤  K
n

k
k

K

n
x

x
dx

k

n

k

k

k

n

2
1

1
2

12

1 1 1Ψ Ψ


 ≤ + 





= −=
∑ ∫∑ ( )   ≤

≤  
K

n
x

x
dx

K

n
u

u
du

n

n

1
2

1

2
3

1

1

1 1( )
( )

/

+ 


 ≤∫ ∫Ψ Ψ

. (10)

Pust\  0 < h ≤ 1.  Tohda, v¥byraq  n  tak, çtob¥  1
1n +

 ≤ h < 1
n

,  n ∈  N ,  yz (10)

poluçaem (4):

ω ( f ; h )  ≤  ω ( f ; 1 / n )  ≤  K h
u

u
du

h
3

2
3

1 Ψ( )∫ .

Teorema 1 dokazana.

Sledstvye 1.  Pust\  Φ  ( u ) = up,  p  ≥ 1.  Esly dlq  f ( ⋅ ) ,  zadannoj na  S  
2,

suwestvuet posledovatel\nost\  ( Tn ( x ) ) ,  n  = 0, 1, 2, … ,  sferyçeskyx summ
takyx, çto

T x f xk
p

k C S

( ) ( )
( )

−
=

∞
∑

0 2
  =  M  <  + ∞ ,

to

ω ( f ; h )  ≤  K h p1/ ,      0 < h ≤ 1,    K ≡ cont > 0.

Teorema 2.  Pust\ funkcyq  Φ  ( ⋅ )  neprer¥vnaq stroho vozrastagwaq v¥-
puklaq vverx na [ 0 , + ∞)  y ravnaq nulg v nule, a  Ψ  ( ⋅ ) — obratnaq k nej funk-
cyq, pryçem

Ψ  ( t1 + t2 )  ≤  A [ Ψ ( t1 ) + Ψ  ( t2 ) ]      ∀t1 , t2 > 0. (11)

Esly dlq funkcyy  f ( x ) = f ( θ , ϕ ) ,  zadannoj na sfere  S 
2,

Φ ρk
k C S

f x( / )

( )

( ; )1 2

0 2
( )

=

∞
∑   =  M  <  + ∞ ,

to dlq modulq neprer¥vnosty

ω ( f ; h )  ≤  K h
u u

u u
du

h

2
3

1 2 Ψ | |
| |
( )∫ ln

ln

/

,    0 < h ≤ 1. (12)
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Dokazatel\stvo.  Otpravlqqs\ ot analoha neravenstva Lebeha [7]

ρk kf x K kE f( / )( ; ) ln ( )1 2 ≤     ∀x ∈ S 
2,    K ≥ 1,

y uçyt¥vaq, çto v sluçae v¥puklosty vverx funkcyq  Φ( )u
u

  ub¥vaet, naxodym

M  ≥  Φ ρk
k n

n

C S

f x( / )

( )

( ; )1 2
2 1

2
( )

=

−
∑   =  

Φ ρ
ρ

ρk

k
k

k n

n

C S

f x

f x
f x

( / )

( / )
( / )

( )

( ; )

( ; )
( ; )

1 2

1 2
1 2

2 1

2

( )
=

−
∑   ≥

≥  
Φ K n E f

K n E f
f xn

n
k

k n

n

C S

ln ( )
ln ( )

( ; )( / )

( )

( )
=

−
∑ ρ 1 2

2 1

2
  ≥

≥  
n n E f

K n E f n
f x f xn

n
k

k n

n

C S

Φ ln ( )
ln ( )

( ; ) ( )( / )

( )

( ) −
=

−
∑1 1 2

2 1

2
σ   ≥  

n n E f E f

K n E f
n n

n

Φ ln ( ) ( )
ln ( )

( ) 2 .

Otsgda poluçaem

E2n ( f )  ≤  
K n E f

n n E f
n

n

1 ln ( )
ln ( )Φ( )

. (13)

S pomow\g yndukcyy pokaΩem v¥polnymost\ neravenstva

E fk2
( )   ≤  ln

ln
2

2
2

1k
k

k
C( ) 





−
Ψ ,    C ≡ cont > 0. (14)

Pry  k = 1

M  ≥  Φ ρ2
1 2

2
( / )

( )
( ; )f x

C S( )   ≥  Φ ( E2 ( f ) )  ≥  Φ ( E2 ( f )  ln 2),
t.8e.

E2 ( f )  ≤  ln
ln

2
2

2
1( ) 





− Ψ C ,

hde  C = max
ln

,2
2

2 1
M AK









,  postoqnnaq  A  udovletvorqet neravenstvu  Ψ ( 2u ) ≤

≤ A Ψ ( u ) .
Vsledstvye (13)

E fk2 1+ ( )  ≤  K
E f

E f

k

k k

k

k
1

2

2

2

2 2

ln ( )

ln ( )Φ( )   ≤  
K C

C

K C

C

k

k

k k k

k k

k

1
1

2
2

2 2 2

2 2

2

Ψ

Φ Ψ
Ψ

ln

ln

ln

ln







( )( ) =
⋅( )

−

−

  ≤

≤  
2 2 2

2

2 2

2
1

1 1

1

1 1

1

A K C

C

Ck k

k

k k

k

Ψ Ψ⋅( )
≤

⋅( )− − +

+

− − +

+
ln

ln

ln

ln
.

Otsgda sleduet v¥polnenye (14) pry lgbom  k ∈ N .

Podberem  k ∈ N  tak, çtob¥  2k ≤ n < 2k
 
+1.  Tohda yz (14), (11) sleduet

En ( f )  ≤  E fk2
( )   ≤  

Ψ C k k

k

⋅( )−2 2

2

ln

ln
  ≤  

A

n
C n

n

A n n

n
1 22

ln
ln ln

ln
/Ψ Ψ



 ≤

( )( )
. (15)

Sohlasno (9) y (15) ymeem

ω ( f ; 1 / n )  ≤  K n k E f K n
k k k

k
dxk

k

n

k

k

k

n
−

=

−
+

=

−
∑ ∫∑≤ ( )( )2

1
1

2
1

2

1
( )

ln

ln
/Ψ

  ≤

≤  K n
x x x

x
dx K n

u u

u u
du

k

k

k

n

k

k

k

n

2
2

1

2

1

2
2

3
1 1

1

2

1
−

+

=

−
−

+=

−( )( ) = ( )∫∑ ∫∑ | |
| |

Ψ Ψln

ln
ln

ln
/

/

/

  =
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=  K n
u u

u u
du

n
2

2
3

1

1 2
− | |

| |
( )∫ Ψ ln

ln/

/

.

Podbyraq  n ∈ N  tak, çtob¥  1
1n +

 ≤ h < 1
n

,  h > 0,  naxodym (12):

ω ( f ; h )  ≤  ω ( f ; 1 / n )  ≤  K h
u u

u u
du

h
3

2
3

1 2 Ψ | |
| |

( )∫ ln

ln

/

.

Teorema 2 dokazana.

Sledstvye 2.  Pust\  Φ  ( u ) = up,  p ∈  ( 0 , 1 / 2 ] .  Esly dlq  f ( x ) ,  zadannoj na

sfere  S 
2,

ρk
p

k C S

f x( / )

( )

( ; )1 2

0 2=

∞
∑   =  M  <  + ∞ ,

to

ω ( f ; h )  ≤  
K h p

K h
h

p h

2

2 2

0 1
2

1 1
2

0 1
2

, , ,

ln , , .

∈



= < ≤







Teorema 3.  Pust\ funkcyq  Φ  ( ⋅ )  neprer¥vnaq stroho vozrastagwaq
v¥puklaq vverx na  [  0 , + ∞ )  y ravnaq nulg v nule, a  Ψ  ( ⋅ ) — obratnaq k nej
funkcyq, pryçem

Ψ  ( t1 + t2 )  ≤  A [ Ψ ( t1 ) + Ψ  ( t2 ) ]      ∀t1 , t2 > 0.

Pust\, dalee, pry nekotorom  δ ∈ ( 0 , 1 )  suwestvuet

Ψ u u

u u
dur

| |
| |

( )
−∫ ln

ln2 1
0

δ
.

Esly dlq  f ( x ) = f ( θ , ϕ ) ,  zadannoj na  S 
2,

Φ ρk
k C S

f x( / )

( )

( ; )1 2

0 2
( )

=

∞
∑   =  M  <  + ∞ ,

to

ωk
rD f h−( )1 ;   ≤  K r k h

u u

u u
du

u u

u u
duk

k r
h

r

h

( , )
ln

ln

ln

ln( )

/
2

2 1

1 2

2 1
0

Ψ Ψ| |
| |

| |
| |

( ) + ( )







+ − −∫ ∫ ,    0 < h ≤ 1
2

,

(16)

hde D fr−1  — rezul\tat prymenenyq  r – 1  ( r ≥ 2)  raz operatora Laplasa  D,

E D fn
r−( )1   ≤  K r

n n n

n

u u

u u
du

r

r

n

( )
ln

ln
ln

ln

( ) /( )
/2 1

2 1
0

1 1−

−

+( )( ) + ( )










| |
| |∫

Ψ Ψ
. (17)

Dokazatel\stvo.  Ar.8S.8DΩafarov¥m [9] ustanovleno neravenstvo

ωk
rD f n; /1( )  ≤  K r n E f E fk k r

n
r

n
( ) ( ) ( )( )− + −

=

−

= +

∞
∑ ∑+








2 2 1

1

2 1

1
ν νν

ν
ν

ν
(18)

pry uslovyy koneçnosty pravoj çasty.

Na osnovanyy (15) y (18) poluçaem

ISSN  1027-3190. Ukr. mat. Ωurn., 2006, t. 58, # 1



STRUKTURNÁE SVOJSTVA FUNKCYJ, ZADANNÁX NA SFERE, NA OSNOVE … 25

ωk
rD f n−( )1 1; /   ≤

≤  K r k
n

E f E fk
k r

n
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( , ) ( ) ( )( ) ( )1

2
2 3

1

2 1 1
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ν
ν
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

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
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r
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ln( )

ln

ln
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ν
ν ν

ν ν

+ −

=

−

= +
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




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∑ ∑Ψ Ψ
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2
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1
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




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+ −+

=

− −+

= +

∞

∫∑ ∫∑
ν

ν
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ν

ν
  =

=  K r k
n

u u

u u u
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u u

u u
duk k r

n

r
n

2 2 2 3 2
1 1

1

2

1

2 1
1 1

1

1
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ln( )
/

/

/

/Ψ Ψ| |
| |

| |
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




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+ −
+=

−

−
+= +

∞

∫∑ ∫∑
ν

ν

ν ν

ν

ν
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=  K r k
n

u u
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n
r

n

2 2 2 1
1

1 2
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0

1 1
1( , )

ln

ln

ln
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/

/ /( )Ψ Ψ| |
| |

| |
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( ) + ( )










+ − −

+

∫ ∫ .

Podbyraq  n  tak, çtob¥  1
1n +

 ≤ h < 1
n

,  naxodym

ωk
rD f h−( )1 ;   ≤  ωk

rD f n−( )1 1; /   ≤

≤  K r k h
u u

u u
du

u u

u u
duk

k r
h

r

h

( , )
ln

ln

ln

ln( )

/
2

2 1

1 2

2 1
0

Ψ Ψ| |
| |

| |
| |

( ) + ( )







+ − −∫ ∫ ,    0 < h ≤ 1
2

,

y neravenstvo (16) ustanovleno.

Dlq ustanovlenyq neravenstva (17) vnov\ vospol\zuemsq rezul\tatom

Ar.8S.8DΩafarova [9]:

E D fn
r( )  ≤  K r h E f E fr

n
r

n
( ) ( ) ( )2 2 1

1
+








−
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Otsgda s uçetom (15) ymeem
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