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ON INVERSE PROBLEM FOR SINGULAR
STURM – LIOUVILLE OPERATOR FROM TWO SPECTRA

PRO OBERNENU ZADAÇU DLQ SYNHULQRNOHO

OPERATORA ÍTURMA – LIUVILLQ VID DVOX SPEKTRIV

In the paper, an inverse problem with two given spectra for second order differential operator with singularity

of type
2

r
+

�(� + 1)

r2
(here, l is a positive integer or zero) at zero point is studied. It is well known that

two spectra {λn} and {µn} uniquely determine the potential function q(r) in a singular Sturm – Liouville
equation defined on interval (0, π].

One of the aims of the paper is to prove the generalized degeneracy of the kernel K(r, s). In particular,
we obtain a new proof of Hochstadt’s theorem concerning the structure of the difference q̃(r) − q(r).

Vyvça[t\sq obernena zadaça z vykorystannqm dvox zadanyx spektriv dlq dyferencial\noho operatora

druhoho porqdku z synhulqrnistg typu

2

r
+

�(� + 1)

r2
(l — dodatne cile çyslo abo nul\) u nul\ovij

toçci. Vidomo, wo dva spektry {λn} ta {µn} vstanovlggt\ [dynym çynom funkcig potencialu q(r) u

synhulqrnomu rivnqnni Íturma – Liuvillq, vyznaçenomu na intervali (0, π].
Odni[g z cilej roboty [ dovedennq uzahal\neno] vyrodΩenosti qdra K(r, s). Zokrema, oderΩano

nove dovedennq teoremy Hoxßtadta wodo struktury riznyci q̃(r) − q(r).

Introduction. We will consider the equation

d2R

dr2
+

2
r

dR

dr
− �(� + 1)

r2
R +

(
E +

2
r

)
R = 0, 0 < r < ∞. (1)

In quantum mechanics, the study of the energy levels of a hydrogen atom leads to this
equation [1]. The substitution R = y/r reduces equation (1) to the form

d2y

dr2
+

{
E +

2
r
− �(� + 1)

r2

}
y = 0. (2)

Just as in the case of Bessel’s equation, one can show that, in a finite interval [0, b],
the spectrum is discrete.

As known [2, 3], for a solution of (2) which is bounded at zero, one has the following
asymptotic formula for λ → ∞ (E = λ) :

ϕ (r, λ) =
e

π

2
√

λ∣∣∣∣Γ
(
� + 1 +

i√
λ

)∣∣∣∣
1√
λ

cos
[√

λr +
1√
λ

ln
√
λr − (� + 1)

π

2
+ α

]
+ o (1) ,

(3)

where α = arg Γ
(
� + 1 +

i√
λ

)
.

We consider two singular Sturm – Liouville problems

−y′′ +
[
�(� + 1)

r2
− 2

r
+ q(r)

]
y = λy, 0 < r ≤ π, (4)

y (0) = 0, (5)

y′(π) + Hy(π) = 0, (6)
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−y′′ +
[
�(� + 1)

r2
− 2

r
+ q̃(r)

]
y = λy, 0 < r ≤ π, (7)

y (0) = 0,

y′(π) + H̃y(π) = 0, (8)

in which the functions q(r) and q̃(r) are assumed to be real-valued and square integrable.
H and H̃ are finite real numbers.

We denote the spectrum of the first problem by {λn}∞0 and the spectrum of the second
by

{
λ̃n

}∞
0
.

Next, we denote by ϕ (r, λ) the solution of (4) and we denote by ϕ̃ (r, λ) the solution
of (7) satisfying the initial condition (5).

It is well known that there exists a function K(r, s) such that

ϕ̃ (r, λ) = ϕ (r, λ) +

r∫
0

K(r, s)ϕ (s, λ) ds. (9)

The function K(r, s) satisfies the equation

∂2K

∂r2
−

[
2
r
− �(� + 1)

r2
+ q̃(r)

]
K =

∂2K

∂s2
−

[
2
s
− �(� + 1)

s2
+ q (s)

]
K (10)

and the conditions

K(r, r) =
1
2

r∫
0

[q̃ (t) − q (t)] dt, (11)

K (r, 0) = 0. (12)

After the transformations

z =
1
4
(r + s)2, w =

1
4
(r − s)2, K(r, s) = (z − w)−ν+ 1

2u(z, w),

we obtain the following problem (−ν +
1
2

= β) :

∂2u

∂z∂w
− β

z − w

∂u

∂z
+

β

z − w

∂u

∂w
=

(q̃ − q)u
4
√
zw

− u√
z (z − w)

∂u

∂z
+

β

z
u =

1
4

[
q̃
(√

z
)
− q

(√
z

)]
zν−1, u (z, z − δ) = 0.

This problem can be solved by using the Riemann method [4 – 6].
We put

cn =

π∫
0

ϕ2 (r, λn) dr, c̃n =

π∫
0

ϕ̃2
(
r, λ̃n

)
dr,

ρ(λ) =
∑

λn<λ

1
cn

, ρ̃(λ) =
∑

λ̃n<λ

1
c̃n

.
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The function ρ(λ) (ρ̃(λ)) is called the spectral function of problem (4) – (6) ((7), (8)).
Problem (4) – (6) will be regarded as an unperturbed problem, while (7), (8) will be con-
sidered to be a perturbation of (4) – (6).

It is a known [7] fact that the knowledge of two spectra for a given singular Sturm –
Liouville equation makes it possible to recover its spectral function, i.e., to find numbers
{cn}. More exactly, suppose that, in addition to the spectrum of problem (4) – (6), we
also know the spectrum {µn} of the problem

−y′′ +
[
�(� + 1)

r2
− 2

r
+ q(r)

]
y = λy

y(0) = 0, y′(π) + H1y(π) = 0, H1 �= H.

(13)

Knowing {λn} and {µn}, we can calculate the numbers {cn}. Similarly, for (7), if
besides

{
λ̃n

}
we also know the spectrum {µ̃n} determined by the boundary conditions

y (0) = 0, y′(π) + H̃1y(π) = 0, H̃1 �= H̃, (14)

it then follows that we can determine the numbers {c̃n}.
It is also shown that

√
λn =

[
n +

�

2

]
+

1
π

ln (n + �/2)
n + �/2

+ O

(
1
n2

)
,

‖ϕn‖2 =

π∫
0

ϕ2
n(r)dr =

π

2
+

π2

2
1

n + �/2
+ O

(
lnn
n2

)
.

Theorem 1. Consider the operator

Ly = −y′′ +
[
�(� + 1)

r2
− 2

r
+ q(r)

]
y, (15)

subject to boundary conditions

y (0) = 0, (16)

y′(π) + Hy(π) = 0, (17)

where q is square integrable on (0, π]. Let {λn} be the spectrum of L subject to (16)
and (17).

If (17) is replaced by a new boundary condition

y′(π) + H1y(π) = 0, (18)

a new operator and a new spectrum, say {µn}, result.
Consider now a second operator

L̃y = −y′′ +
[
�(� + 1)

r2
− 2

r
+ q̃(r)

]
y, (19)

where q̃ is square integrable on (0, π]. Suppose that L̃ has the spectrum
{
λ̃n

}
with

λ̃n = λn for all n under the boundary conditions (16) and
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y′(π) + H̃y(π) = 0, (20)

L̃ with the boundary conditions (16) and

y′(π) + H̃1y(π) = 0 (21)

is assumed to have the spectrum {µ̃n} . We assume that H, H1 �= H, H̃ and H̃1 �= H̃ are
real numbers which are not infinite.

We shall denote by Λ0 the finite index set for which µ̃n �= µn and by Λ the infinite
index set for which µ̃n = µn. Under the above assumptions, it follows that the kernel
K(r, s) is degenerate in the extended sense:

K(r, s) =
∑
Λ0

cnφ̃n(r)ϕn (s) , (22)

where ϕn, φ̃n are suitable solutions of (4) and (7).
Proof. It follows from (9) that

ϕ̃′ (r, λ) = ϕ′ (r, λ) + K(r, r)ϕ (r, λ) +

r∫
0

∂K

∂r
ϕ (s, λ) ds (23)

and

ϕ̃′ (r, λ) + H̃ϕ̃ (r, λ) =

= ϕ′ (r, λ) + H̃ϕ (r, λ) + K(r, r)ϕ (r, λ) +

r∫
0

(
∂K

∂r
+ H̃K

)
ϕ (s, λ) ds.

Substituting r = π, λ = λn into the last equation and using boundary conditions (17),
(20), we obtain

(
H̃ −H

)
ϕ (π, λn) + K (π, π)ϕ (π, λn) +

+

π∫
0

(
∂K

∂r
+ H̃K

)
r=π

ϕ (s, λn) ds = 0. (24)

As n → ∞ and ϕ (π, λn) → o (1) , the integral on the right-hand side tends to zero.
Therefore, from (24) we get

K (π, π) = H − H̃, (25)

π∫
0

(
∂K

∂r
+ H̃K

)
r=π

ϕ (s, λn) ds = 0, n = 0, 1, . . . . (26)

Since the system of functions ϕ (s, λn) is complete, it follows from the last equation that

(
∂K

∂r
+ H̃K

)
r=π

= 0, 0 < s ≤ π. (27)
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We now use the condition imposed on the second-mentioned spectrum. Using (9) again,
we obtain

ϕ̃′ (r, λ) + H̃1ϕ̃ (r, λ) = ϕ′ (r, λ) + H̃1ϕ (r, λ) + K(r, r)ϕ (r, λ) +

+

r∫
0

(
∂K

∂r
+ H̃1K

)
ϕ (s, λ) ds. (28)

Putting r = π and λ = µn (n ∈ Λ) and using (18), (21), we obtain

π∫
0

(
∂K

∂r
+ H̃1K

)
r=π

ϕ (s, µn) ds +
(
H̃1 −H1

)
ϕ (π, µn) +

+K (π, π)ϕ (π, µn) = 0.

In the last equation, as n → ∞, the left-hand side tends to zero and ϕ (π, µn) → o (1) .
Therefore,

K (π, π) = H1 − H̃1, (29)

π∫
0

(
∂K

∂r
+ H̃1K

)
r=π

ϕ (s, µn) ds = 0, n ∈ Λ. (30)

Comparing (25) and (29), we obtain H− H̃ = H1− H̃1. For n ∈ Λ0, we obtain from
(28) (for r = π and λ = µn)

π∫
0

(
∂K

∂r
+ H̃1K

)
r=π

ϕ (s, µn) ds = ϕ̃′ (π, µn) + H̃1ϕ̃ (π, µn) . (31)

It follows from (30) and (31) that

(
∂K

∂r
+ H̃1K

)
r=π

=
∑
Λ0

ϕ̃′ (π, µn) + H̃1ϕ̃ (π, µn)
‖ϕ (s, µn)‖2 ϕ (s, µn) , 0 < s ≤ π. (32)

We derive from (27) and (32) the following equations:

K (π, s) =
1

H̃1 − H̃

∑
Λ0

ϕ̃′ (π, µn) + H̃1ϕ̃ (π, µn)
‖ϕ (s, µn)‖2 ϕ (s, µn) , (33)

∂K(r, s)
∂r

∣∣∣∣
r=π

= − H̃

H̃1 − H̃

∑
Λ0

ϕ̃′ (π, µn) + H̃1ϕ̃ (π, µn)
‖ϕ (s, µn)‖2 ϕ (s, µn) , (34)

0 < s ≤ π.

The function K(r, s) satisfies (10). Therefore, it follows from the initial conditions
(33) and (34) that, in the triangle I (see Figure), we have
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K(r, s) =
1

H̃1 − H̃

∑
Λ0

ϕ̃′ (π, µn) + H̃1ϕ̃ (π, µn)
‖ϕ (s, µn)‖2 ×

×
[
c̃ (r, µn) − H̃s̃ (r, µn)

]
ϕ (s, µn) , (35)

where c̃ (r, λ) and s̃ (r, λ) are solutions of (7) satisfying the initial conditions

c̃ (π, λ) = s̃′ (π, λ) = 1, c̃′ (π, λ) = s̃ (π, λ) = 0.

The function K(r, s) and the sum (35) satisfy (12); therefore, they coincide in the tri-
angle II; consequently, they coincide in the triangle III as solutions of (10) satisfy the same
initial conditions on the line r = π/2, etc., i.e., K(r, s) is expressed by (35) throughout
the triangle 0 < s ≤ r ≤ π (see [8 – 10]).

Hence, we obtain Hochstadt’s result in a somewhat more general formulation.
Theorem 2. If the spectra {λn} and

{
λ̃n

}
coincide and {µn} and {µ̃n} differ in a

finite number of their terms, i.e., µ̃n = µn for n ∈ Λ, then

q̃(r) − q(r) =
∑
Λ0

c̃n
d

dr

(
φ̃n, ϕn

)
,

where ϕn , φ̃n are suitable solutions of (4) and (7).
Proof. We obtain from (11) the equation

q̃(r) − q(r) = 2
dK(r, r)

dr
.

Differentiating (35) and putting s = r, we obtain

q̃(r) − q(r) =
2

H̃1 − H̃

∑
Λ0

ϕ̃′ (π, µn) + H̃1ϕ̃ (π, µn)
‖ϕ (s, µn)‖2 ×

× d

dr

{[
c̃ (r, µn) − H̃s̃ (r, µn)

]
ϕ (π, µn)

}
.

Consequently,

q̃(r) − q(r) =
∑
Λ0

c̃n
d

dr

(
φ̃nϕn

)
,

where c̃ (r, µn) − H̃s̃ (r, µn) = φ̃n, ϕ (r, µn) = ϕn (r, µn) , and
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ĉn =
2

[
ϕ̃′ (π, µn) + H̃1ϕ̃ (π, µn)

]
(
H̃1 − H̃

)
‖ϕ (s, µn)‖2

.

This completes the proof of Theorem 2. We note that similar problems are investigated in
[11 – 14].
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