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ON INVERSE PROBLEM FOR SINGULAR
STURM - LIOUVILLE OPERATOR FROM TWO SPECTRA

ITPO OBEPHEHY 3AJAYY JIs1 CUHI'YJIAPHOI'O
OIIEPATOPA HITYPMA -JITYBLJIJIA BIJX IBOX CIIEKTPIB

In the paper, an inverse problem with two given spectra for second order differential operator with singularity
2(0+41)
2

2
of type — + (here, ! is a positive integer or zero) at zero point is studied. It is well known that
r
two spectra {\p } and {uy, } uniquely determine the potential function ¢(r) in a singular Sturm—Liouville
equation defined on interval (0, 7].
One of the aims of the paper is to prove the generalized degeneracy of the kernel K (r, s). In particular,

we obtain a new proof of Hochstadt’s theorem concerning the structure of the difference §(r) — g(r).

BuBuaeThCs 00epHEHa 3a/jaua 3 BUKOPUCTAHHSIM [IBOX 3a/IaHUX CIIEKTPIB /1151 MU(PEepeHIia/IbHOrO oneparopa
L6 +1)
2
Toyli. Bigomo, 1o /1Ba cnekTpu {)\n} Ta { Mn} BCTAHOBJTIOIOTH EAMHUM YHHOM (DYHKIiI0 noTeHwiany g(r) y
cunryJisipuomy piBasnai [Itypma — JliyBisuis, Busnadenomy Ha intepsasi (0, 7).
OpHi€ro 3 1isieil poGOTH € IOBECHH y3araJbHeHOI BUPo2KeHocTi sigpa K (1, s). 3okpema, ofepKaHo
HOBE [0Be/leHH s Teopemu [oXwTaaTa wono crpykTypu pisuuui G(r) — q(r).

JIPyroro nopsi/IKy 3 CUHI'YJIAPHICTIO TUIY — + (I — nopatHe wijie YKCJI0 ab0 HyJIb) y HYJIBOBIi

Introduction. We will consider the equation

d’R 2dR (({+1 2
—+——7uR+ E+-]JR=0, 0<r<oo. (1)
dr? v dr r2 r

In quantum mechanics, the study of the energy levels of a hydrogen atom leads to this

equation [1]. The substitution R = y/r reduces equation (1) to the form

2
dy—l—{E—I—%—w}y:O. )

dr? 72

Just as in the case of Bessel’s equation, one can show that, in a finite interval [0, b],
the spectrum is discrete.

As known [2, 3], for a solution of (2) which is bounded at zero, one has the following
asymptotic formula for A\ — oo (E = \) :

2vVx 1 1
o(r,A) = c - —cos[x/Xr—&——lnx/Xr—(Z—i—l)z—i—a +o(1),
i vV vV 2
rit+1+—
VA
. 3)
)
wherea =argl' [ /+1+ — | .
° ( ﬁ)
We consider two singular Sturm — Liouville problems
+1) 2
—y”+[%—;+q(r)}y=&y, 0<r<m, )
y(0) =0, (5)
y'(m) + Hy(m) =0, (6)

© E.S.PANAKHOV, R. YILMAZER, 2006
132 ISSN 1027-3190. Ykp. mam. xypH., 2006, m. 58, N° 1



ON INVERSE PROBLEM FOR SINGULAR STURM - LIOUVILLE OPERATOR ... 133

-y + Z(Lr;l)—gw(r) y=2xy, 0<r=m, (7)
r T
y(0) =0,
y/(x) + Hy(x) =0, ®)

in which the functions ¢(r) and g(r) are assumed to be real-valued and square integrable.
H and H are finite real numbers.

We denote the spectrum of the first problem by {\,, }5° and the spectrum of the second
by {)\n };O .

Next, we denote by ¢ (r, A) the solution of (4) and we denote by @ (r, A) the solution
of (7) satisfying the initial condition (5).

It is well known that there exists a function K (r, s) such that

pr,A)=¢@(r, )+ /K(r, $)p (s, \) ds. 9)
0

The function K (r, s) satisfies the equation

PK  [2 L(+1)
- +

or? r 72 q(r)} K 0s?

2
_PK _ ﬁ £(£S+1)+q(s) K (10)

and the conditions

1 r N
Krr) = [ a0 - a) an
0
K (r,0) = 0. (12)
After the transformations
1 1
z = Z(T +5)%, w= Z(r —5)?%, K(r,s)=(z— w)_”+%u(z,w),

1
we obtain the following problem (—v + 5= B) :

Pu B Ou B Ou_(G-qu_ u
020w z—wdz z—wow  4J/zw Vz (z —w)
ou [ 1. Y
Gt Su= 1 [I(WD) ~a(VE)] e -d) =0,
This problem can be solved by using the Riemann method [4 —6].
We put
Cn = /90 (r, An) dr, Cp = /(,272 (r, ;\n) dr,
0 0
1 _ 1
p(A) = - A= > =
An<A " Xo<n ¢
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The function p(A) (5(\)) is called the spectral function of problem (4)—(6) ((7), (8)).
Problem (4) - (6) will be regarded as an unperturbed problem, while (7), (8) will be con-
sidered to be a perturbation of (4)—(6).

It is a known [7] fact that the knowledge of two spectra for a given singular Sturm —
Liouville equation makes it possible to recover its spectral function, i.e., to find numbers
{cn}. More exactly, suppose that, in addition to the spectrum of problem (4)-(6), we
also know the spectrum { i, } of the problem

-y + W%I)_ZH(T) y=2Xy
r T (13)

y(0) = 0,3/ (7) + Hyy(r) =0, H, # H.

Knowing {\,,} and {p,}, we can calculate the numbers {c,,}. Similarly, for (7), if
besides {)\n} we also know the spectrum {/i,, } determined by the boundary conditions

y(0)=0, o (n)+Hy(r)=0, H #H, (14)

it then follows that we can determine the numbers {¢é,, }.
It is also shown that

@:[n+g]+%w+0(%),

2 n+£/2
|| |2—] 2ar =T+ T L io(n
LA B R N ) n2 )
0
Theorem 1. Consider the operator
(+1 2
Ly=—y" + {(72) -+ Q(T)} Y, (15)
r r
subject to boundary conditions
y(0) =0, (16)
y'(m) + Hy(m) = 0, (17)

where q is square integrable on (0,7]. Let {\,} be the spectrum of L subject to (16)
and (17).
If (17) is replaced by a new boundary condition

y'(m) + Hiy(m) =0, (18)

anew operator and a new spectrum, say {/, }, result.
Consider now a second operator

iy — _y// +

(0 +1 2
(1) }y (19)

r2 +a(r)

where ¢ is square integrable on (0,7]. Suppose that L has the spectrum {:\n} with

An = A, for all n under the boundary conditions (16) and
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y'(m) + Hy(m) = 0, (20)
L with the boundary conditions (16) and
y'(m) + Hiy(m) = 0 @1

is assumed to have the spectrum {/i,, } . We assume that H, H; # H, H and H; #* H are
real numbers which are not infinite.

We shall denote by Ay the finite index set for which fi,, # u, and by A the infinite
index set for which fi,, = p,. Under the above assumptions, it follows that the kernel
K (r, s) is degenerate in the extended sense:

K(ﬂ 5) = Z Cn(gn(r)@n (S) ) (22)
Ao

where ,,, én are suitable solutions of (4) and (7).
Proof. 1t follows from (9) that

OK (s, N ds 23)

415/ (7", )‘) = 90/ (’I“, /\) + K(Tv T)‘)O (T’ )‘) + or

o\ﬂ
o5}

and
@ (r, )+ Hp(r, ) =

= (r\) +I-Icp(7",)\) + K(r,r)p(r,A) +/ <88—I: —i—ffK) v (s,A\)ds.
0

Substituting » = 7, A = )\, into the last equation and using boundary conditions (17),
(20), we obtain

(g _ H) @ (M) + K (m,7) 0 (1, \) +

+/ <38_f:+m<) @ (5, An) ds = 0. (24)
0

T=T

Asn — oo and ¢ (7, \,) — o(1), the integral on the right-hand side tends to zero.
Therefore, from (24) we get

K (m,m)=H —H, (25)

/(%'+FIK> ©(s,A\n)ds=0, n=0,1,.... (26)
T
0

=T

Since the system of functions ¢ (s, A,,) is complete, it follows from the last equation that

(%—K+HK) =0, 0<s<m. (27)
r r=m
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We now use the condition imposed on the second-mentioned spectrum. Using (9) again,
we obtain

& (r\) + H\¢ (r,\) =" (r,\) + Hyp (r,A\)+ K(r,m)p (r,\) +

+/ <38—[: +F11K) ©(s,\)ds. (28)

0

Putting r = 7 and A = pu,, (n € A) and using (18), (21), we obtain

oK - -
/(Er+JﬂK) @ (s, ) ds+ (F = H1 ) o () +

+K (m,7) @ (m, pin) = 0.

In the last equation, as n — oo, the left-hand side tends to zero and ¢ (7, p,,) — 0(1).
Therefore,

K (m,m) = H, — Hy, (29)

/(——Fﬁl > o(s,un)ds=0, neA. (30)
) r=m

Comparing (25) and (29), we obtain H — H= Hq,— ﬁll. Forn € Ay, we obtain from
(28) (forr = wand \ = p,,)

0K . N
/(y+mk) o (o pim)ds = & (m, ) + 1@ (mp) . BD)

It follows from (30) and (31) that

<8—K+H1K) (T, pn) +Hl‘p(”“”)gp(s,pn), 0<s<m (32)
9 f— g (5, 1) |I”

We derive from (27) and (32) the following equations:

@' (7, ) + Hi (0, i)

K (m,s) = © (8, pn) (33)
o (5, ) |?
OK(r,s) &' (7, pn) + Hi @ (0, 1)
aavns) (5, tn) (34)
o |—p e (s, 1)1

O0<s<m.

The function K (r, s) satisfies (10). Therefore, it follows from the initial conditions
(33) and (34) that, in the triangle I (see Figure), we have
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@' (7, ) + Hi (7, i) »
e (s, 1) |12

K(r,s) =

x [é (o pin) = H3 (1) (5, 1) (35)
where é (1, \) and § (r, \) are solutions of (7) satisfying the initial conditions
é(mA) =38 (m ) =1, d (mA) =35(m ) =0.

sk

11T II

-

/4 /2 Fid

The function K (r, s) and the sum (35) satisfy (12); therefore, they coincide in the tri-
angle II; consequently, they coincide in the triangle III as solutions of (10) satisfy the same
initial conditions on the line r = 7/2, etc., i.e., K(r, s) is expressed by (35) throughout
the triangle 0 < s < r < 7 (see [8—10]).

Hence, we obtain Hochstadt’s result in a somewhat more general formulation.

Theorem 2. [f the spectra {\,,} and {S\n} coincide and {p, } and {fi,,} differ in a
finite number of their terms, i.e., i, = [y forn € A, then

Z cn (bnv @n

where ¢, , qzn are suitable solutions of (4) and (7).
Proof. We obtain from (11) the equation

_ _ SAK(r,7)
)~ o(r) =270,

Differentiating (35) and putting s = r, we obtain

oy ' () + H1§ (7, )
) —atr) Z oG

d (1. -
< {[ () = H5 (1, )| (. p00)
Consequently,
Z Cn (¢n§0n) ,
where ¢ (7, () — H3 (r, i) = &n, © (7, fin) = ©n (7, fin) , and
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2|@ (v, ) + Frp (1)

(12— 1) e (s, 1)1

Cpn =

This completes the proof of Theorem 2. We note that similar problems are investigated in
[11-14].
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