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ASYMPTOTIC SOLUTIONS OF THE DIRICHLET PROBLEM
FOR THE HEAT EQUATION WITH IMPULSES

ACUMIITOTHUYHI PO3B’A3KHU 3AJAYI JIPIXJIE [1JI51
PIBHAHHA TEIIJIOITPOBIJIHOCTI 3 IMITYJIbCHOIO OI€1I0

We propose an algorithm for the construction of asymptotic expansions for solutions of the Dirichlet
problem for the heat equation with impulses.

3anpornoHOBaHO aJIrOPUTM MOOY/JOBU aCUMITOTUYHUX PO3BUHEHb /IJ1s1 po3B’si3KiB 3a/1avi Hipixse s
PiBHSIHHS TEMJIOMPOBIHOCTI 3 iMITYJILCHOIO [II€I0.

1. Introduction. The theory of impulsive differential equations [1] is an important
part of the modern theory of differential equations which has many applications in
practice. Till now, a lot of different problems connected with impulsive differential
equations are studied. It has been found that the solutions of differential equations with
impulses can demonstrate very complicated behaviour [1 — 5]. In the present paper, we
study the problem of the construction of an asymptotic solution of the Dirichlet
problem for the heat equation with impulses.

2. Formulation of the problem. Let us consider a differential heat equation with
small parameter € € (0; g;) of the form

2
Y-l fnne, (RNeQ = (ODXO+=). (1)
by
under initial conditions
u(x,0,€) = ¢(x,¢), 2
boundary conditions
u(0,,€) =0, u(l,t,e) =0, t€[0,+0), 3)

and impulsive conditions at a fixed moment of time
Au(x, t, S)|t=ti =ulx,t;+0,&8)-u(x,t,—-0,&) = I;(x,e), ielN (@)
We suppose the fulfillment of the following assumptions:
P,. Functions f(x,t,u,€), @(x,¢€), I;(x,€), i € N, are infinitely differentiable

with respect to their variables and can be represented as regular asymptotic expansions
with respect to a small parameter € € (0; gy). In particular,

o, e) = Defox), Ii(xe)= Y e Ty
k=0 k=0

P,. The nonperturbed problem

%b; = fx.tu,0),  u(x0,0) = @(x,0),

Au(x, t’0)|t:l,- =u(x,t;,+0,0)—u(x,,-0,0) = ;(x,0), ieN,

forany x e (0;1) (x is considered as a parameter) possesses a solution u = uy(x, t)
defined for any (x,t)e [0; 1]x [0; +T) (here, the case T = + oo is not excluded)
which is infinitely differentiable for t#1¢;, ie N.
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P;. The condition f;(x, t, uy(x, 1), 0) # 0 takes place.
P,. The agreement condition @,(0,€)=0 takes place.

3. Algorithm of asymptotic expansion. We seek a solution of problem (1) — (4)
in the form of the asymptotic series

u(x,t,€) = u(x,t,€) + Qu(&, t,e)+ Q+u(&«, 1,€), (5)

where

W(x, 1,8) = iy(x, 1) + ey(x, 1) + e2i(x, 1) + ...

is the regular part of asymtotics and
QuE, t,e) = Quu(&, 1) +eQu& 1)+ Qu(& 1)+ ...,
OQsu(Ce,t,8) = Quou(Ee, 1)+ Qs (s, 1)+ € Quru(Eu, 1)+ ...

are singular parts of asymptotics.
Here, we denote & = x/e, &« = (1 —x)/e. The functions Quu(&, t), k 20, are
supposed to be defined for & € [0; 871 ], t =0, and, at the same time, the functions

O« u(&«, 1), k20, are supposed to be defined for & € [0; gl ], t=0.

By the usual way, we obtain relations for defining terms of asymptotics (5). The
terms of the regular part of asymptotics (5) may be found as solutions of the following
problems:

diiy _
W - f(xa ta u()’ 0)7

ﬁo(x, 0) = (p()(x)7 X € [O’ 1]’
Atp(x, 1), = I,(x0), ieN,

di, o o
7 = fu(x, t, uo, O)Mk + fk(.x, t, Mo, ul,...,uk_l),

U (x,0) = @p(x), xe[0;1],
Aﬁk(.x, t) ‘l‘=l‘~ = Tik(x), ie N,

where functions f; (x, t, Uy, uy, ..., u;_1), k =1, are recurrently defined by values of
ug(x, 1), w(x, 1), ..., u_1(x, t). Here, x € [0; 1] is considered as a parameter.
After definition of the regular part u(x,?, €) of asymptotics (5), we can find the

singular part Qu(&, ¢, €) of asymptotic (5) which is defined as solutions of the
following boundary-value problems:

aQou _ aonu
o E?

+ f(0, £, up (0, 1) + Qyu, 0) — £(O0, 1, uy(0, 1), 0),

Qou(iso) = 07 ge [0900]’
(0)
QOM(()? t) = _ﬁ()(o’ t)’ te [O’oo]’

lim Qyu(&, ) = 0 forany 7€ [0;c];
Eoeo
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anM _ aszM
o 9E?
Qku(o’ F:) = O’ &G [0’ °°]9

+ £u(0, 2, 15(0, 1), 0)Quu + O f &, 1),

(7
le/l(o, t) = _EO(()’ t)» te [07 °°]s

lim Quu(&, t) = 0 forany ¢e€ [0;co],
E—oo

where the functions Q.f(E, t), k = 1, are recurrently defined by the standard
procedure by values of the regular part uy(x, ), w(x, 1), ..., u_1(x, 1), x = €&, of
asymptotics (5).

We can now proceed to the calculation of the singular part Q.u(&, f, €) of

asymptotics (5) which is defined as solutions of the following boundary-value
problems:

2
a%;o“ = aa%zo" + f(L 1, T 1) + Qg + Qugit, 0) — f(L, 1, iy (1L, 1) + Qyu, 0),
Qsu(8s,0) = 0, & € [0;00],
@®)
Qwou(0,1) = —uy(1, 1), te [0; o],
lim Q.ou(&«,1) = 0 forany fe [0;0e];
Q. 9’ _
G = T A0 00.0,000u + 04/ E D,
Q*ku(o’ E_)*) = 07 g* € [0, oo],
©)

Q. u(0,1) = —ug(1, 1), te[0;00],
lim Q. u(E.,t) =0 forany ¢te [0;ee],
oo

where the functions Q.. f (&, 1), k =1, are recurrently defined by the standard
procedure by values of the regular part uy(x, ), u(x, 1), ..., _j(x,t) and the
singular part Qou(&, 1), Quou(Gs, 1), Qu(&, 1), Ququ(Cs, 1), ..., Qp_u(& 1),
Qi 1u(&s, 1), x=1+¢&, of asymptotics (5).

4. Main result. The following statements are true:

Lemma 1. Additionally to assumptions P — Py, let us assume the fulfillment of
the following conditions:

1) there exist positive values C, and v, such that a solution Qyu(&,t) of
problem (6) satisfies the inequality

| Qou(& 1| < Coe_yog;

2) the derivative (0, t, up(0, 1), 0) is negative for all t € [0; T).
Then, for any k € N, there exist solutions Q ,u(&, t) of problem (7) such that

inequalities

| Quu(&, )| < Cue ™

are true for some C; >0, 7y, >0.
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Lemma 2. Additionally to assumptions P, — Py, let us assume the fulfillment of
the following conditions:
1) there exist positive values C., and 7., such that a solution Q.qu(&.,1)

of problem (8) satisfies the inequality

|Q*0”(§*’ t)l < C*Oefy*‘)é*;

2) the derivative f,(1, 1, uy(1, 1), 0) is negative for all t € [0; T).
Then, for any k € N, there exist solutions Q . u(E.,t) of problem (9) such

that inequalities

are true for some C.; >0, Y. >0.

Theorem. Let the conditions of Lemmas 1, 2 be fulfilled. Then the series (5) is
an asymptotic solution of problem (1) — (4), i.e.,

max | u(x, 1, €)—uy(x, t,€)| = O(eV+),
Q]

where Q, c (0; 1)Xx (0; T) is a compact set and a functions uy(x,t, €) is defined
with the relation

N
uy(x, t,€) = > e i (x, 1) + Quu(ex, 1) + Quu(l + ex, ).
k=0
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