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SOME MOMENT RESULTS

ABOUT THE LIMIT OF A MARTINGALE
RELATED TO THE SUPERCRITICAL BRANCHING
RANDOM WALK AND PERPETUITIES

AESAKI PE3YJIbBTATH TPO MOMEHTH I'PAHUIIT
MAPTHHI'AJIA, IIOB’A3AHOI'O 3 HAAKPUTHYHNM
I'IJIACTUM BUITAIKOBUM BJIYKAHHAM,

TA PO3B’A3KIB JEAKHUX CTOXACTHUYHUX
PIBHUIEBUX PIBHAHD

Let M(™) n =1,2,..., be the supercritical branching random walk in which the family sizes may be infinite
with positive probability. Assume that a natural martingale related to M (n) converges almost surely and in mean
to a random variable V. For a large subclass of nonnegative and concave functions f, we provide a criterion
for the finiteness of EW f(WW). The main assertions of the present paper generalize some results obtained
recently in Kuhlbusch’s Ph.D. thesis as well as previously known results for the Galton — Watson processes. In
the process of the proof, we study the existence of the f-moments of perpetuities.

Hexait M("™) n = 1,2,..., — HaKpUTHUHE BUNAJKOBE GJIyKAHH:, Y AKOMY PO3MIp PO[HHH MOJXKeE GyTH
HECKiHUEHHUM 3 IOATHOIO iiMoBipHicTIO. TIpUMyCTHMO, IO CTaHAAPTHHUI MapTHHI A1, NoB’ azanuii 3 M (™)
30iraeThcs MaiizKe HaNleBHO i B CEpe/IHbOMY /10 BUNaIKoBoi BesmnyuHu W . [1J151 BeJIMKOro MiIKJ1acy HEBi/l eMHUX
Ta BruyTux pyHKuiil f HaBemeno kputepiii ckinvennocti EW f(WW). OcHoOBHI TBEpIKEHHs pOOOTH y3a-
raJIbHIOIOTH JIESIKi Pe3yJIbTaTH, OTpUMaHi B aucepTanii Kysis0y1a, a TakoxK pe3yJibTaTH, BiIoMi J1s mpole-
ciB 'asibTOHa — Batcona. Y mpoleci [oBe/IeHHS TOCTINKY€EThCs iICHYBaHHS f-MOMEHTIB PO3B’sI3KiB AETKHX
CTOXAaCTUYHHX Pi3HULEBUX PiBHSHb.

1. Introduction and results. Assume that an initial ancestor of some population is placed
at the origin of the real line. She produces offspring who form the first generation of the
population. Each individual of the first generation in her turn gives birth to children too.
All children of the individuals of the first generation constitute the second generation and
so on. A point process M with points {A;,7 = 1, M(R)} controls the location of the
population over the real line in such a way. For ¢ = 1,2,..., the displacements of the
individuals of the ¢-th generation relative to positions of their mothers (they reside in the
1 — 1-th generation) are given by independent copies of M. The sequence of the point
processes M™) p =12 ... which define positions of the n-th generation individuals
is called the branching random walk (the BRW, in short). Many references related to the
BRW can be found in [1-3].

In the sequel, forn = 1,2, ..., F™ denotes a o-field containing all information about
the first n generations. The position of the individual u is denoted by A,; the symbol
lu| = n means that the individual w resides in the n-th generation; the symbol 3_, _,
denotes the summation over all individuals of the n-th generation.

Set K := M(R) and ¢ := P{K < oo} € [0, 1]. In this paper, we only consider the
supercritical BRW. Therefore, if ¢ = 1, we additionally assume that EX > 1. Recall that
the supercriticality ensures the survival of the population with a positive probability.

Define the function

K
m(y) = ]EZeyAi € (0,00}, y>0.
i=1
Assume that m(7) < oo for some 7y > 0 and set

W) = m(y)™" Z e n=1,2,....

|ul=n
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The sequence (W,S'Y), F™),n =1,2,...,is a nonnegative martingale (Kingman [4] and
Biggins [5] were the first to study such a martingale). Since v and F™ will be the same
from line to line, in what follows the martingale is denoted just by W,,. This martingale
converges either almost surely to zero or almost surely and in mean to a random variable
W which is positive with positive probability (throughout the text we use words “positive”
and “increasing” in a strict sense). Put Y; := 74 /m(~y). The (probability) distribution
of the W satisfies the equality

K
w LS vw®,
i=1
where, given F1, W) W) are conditionally independent copies of the TV.

The papers [5—7] provide conditions for the martingale convergence in mean. How-
ever, all these authors required more or less restrictive additional assumptions. Our Propo-
sition 1 can be read from Theorem 2 [3], where the criterion of the above mentioned
convergence has been obtained (but in other terms).

The equality

K
E)  Yit(Y) = Et(2), (M

i=1
which is assumed to hold for bounded Borel functions ¢, defines the distribution of a
random variable Z. Notice that

P{Z=0}=0.
In the sequel, we additionally always assume that
P{Z=1} <1, P{W; =1} < 1.

As soon as the distribution of Z was defined, we can permit for (1) to hold for any Borel
function ¢. In that case, we assume that if the left-hand side is infinite or does not exist,
the same is true for the right-hand side.

LetT,,,n =0,1,..., be the random walk starting at zero with a step distributed like
V := —log Z. Define the function

Y
Az(y) == /IP’{V > x}dr, y>0.
0
Relevant properties of this function can be found in [8].

Proposition 1. The martingale W,, converges in mean if and only if

xlogx

lim T;, = 400 a.s.;
1,00

dP{W, < 2} < oo, )

or equivalently if and only if either
i) EV € (0,00) and EW; log™ W, < o0, or

1
i) EV = oo and/ LO8T p{W; < 2} < o, or
(1,00) Az(x)

log™ Z

iii) EV does not exist and E <7_~_
Az(log™ Z)

) < 00, and
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xlogx

———dP < .
( )Az(ac)d (W <z} <0
1,00

Remark 1. In any case, the classical 2 log™ x condition together with the condition
lim T,, = +oo a.s. are sufficient for the mean convergence of the martingale. A quite

n—oo

remarkable fact is that when EV is infinite or does not exist, the zlog™  condition is no
longer necessary. Thus we come to a bit discouraging conclusion: the weaker moment
restriction is imposed on V, the weaker moment condition may be put on .

As soon as the problem of existence of somewhere positive W is settled, it is natural
to want to investigate moments of W. Following this principle, in this paper we will study
f-moments of . Consequently, the description of appropriate functions f will be given
next.

Throughout the text, we assume that one of the following two assumptions is in force.

Assumption A. Function f > 0 is nondecreasing and concave on [0, o), wILH;C flz) =

= o0. For fixed B,d > 0 a new function g is defined by

o(x) = B + / FW)/ndy for ©>d  g@)=0 for @<d.
d

Assumption B. Function f is nondecreasing and concave on [0, 00), lim f(z) = oo
r— 00

and f(0) = 0. Additionally, there exists p > 0 such that
fley) <pf(x)fly) forall x,y>0. 3)

In this paper, ¢(z), + > 0, is called a submultiplicative function if ¢(x) is finite,
positive, and Borel measurable and

Y(0)=1 and ¢(z+y) <Y@)Y(y).
Recall that for a submultiplicative function v, there exists a limit

lim log(z) € [0,00).

T— 00 X

Inequality (3) implies that
h(z +1y) = f(e*tY) < ph(x)h(y) for all z,y > 0.

As pointed out by Sgibnev on [9, p. 85], the latter implies that there exists a nondecreasing
submultiplicative function 7 such that

p1Y(z) < h(z) < patp(xz) for some positive constants  py, ps. 4)

Therefore, we can define a constant r € [0, 1] by
log h(x)

r:= lim ————~.
xr— 00 x

In what follows, ' = GG means that

.. F(x) F(x)
< .
0 <lminfmrs < limsupzrs

We are now ready to present our first main result.

< 0.
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Theorem 1. Let f satisfy Assumption A or B.
a) If M(—oo,—vy~"tlogm(y)) = 0 a.s., assume that Assumption A holds. If the
integral in (2) converges, then

EWrg(W1) < oo = EW f(W) < oo;
if EV € (0,00), then
EW1g(W7) < oo <= EW f(W) < 0.

In particular, if EV € (0,00) and EW; log™ W, < oo, then both implications hold
and we have the equivalence. If f < g, then we have the equivalence under the weaker
assumption that the integral in (2) converges.

b) If M(—co, =y tlogm(vy)) > 1 with positive probability, assume that Assump-
tion B holds. If EV € (0, +00], then

by) if r > 0, then

EW1 f(Wh) < oo, EZ" <1=EWf(W) < oc;
bs) ifr =0, then
EW,f(W1) < oo = EW f(W) < .

If EV € (0, +00) in both cases v > 0 and r = 0, the converse implications hold, and we
in fact have the equivalence.

Remark 2. In case f(z) = z% a € (0,1] Theorem 1 reduces to the well-known
equivalence

EW*H < oo & EW{T <00, EZ%<1

(see, for example, Proposition 4 [3]).

There are many results in the spirit of Theorem 1 related to the Galton—Watson
process (see[10, 11] for recent developments). In the context of the branching random
walk, our Theorem 1 generalizes a statement in Section 4 [12], Corollary 10 [13], The-
orems 4.4.1 and 4.5.1 [14]. The best previously known results like our Theorem 1 were
recently obtained in Kuhlbusch’s Ph.D. thesis [14]. In Section 2, we partially compare
our results to Kuhlbusch’s ones.

The technique developed in this work is an extension of the approach proposed in
[11] for the case of the Galton—Watson processes and in [3]. It should be noted that
independently and at the same time a similar technique has also been used in [15] in the
context of branching diffusions. Our method of proof consists in comparing (under the
appropriate change of measure proposed in [7]) the random variable W with a so called
perpetuity. Keeping this in mind we find it useful to study the existence of the f-moments
of perpetuities.

Let (Q1, M1), (Q2, Ms), ... be independent copies of a random vector (Q, M). Let
Zy be a random variable which is independent of (Q, M).

SetIlp := land IT,, := M1 My...M,,n=1,2,..., X := —log| M

3 s Am(y) =
= / P{X > xz}dz,y > 0. The following proposition is a selection from Theo-

0
rem 2.1 [8].
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Proposition 2. The following assertions are equivalent:

) 7 log ¢ )
lm I, =0 as., 984 ) ipf1Q| < ¢} < oo, 5
e / (ortiogy) 021 < ©

Z IL,—1Qn| < o0 a.s.

n=1

Each of these ensures

lim <Z Ly 1Q, + an()) =7 as.,

k=1

where

00
Lo i= Z IL,—1Qn.
n=1

In the literature, there exist several results about the existence of moments (or the tail
behaviour) of the random variable Z, called a perpetuity. We only mention two of them:

a) E|M|P < 1and E|Q|P < 0o & E|Z| < 00,p > 0 (in [16] this has been shown
in case M, Q > 0, in [17] the implication = has been proved in case p > 1);

b) if P{|{M]| < 1} = 1 and EeI®l < oo for some € > 0, then Ee?l%=l < oo for
0 < p < sup{f : Ee?I?l|M| < 1} (this fact follows from Theorem 2.1 [18]; this work
implicitly contains some other results related to moments).

Note that so far the existence of the f-moments of Z., has not been investigated (the
only exception being the case f(z) = %, a € (0, 1]).

In the sequel, we assume that

P{M =0}=0, P{Q=0}<1,

and the distribution of Z, is nondegenerate.
The second main result is as follows.
Theorem 2. Let f satisfy Assumption A or B.

a) If
P{M|<1}=1 and P{M|=1}<1, (6)
assume Assumption A holds. If the integral in (5) converges, then
Eg(|Q) < 00 = Ef(|Zx]) < 00;
if EX € (0,00), then
Eg(|Q]) < 00 < Ef(|Zs]) < oc.

In particular; if EX € (0,00) and Elog™ |Q| < oo, then both implications hold and we
have the equivalence. If f < g then we have the equivalence under the weaker assumption
that the integral in (5) converges.

b) IfP{|M| > 1} > O, assume that Assumption B holds. IfEX € (0, +oc] then

by) ifr > 0 then

Ef(1Q]) < oo, Ef(|M]V1) < oo, EM|" <1=Ef(|Z]) < o0;
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bs) ifr = 0 then
Ef(IQ) <oo,  Ef(IM|V1) <oo=Ef(|Zu]) < o0.

If EX € (0,+00) in both cases r > 0 and r = 0 the converse implications hold, and we
in fact have the equivalence.

The rest of the paper is organized as follows. Section 2 contains some relevant prop-
erties of functions f and g. In Section 3, after giving a preliminary result, we study
the f-moments of perpetuities and prove Theorem 2. In Section 4, we provide a careful
description of a change of measure construction and prove Theorem 1.

2. Properties of functions f and g, and examples. To give a better feeling of the
results obtained, we first point out some pairs (f, g) which satisfy Assumption A. These
examples are taken from Section 3 [11].

1. Forp € (0,1),

f@)=a?,  g(x)=2"/p.
2. Forp € (0,1],

f(@) = e alieoe)y +1og” Tlipsey, 9(z) = (p+ 1) (log" ™ 2 — 1)1z

f@)=pp—1De' Palepey + (logh z + (p— 1)*) s ey,
9(@) = ((p+ 1) "(og"* 'z — (p— DP) + (p — 1)*(logz — p+ 1)) Lper-1},

therefore, for p > 0,

f(z) < log? z, g(x) =< logP*t z.

3. For 3> 0and c:= (3/e)® — 33,

f(‘r) = 556_6_exp(6)x1{zG[O,exp(eﬁ))} + (logﬁ Ing + c)l{IZexp(eﬂ)}y
log x
g(z) = log zlog’ logz — Be” — B / log® ! udu + c(logz — eﬁ) Liz>esys

eB
therefore,

f(z) < log” log z, g(z) = log zlog” log z-.

As it follows from Theorems 1(a) and 2 (a), it is important to know when f =< g, if
(f,g) satisfy Assumption A. A simple sufficient condition for this to hold was given in
Corollary 1.2 [11]: if there exists an « € (0, 1) such that z~ f(x) does not decrease for
large z, then f =< g.

Now we would like to explain the point of using Assumption B. To prove Theo-
rem 2 (b), ii would be highly desirable if functions f possessed two properties: (4) and

flz) < / (f(u)/u)du. Assumption B appears to be the weakest possible one to en-

0
sure that these properties do hold. The next lemma collects some properties of functions
satisfying Assumption B.
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Lemma 1. Let f satisfy Assumption B. Then
a) fand g(x) := / (f(w)/u)du satisfy Assumption A with B = d = 0; moreover,
0
=g
b) lim 1)
T—00 log €
Proof. The first part of (a) is obvious. Let us verify that f =< g. Since f(x)/x is
nonincreasing, we have

= o0 for every € > (.

x

o(z) = / (F(w)/u)du > (f(z)/2) / du = f(z)

0

Using now (3), we obtain

1 1
/ f(tx)/t)dt < pf(x / t)/t)dt = constf(x).
0 0

From these two inequalities, we obtain the needed. The following result can be de-
rived from the proof of Proposition 2 [13]: if H : RT™ — RT is a convex function
with concave derivative, H(0) = 0, and there exists a positive constant ¢ such that
H(xy) < cH(z)H(y) for all z,y € R, then

H
lim (xe) =oo0 forevery e >0. (7
z—oox log® x
Set H(x / f(u)du. Since
27 af(z) < H(z) < zf(2), ®)
we have

H(zy) < eyf(ay) © peyf(e)f(y) < 4pH(2)H(y).

Therefore, the so defined H possesses all the properties described above. This gives (7)
and, in view of (8), the statement follows.

As was indicated in Introduction, some results related to our Theorem 1 were given
in [14]. Kuhlbusch studied the ¢-moments of W when ¢ is a regularly varying function
with index o subject to additional restrictions. If o € (1, 2), his Theorems 4.5.1 and 4.4.1
are contained in our Theorem 1 (a) and Theorem 1 (b) correspondingly. Indeed, it is well
known that given a regularly varying function ¢ with index a € (1,2), there exists a
concave function z such that ¢(x) < xz(x). On the other hand, a concave function need
not be regularly or slowly varying. Although it is a quite obvious fact, we propose a
simple example (due to Professor Oleg Zakusylo) of positive, increasing, and concave
function which is not regularly varying. Define

glz) =27 x4 21 3 if xe[4k, 4 k=0,1,....

The first three stated properties are easily seen. To check the absence of regular variation,

2z,) 4 . 2y,) 8
setx, :=4",y, :=3-4",n=1,2,.... Then lim 9(2zn) = —and lim 4(2yn) = —.

n—co q(zn) 3 n—ocoq(yn) 5
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Another example could be given which, however, requires more computations (omitted
here). Take

q(x) := 2 (1 + agsin(logz) + bg cos(logz)), B € (0,1),

with appropriate parameters ag, bg.

3. Moments of perpetuities. Let {(¢x,7x), £ = 1,2,...} be independent copies of
a random vector (£,n). Set R, := & + ...+ &, n = 1,2,..., Ry := 0. Lemma 2
given next is needed for the proof of Proposition 3. Note that this lemma generalizes
Proposition 7 [19].

Lemma 2. Assume that lim R,, = oo and { := sup(—Ry, + nx+1) < 0o a.s. Then
n—oo k>0

x

P{C> 2} > Py > o)+ / Psup(~Ry) > o~ y}dBln <y}, = CR

— 00

Proof. For every n = 1,2,..., put M,, := sup {k >0:—Ri = max (Rl)}.

0<i<n
Then

> —R > —R .
¢> Orgnljmécn( k+ k1) > =R, + 0,41

Therefore,

P{¢ > x} > P{-Runm, +1rr,+1 > 7} =

= Z ]P){—R]V[n + 0,41 > T, My, = m} =

m=0

n

= Z IP>{_sz_|"r]m-‘,—1 >x, M, :m} =

m=0

n

= Z P{-Ry, >z —y, M, = m}dP{nm41 <y} =
7YL:0R

n

:/Z]P’{—Rm>x—y,Mn:m}dIP’{n§y}:
r m=0

= /P{Oglka%(n(_Rk) > — y}dﬂ”{n < y}
R

Since Ry, drifts to oo, sup(—Ry) < oo a.s. Letting n — oo and using Fatou’s lemma
k>0
allow us to conclude that

PIC >0} = [ Ploup(~Re) > o~ y}dPl < ) =

x

—P{n>a}+ [ Plsup(-Ri) > o - y}dP(n < ).

— 00

The proof is complete.
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Consider independent and identically distributed random vectors
(M, Qi) = (Mak—1 Moy, Mog—1Qop + Qai—1), k=1,2,...,
and set
Il := 1, L, := MyMs...M,, n=12,....

Proposition 3. Assume that h does not decrease, has one-sided derivatives which
coincide a.e., and for large x and some ¢ > 0,

h(2z) < ch(z). 9)

Then Eh(|Z~]|) < oo implies:

Eh(|Q]) < oo and either Eh <sup|Hn|> <oo or Eh (sup|ﬁn|> < 00;
n>0 n>0

either TEh <sup|Hn_1||QfL|> <oo or Eh (sup|ﬂn_1|QfL|> < oo, (10)
n>1 n>1

where Q2 = Q,,—Ql; (M, Qr) £ (M, Q.); given M,,, Q,, and Q', are conditionally

independent; QfL and Q’n have the same meaning but in terms of Mn and Qn

Proof. Asin [8, p. 1212, 1213], by using a regular conditional distribution for ) given
M, we can construct the sequence {Q’, j = 1,2,...} such that (M;,Q%),j = 1,2,...,
are independent copies of (M, Q); given Mj;, Q; and (); are conditionally independent.

Consider two cases:

1. @ is not a Borel function of M. Let us define conditionally symmetrized random
variables

Q:=Q; — Q) Zy =) M@y, n=12....
k=1

Note that £(Q3) # do. Let B, = o(My,..., M), n = 1,2,.... By symmetrization
inequalities [20] forn = 1,2,...

P )1 Qs <
{1?;3%' k—-1Q}] >w8n} <

an—le

< 2P {|Z3] > 2B} < 41@{
k=1

> x/2|8n} .
Taking expectations and then letting n go to co gives
P{supili 101l > o} < 2P(Z] > 1) S 4P(Zul > 52}, wcR D
k>1

These inequalities hold for all x, as the distribution of Z is continuous and the sequence

max |IIp_1Q;5|, n=1,2 ...}is monotone.
{1§k§n‘ Qk|7 )4y

Assume that Eh(|Z]|) < co. Condition (11) implies
Eh ((1/2)sup|Hk1QZ|> < 00.
k>1
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Taking into account (9), we have
oo > Eh <suka_1Qz|> = [Eq <sup(—5’;C + log |QZ+1|)) , (12)
E>1 k>0

where g(z) := h(e®), Sk := —log|I|, K = 0,1,..., is a random walk with a step
distributed like X. Since |Z.,| < oo a.s., Proposition 2 ensures that klim Sk = oo as.

According to Lemma 2, we have

P {sup(—Sk + log |Qf441) > w} >
k>0

> Bllog|Q*] > ) + | P{sup<sk>>xy}dP{log@SSy}, reR (13)
k>0

Let ¢’ be any of one-sided derivatives of ¢. In view of (12),

(13)
00 > /Q’(w)ﬁ” {SUP(_Sk + log |Q744) > x} dx >
k>0

x

(13)
2 [a@ [ {sw(-50> -y} arliogler] < s
/ !

— 00

= /dﬂ”{log Q%] <y} Ojoq’(:c +y)P {i;l())(sk) > x} dr =

R

=Eq (logU + sup(—S’k)> =Eh (Usup|Hk|> ,
k>0 k>0

where U is a random variable which is independent of sup|II| and distributed like |Q?|.
k>0

Therefore, Eh (suka> < oo and EA(|Q5]) < 0.
k>0
The latter inequality ensures E (h(|Q5])|B1) < oo a.s. Hence,
Eh(|Q — Q[) < oo, 14

where Q* is independent copy of (). In the same way as formula (5.7) in [20] has been
proved, we can verify that there exists a € R such that

2P{|Q — Q*| >z —a} > P{|Q| > z}. (15)
Monotonicity of & and condition (9) imply that, for fixed b € R,
h(z) < h(x —b). (16)

From this, (14) and (15), we have EA(|Q]|) < .
2. @ = r(M) for some Borel function r. We have

2n n

> 1@k =Y 1 1Qx,
k=1 k=1
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where the random variables on the right-hand side were defined before the proposition. If
Q. = s(Mjy) for some Borel function s, then

MQ2 + Q1 = s(MMy)

and, by Proposition 1 [21], either Q@ + ¢M = c a.s. for some c or (M, Q) = (1,¢;) for
some c1. The first of these is excluded by our assumption before Theorem 2. The second is
incompatible with | Z.,| < oo a.s. by Proposition 1. Therefore, ()}, is not a Borel function
of M. Now, the first part of the proof can be applied (on (Mk., Qk) instead of (My, Qr))

which yields Ei(|Q|) < oo, Eh (Supﬂn> < oo and Eh <supﬂn_1||QfL|) < oo.
n>0 n>1

Taking into account (9), (16) and the eauality

ER(Q]) = / / Eh(ImQs + a)B{M, € dm, Q. € dg),
R R

we conclude that ER(|Q]) < oo. Proposition 3 has been proved.
Now we are ready to give proof of Theorem 2(a).
Proof of Theorem 2 (a). Necessity. Assume that

Eg(|Q) < oo (17)

In view of (6), lim II,, = 0 a.s. By Proposition 2, this together with the assumption that
the integral in (g)—??)nverges, ensures that | Z| < co a.s.

Condition (17) implies J := /OO P{|Q| > v}¢' (v)dv < oo. By assumption, m :=
:= E|M]| € (0,1). Let us check thgt for arbitrary n € N and fixed ¢ > f(d),

I, := (1 - m)E (f Z ‘kale‘ V C) <J (18)
k=1
We have
7= [B(QI> v} () fe)de > (19)
d
> (1—m) /P{\QI > v}E (Z IHklf’(IHkllv)> dv >
a k=1
>(1-mEY P{|Q| > v}j—1|f (|Tg—1|v)dv > (20)
F=la/)m, s |

> (1-m) [ Y EP(Qul > (@)1 o =
k=1

oo

—(1- m)Z/P{funk,lHan > 2} =
k=

Le
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n

=1 -mE> (f([M1]|Qk) Ve) > 1)

k=1

> (1-m)E (f <Z |Hk—1|Qk|> VC) >

k=1

> (1-m)E (f > M1 Qi| Vv c>
k=1
which proves (18). Inequality (19) above has been obtained as follows: f’ does not
increase, the sequence |II(w)|,k = 0,1, ..., does not increase and 0 < IT;(w) < 1 a.s.
Hence,
v n [TIg—1]v
@28 [ roa -y [ rwiz
o P e

> (1= mPE S [y |f (s o):
k=1

Inequality (20) follows by change of variable x = f(v|II;_1]|). Inequality (21) follows
from the fact that the function  — || is subadditive, and the functions * — z V ¢ and
f(z) are subadditive and nondecreasing. (Take for simplicity of explanation n = 2 and
setx :=|Q1|,y := | M1]|Qz2|. Inequality (21) is implied by the inequalities (f(|z|)V¢)+
+ (f(yl) ve) = (fz)) + F(y) Ve) = (Flz+yl) ve) = ([f(z +y)| Ve).)

Thus, I, is bounded from the above by the constant J that does not depend on n.
By the assumptions of the theorem and Proposition 2, the series Z:fl ITT—1]| Q|
is a.s. convergent. Since f is continuous, we have that as n — oo, the sequence

f (‘Zkzl Hk_leD converges a.s. to f (’Zk:1 Hk_leD. An appeal to Fatou’s

lemma gives
> < J < .

Sufficiency. Assume that Ef(]Z|) < oco. By Proposition 3, Ef(|Q]) < co. Thus,
if f =< g, combining this observation with the previous part of the theorem, we deduce
that Ef (| Z]) < oo < Ef(|Q|) < oo under the sole condition that the integral in (5)
converges.

Consider now the general case. If the support of a distribution of () is bounded, then
|Z~| has finite moments of all positive integer orders and the result of the theorem is

> T 1Qx

k=1

Ef(1Zcl) =1Ef<

trivial. Hence, in what follows, we assume that the support of a distribution of |Q)] is
unbounded from the above. In that case, there exists s > d such that P{|Q| > t} > 0 for
allt > s.

Assume that the distribution of M is nondegenerate. By Proposition 3, either

f (sup|Hn1|QfL|) <oo or Ef (sup|Hn1|Q;|> < 0.
n>1 n>1

We only invesigate the second (harder) possibility. The strong law of large numbers
implies that there almost surely exists L. > 0 such that |Hk\ > ek for k> L,
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where ¢4 := E(—log|M]) € (0,00). Therefore, we can choose ky < oo such that
TI;| > e~4#(kVko) for every k = 0,1, . ... Since

sup|IT,_1||Q3] > sup [I,—q||Q;] > sup e”*F=V|Q3],
k>1 k>ko+2 k>ko+2

—dpu(k—=1)|Ns| 4 —4pk —duk |,
sup e m( )|QZ| = e~ "Hogupe™ *H*|Q7 ],
k>ko+2 E>1

and f does not decrease, E f <supﬂn_1||QfL|) < oo implies
n>1

Ef (supe“l”ké)‘,ﬂ) < 0. (22)
k>1

Since 1 € (0,00) and |Z| < oo almost surely, Proposition 2 allows us to conclude
that Elog™ |Q| < oo. The function  — log(1 + |z|) is subadditive and log(1 + |zy|) <
< log(1+|z|)+log(1+]y|). Therefore, Elog® |Q| = Elog® |Q14M;Qs| < cc. Taking
conditional expectations and using the symmetrization inequality allow us to check that
Elogt |Q*| < co. The latter implies

C:= H P{e~*|Q5| < s} > 0.

k=1

Furthermore, we have for ¢t > s

0o k—1
P{supe‘*”k@z > t} =Y {i@r > ey [T {Q) < et} >
k=1 j=1

k>1

oo

> ZIP’{|QS| > e4“kt} ﬁp{|@S| < 64%} > cip{m > 64“kt}. (23)
j=1 k=1

Assume now that the distribution of M is degenerate. By assumption, P{|M| =1} <
< 1. Consequently, P{|M| = v} = 1 for some v € (0,1). An easy calculation reveals
that, in this case, the analogue of (23) holds with e~ = v.

Recall that ¢’ (u) = u=1 f(u) for u > s. Let us show that

o0

/g’(u)]P{e_4”|Qs| > u}du < o0o. (24)

S

Inequality (24) follows from the inequalities

(22) by , EUPTAS (23)
oo > /f (t)P{supe™***|Q;| > t}dt >
k>1

< C/f ZIP’{@ WE O | > ()t >

k=1

/f /P{|Q|>z}ddt2

edrt

— 64“ —
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S0

etr —1 t
S

> const + P{e~*"|Q°| > t}dt.

Now (24) implies Eg(|Q%|) < oc. By taking conditional expectations and using (15), we
can prove that

Eg(|Q]) = Eg(|Q1 + M1Q2|) < <.

The latter implies Eg(|Q]) < oo (a similar situation has been treated at the end of the
proof of Proposition 3). The proof of Theorem 2 (a) is complete.

For later use, it is worth recording the following corollary which can be read from the
previous proof.

Corollary 1. Assume that Assumption A and (6) hold, and EX € (0,00) and
Elog™ |Q| < co. Then (10) implies Eg(|Q|) < oo.

Proposition 4. Assume that Assumption B holds and nhlglo II,, = 0 a.s. Then

Ef(|Zx]) < 0o <« Ef(|Q]) < oo, Ef (sup|Hn> < 0.

n>0
Proof. Define the random times Ny := 0,
Ni-l—l = ll'lf{’l'L > N; |Hn| < ‘HN1|}7’L =0,1,....
Clearly, EN; < 00,4 =1,2,....Fork=1,2,...set
M =My, _,+1|--.|Mn,], I =1, b= M| ... M,

Q;c = IQNk—1+1| + ‘MNk—l"FlHQNk—l‘f‘Q‘ +o |MNk—1+1| s ‘MNJC—lHQNIJ'

N1
Then we have that (M}, Q}.) are independent copies of <|HN1 [, Z |Hk1||Qk|> and,

k=1
moreover,

D M a]|Qkl = > 10, Q5 (25)
k=1 k=1

Let us show that we can use the implication = of Theorem 2(a) on the vector (H Ny s
Ny
> |Hk1||Qk|) . Since [TIy,| € (0,1) as. and P{|TIy,| = 1} = 0, it remains to
k=1

N
verify that the integral in (5) (with (|M],|Q|) replaced by <|HN1 [, Zkil |Hk_1||Qk.|>)

x

converges. By Lemma 1, f < g, where g(z) = / (f(u)/u)du, and f grows faster than

any power of logarithm. Thus, if we can show that

Ny
Ef (Z |Hk_1||Qk-|> < o0, (26)
k=1

then
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. . Nl . .

1) (26) implies that Elog™ (Zk_1 |Hk1|Qk|> < oo; this, in turn, allows us to
conclude that the integral in (5) converges and, therefore, the needed part of Theorem 2 (a)
applies;

Ny

2) since (26) is equivalent to Eg (Zk_l Ty —1]|Qk |) < 00, by Theorem 2 (a), (26)
. . o ! / o . .
implies E f (Zk:1 k,_le> < oo and, hence, E f (Zk:1 |Hk_1||Qk|) < 00 in view

of (25).
Let U be a random variable distributed like || and independent of sup|II;|. We now
k>0

prove (26):
Ny Ny
Ef (Z HleQk:) <EY  F(Tea||Qkl) =
k=1 k=1

(subadditivity of f and N7 < oo a.s.)

=Y E (Z Sk [|Q|) > Lny=ny = ZE (M1 [[@n])) Livy sn—13 =
n=1 k=1

(the change of order of summation is justified by the fact that all summands are nonnega-
tive)

-y / (T |0) vy 51 AP{ @] < g} =
n=1 0

(@ is independent of both I1,, 1 and 1¢x,~p—1})

o0

- / S EA(|Talg) 1 (x, dP{U < g} = EN / Ef(gsuplTh )P{U < q} =
0 n=0 0 =

(this, is in fact, Lemma 2 of [22]:
Ef (qsur)lﬂkl) =Ef (lep(—infSk)) =
k>0 k>0

= (ENy)™ ZEf gexp(—Sn))1sy<o....5, <0} =
n=0

= (ENy)™ Z]Ef (@)1, 5y
n=0

Keener assumed that [£S; exists, but this condition is not needed)
=ENEf(Usup|ll;|) < pENEf(|Q)Ef (sup|Ilx|) < oo
k>0 k>0
(we have used (3) and the assumptions of the proposition). The proof of Proposition 4 is
finished.

We are now ready to give proof of Theorem 2 (b).
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Proof of Theorem 2 (b). Necessity. Let Ef(|Q|) < oo, Ef(]M|V 1) < oo, and
E|M|" < 1if r > 0. Using Lemma 1 (a), we conclude that Eg(|M]| Vv 1) < oo, where

g(z) = /0 (f(u)/u)du. Let us check that

a:= /h(x)ﬂ”{log+ |M| > z}dr < oo,
0
where h(z) = f(e®). Note first that
g(e®) = / f(e")du = const+/f(e“)du.
—00 0

log™t | M| .
Further, we have ¢ = E f(e®)dx = —const + Eg(e'°®" M) = —const +

0
+ Eg(|M] V1) < co. Inequality (4) now implies that

Y(z)P{log™ |[M| > z}dr < oco.

According to Theorem 2 of [23], the latter condition together with the conditions E|M|" <
< 1,ifr > 0, and Elog | M| € [—0o0,0) allows us to conclude that 1) (sup(—S,J) <
n>0
< 00, where S,, = —log |IL,,|. From (4) it follows that
oo >Ef (exp(sup(—Sn)) =Ef (sup|Hn) .
n>0 n>0

It remains to apply Proposition 4 to conclude that Ef (| Zoo|) < o0.
Sufficiency. Let now Ef(|Z|) < co. By Proposition 3, co > Ef(|Q|) and either

oo >Ef (sup|Hn|) =Eh (sup(Sn)> 27)
n>0 n>0
or
oo >Ef (sup|ﬂn|> =Eh (sup(—gn)> , (28)
n>0 n>0
where S, = —log|Il,| is the random walk with a step distributed like — log | M; M|,

and h(z) = f(e®). Let us check that (28) ensures Ef(|]M|V 1) < oo and, if r > 0,
E|M|" < 1. The proof for (27) is simpler.
In view of (4), we have

Ea) (sup(—S'n)> < oo. (29)

n>0

By the assumption of the theorem, E(—S;) = Elog |M;Ms| € (—c0,0). An appeal to
Theorem 1 [23] allows us to conclude that

/w(x)]ID{log+ | My Ms| > z}dr < oo.
0
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According to (4), b := / h(z)P{log® | M M| > x}dx < cc. But
0

log™ | M1 M|
b=E / f(e")dx = —const + Eg(e'os” MMa[) —

= —const + Eg(|M1 M| V 1)
and f =< g. Therefore, Ef(|M; M|V 1) < oo and
Ef(|M| V1) < (P{|M|>1})'Ef(|M M| V1) < oco.

If r > 0, then (29) implies 1 > E|M; Ms|" = (E|M|")? (see Remark 1 [23]). The proof
of Theorem 2 (b) is finished.

4. Proofs related to the BRW. Let ¢, be a rooted family tree associated with a point
process M. We say that (t,., X) is a labelled tree if each individual (vertex) 6 € ¢,.\{0} is
assigned its displacement X (6) from its parent. The BRW defines a probability measure
1 on the set of labelled trees. Lyons in [7] constructed a new probability measure ji*
on the set of infinite labelled trees with distinguished rays (a ray is an infinite line of
descent starting from the root). It is under this measure z* we can successfully bound the

martingale limit W by a perpetuity from the above, and supW}, by a largest summand of
k>0
a perpetuity from below.

Under 1i*, the usual family tree is replaced by a size-biased tree that has a ray with a
special status. This single ray is often called a trunk or spine.

Fork =1,2,..., let vy be the individual belonging to the trunk and sitting at the k-th

generation, vg be an initial ancestor; and let A,, ;,7 = 1,2, ..., be the displacements of
children of vy, from vy,. For k = 1,2, ..., let M} be the random variable which gives the

displacement of vy from her mother divided by m(~) and Qr =m™! (7) Zi eV Ave_1.i
Note that, by construction, the random vectors (1\7 ks @k), k =1,2,..., are independent
and identically distributed®.

Let G be the o-field generated by the reproduction of vy, k = 1,2,..., i.e., by the
sequence of independent point processes M  with points A,, , ;,7=1,2,....Set ﬁo =
= 1and ﬁk = ]T/I\l . ]\/Zk7 k=1,2,.... Now we can write the two essential inequalities
which, in fact, were found by Lyons:

By (WalG) < M1 G, (30)
k=1
supWy > supﬁk@kﬂ under 1*. (31)
k>0 k>0

1 Note that the proof of Theorem 2 [3] gives erroneous impression that M}, and Q, are independent as
well. Fortunately, this gap does not affect the proof of that result.
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Proof of Theorem 1(b). Necessity. Under i*, M\l 2 7 and @1 has the size-biased
distribution corresponding to the distribution of W;. Thus, the assumptions of the theorem
can be rewritten in terms of M and @ as follows:

M >1}>0, Eylogh €[-00,0), Euf(Q) < oo
andifr >0

]ETWM\T < 1.

. K .
Since W7 = E ) 1Yi,wehaveYigVVl,zzl,Q,....Hence,
1=

B, f(MV1)=Ef(ZV1)= EY Yif(YiVv1) <EW f(Wi V1) < oo.
i=1
We conclude that all the assumptions of necessity of Theorem 2 (b) hold. Therefore, the
right-hand side of (30) converges [i* a.s. to a random variable Z, say and E - f(Z) <
< oo. From the results of Lyons it follows that TV,, converges to W i* a.s. (apply Fatou’s

lemma to (30) to conclude ;- (lim inf Wn|g) < Z)\o; hence, lim infW,, < oo under i*;

n—oo

from the change of measure construction it follows that 1/W,, is a positive i* martingale
with respect to an appropriate filtration; hence the statement). By Fatou’s lemma, we have

Eu-(W|G) < Zao.

Since f is nondecreasing and concave, then using Jensen’s inequality and applying the
expectation operator one more results in

By (f(W)IG) < f(By-(WIG)) < f(Zec),
Ep f(W) < Epe f(Zoo). (32)
We have already proved that the right-hand side of (32) is finite. Hence, we have
E,- [(W) < oc.
Using the Laplace —Stieltjes transforms, it can be easily checked that EW,, f(W,,) =
= Eu« f(Wy), n=1,2,..., implies
EW f(W) = Ep- f(W). (33)

This completes the proof of this part of Theorem 1 (b).

To prove Theorem 1 (b) in the reverse direction, we need a lemma. It proposes a
[*-counterpart of the inequality obtained in Lemma 2 [12].

Lemma 3. For each a > 0 small enough, there exists B > 1 such that whenever
t > 1, the following inequalities hold:

pro{w >t} <p* {Suan > t} < Bp*{W > at}.
n>0

In particular, for any nonnegative, nondecreasing and anti-starshaped (in particular, con-
cave) function h,

E«h(W) < 00 & Ey+h (suan> < 00.
n>0
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Proof. The left-hand side inequality is obvious. Let us prove the rest. It can be
checked that under *, the following equality of distributions holds:

!

w £ W 4 —— eV, (34)
m"(y) m” () 2 ‘

[u[=n

!
where Z‘ | denotes the summation over all individuals of the n-th generation (of the
uf=n

size-biased tree) but v,,; given the information about first n generations in the size-biased
tree V,, are independent copies of a random variable V' with distribution P{W € dz}
which is also independent of W.

In what follows, we write IE and IP instead of E,,- and [*. We can choose ¢, d > 0
such that r := E(V A¢) = E(W Ad) € (0,1). Fix any a € (0,r). Consider the
events £, := max W, <t, W, >t,, n = 1,2,.... Without loss of generality,

0<i<n—1
we can assume that the set {u : |u| = n} is enumerated in some way such that v, is
the first individual. Keeping this in mind, denote by {a,k = 1,2, ...} realizations of

1
e = -NtthtE = 1. Define th t
{m"(’y) ne , Jul n} ote tha , efine the even

1 1 !
D= ——"™(WAd) + ———
WAd)+ mew,

A (V, ANe) > a
m"(y)Wh, " lul=n ( )

Then almost surely

- 1
P{D|F"} = p{n =ag(WAd)+ kZ:Qak(Vk Ac)—a > 0} > 5
where L. (r —a)” € (0,1). To get the latter inequalit
B~ EVAc—a)?)VEWAd—a)?) ) 08 quatity,
we have used

(En)?

P{n >0} >
{n>0}= B

which is applicable as En = r — a > 0. En? is estimated as follows:

e 2
En? = aiE(W Ad—a)* +E(V Ac— a)QZa% +2(E(V/\c—a)) Z a;o <
k=2

1<i<j

< ((E(W/\d—a)Q) v (]E(V/\cfa)z)) iaiJrQ(E(V/\ca))z Z a0 <

1<i<y

< (B nd—af) v (BV Ac-aP) (St +2 T aiay | -
k=1 1<i<j

- ((IE(W Ad— a)2) v (E(V Aec— a)2)).

Since E,, € F", we have P{D( E,} = EP{D|F"}1g, > (1/B)P{E,}. f P{E,} #
# 0, the latter implies
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1
P{D|E,} > 5 (35)

For ¢t > 1, we have

1 1

e'Y'Un W +
m" ()W, m"(y)W,

(34)
P{W > at|E,} > P

(35) 1
>P{D|E,} > 5

The inequality

= 1
P{W >at} > > P{W > at|E, }P{E,} > (E) P {suan > t}
n=1 n=0

completes the proof of the first part of Lemma 3. To prove the second part, we should only
note that the implication = follows from the inequality Eh(supW,,) < BEh(W/a) <
n>0

< (B/a)ER(W).
Proof of Theorem 1(b). Sufficiency. Assume now that ElogZ € (—o0,0) and
EW f(W) < oo. Then E,« logM € (—o00,0) and in view of (33), E,- f(W) < oo.

Therefore, by Lemma 3, ;- f (suka> < 00. In view of (31),
k>0
ot () 5,5 ()
k>0 k>0

Let us now apply Proposition 3 on the pair (]/\4\ , @) to get B, f (@) < oo and either

N

E.-f (supﬁn> < oo or Ey-f <supﬁn) < oo . Exactly the same analysis as in the
n>0 n>0

proof of Theorem 1 (b) (implication <) shows that E,. f (]/\4\ V1) < oo and, if r > 0,
E,~M" < 1. It remains to recall that

~ —

E,-f(Q) = EWyf(Wy),  Euf(MV1)=Ef(Zv1), E.M =EZ".

However, the condition Ef(Z V1) < oo can be omitted as it is implied by EW; f (W) <
< 00. The proof is complete.

Proof of Theorem 1(a) goes the similar but simpler way as that of Theorem 1 (b).
The only difference is that while Theorem 1 (b) uses Theorem 2 (b) and Proposition 3,
Theorem 1 (a) appeals to Theorem 2 (a) and Corollary 1. We can use these statements
as the condition M(—o0, —y~!logm(y)) = 0 a.s. implies that the distribution of the
random variable Z (and hence of M ) is concentrated on [0, 1]. Recall that, throughout the
paper, we assumed that P{Z = 1} < 1.
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