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ON GIBBS QUANTUM AND CLASSICAL PARTICLE SYSTEMS
WITH THREE-BODY FORCES

IMTPO I'BECIBCBHKI KBAHTOBI TA KJIACUYHI CUCTEMUA
YACTHUHOK 3 TPUYACTUHKOBUMU CUJIAMU
For equilibrium quantum and classical systems of particles, interacting via ternary and pair (nonpositive) infinite-

range potentials, a low activity convergent cluster expansion for their grand canonical reduced density matrices
and correlation functions are constructed in the thermodynamic limit.

s piBHOBaXKHMX KBAHTOBHX Ta KJIACHYHMX CHCTEM YaCTHHOK, IO B3a€MOIIOTb 3aB/sKM TEPHAPHOMY i
napHOMy (HEMO3UTHBHUM) JIaJIEKOCSIKHIM MOTEHIias1aM, Mo0y0BaHO KJIACTEPHUIA PO3KJIa/] AUIs iX peLyKo-
BaHMX MAaTpPUIb ILIJILHOCTI Ta KOPEJIAUIMHUX (PYHKIIN BEJIMKOTO KaHOHIYHOIO aHCaMOJIo, 301KHUN NpH
HHM3bKHX aKTMBHOCTAX y TEPMOAAMHAMIYHIN IPaHULI.

1. Introduction and main result. We consider classical and quantum systems of parti-
cles with the Maxwell — Boltzmann statistics that are characterized by the n-particle po-
tential energy (see Remark in the end of the paper)

U(x(”)) = Z ¢O(xj2 - le) + Z (bl(sz = Ljy, Ljg — le)v (L.1)

1<j1<ja2<n 1<j1#j2#js<n

1

where z(,,) = (21,...,2,) € R™, 2; = (z! %) he three-body translation invariant

IR
d

potential ¢! is given by ¢! (x,y) = 2 Zl_l ¢1(x)¢1(y). The pair (two-body) and three-

body potentials are Euclidean invariant functions. U can be rewritten as

Um) =Y. oz, —x5) + U (@w),

1<j1<g2<n

d/
where ¢ = —2 2171 o7 + ¢°, and

2

U'(z(n)) Z Z S iy, — )

=1 j1=1 | jo#j1,j2=1

The conditions of stability (see [1—7]) for it is reduced to the stability condition for the
pair potential ¢q:

Uo(zmy) = Y, ¢olzj, — ;) > —Bn, (12)

1<j1<j2<n

where B is a constant. U is superstable [2 —4] if ¢ is superstable.

The equilibrium systems of d-dimensional classical and quantum particles, enclosed
in a compact domain A € R<, are described by the sequence of the grand canonical
Correlation functions p® = { pA(x(m)), m € Z7} and reduced density matrices (RDMs)

= {p*(Z(m); Y(m)), m € Z*}. The former are given by

n+m

pM@my) = 3 / B N C R L

Ty = (T1,...,Tm),

where the integration is performed over R™?, /3 is the inverse temperature, z is the particle
activity, the grand partition function =, is given by the denominator in which m = 0 and
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ON GIBBS QUANTUM AND CLASSICAL PARTICLE SYSTEMS WITH THREE-BODY FORCES 977

xa(z) is the characteristic(indicator) function of the compact domain A € R?. The
RDMs are expressed (see [1, 6, 7])

P (T () [Y(m)) = /me),y(m) (dw(m)) P (W(m)), (1.3)

where the path (quantum) correlation functions p? (w(m)) for the Dirichlet boundary con-
ditions are determined by

o Zn+7n,
U g / exXp{— AU (W(ny, ]} X

n
n>0

o (dwl,), (1.4)

XXA (W) s Wiy )Ty Pl -

T(ny
B

U(wim)) = ﬂfl/U(w(m)(T))dT,
0

=, is the grand partition function, coinciding with the numerator in the r.h.s. of the ex-
pression when m = 0, Pj,y(dw) is the conditional Wiener measure, concentrated on
paths, starting from 2 and arriving into y at the time ¢, A (w(,,)) is the product of the
characteristic functions of paths w; localized in A on all the interval [0, 3],

P o ([dW0n)) = P (dwimy[w(m) (8) = Yom)) =

= P, (dwim) H o(y; — w;(B)),

0(x) is the point measure concentrated in x, P, (dw) is the Wiener measure concentrated
on paths starting from the the point x. These measures are defined on the probability
space 24 which may be considered as the Banach space of continuous functions [8] with
the o-algebra of the Borel sets (see also [9]). One easily checks with the help of the Feyn-
man —Kac formula (see [6, 7, 10]) that every term in the sum in (1.3) after substitution
of (1.4) in it is equal to the integral over R%" of the kernel of the (n + m)-particle quan-
tum Hamiltonain with the Dirichlet boundary condition, the usual kinetic term and the
potential energy U.

There is a standard derivation of the KS equation for the sequence of the correla-
tion functions and path correlation functions corresponding to a pair interaction potential
(see [1-7])

P = 2K p™ + za, (1.5)

where Ky = xaKxa, aa = XaQ, « is the sequence whose first component is the unity
and other components are zero, X is the operator of multiplication by the characteristic
function of A, (XaF)(w(m)) = xa(wm))F(wen)) and w is either a vector from R? or
a Wiener path. The KS operator K will be introduced by us in the end of this section.
The denominator and numerator in the expression for correlation function diverge in the
thermodynamic limit A — R¢ but the equation (1.5) is well defined in the limit
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978 W. 1. SKRYPNIK

p=zKp+ za. (1.6)

Its solution determines the equilibrium state of the infinite-particle system.

It is well known that the norm of the classical KS operator K [11, 12] is bounded in
the Banach space of sequences of bounded functions [, for a positive short-range inter-
action (many-body potentials have finite supports). This Banach space is determined by
, where w = = € R? for

the following norm || F|l¢ = max,>1 ™" ess sup |F(w))
W(n

classical systems. In this case the solutions of (1(.5)), (1.6) are expressed in terms of the
perturbation expansion of the resolvent of K acting on za. The norm of the classical
KS operator is also bounded for a potential energy generated by an infinite range positive
integrable pair potential [1—3]. If the interaction is mediated only by an integrable and
stable pair potential ¢ then Ruelle proposed to symmetrize the classical KS operator to
in order to make it bounded in E¢. There were no examples of potential energies with
nonpositive many-body (nonpair) potentials yielding the bounded KS operator in the Ba-
nach space E¢. For quantum systems there were no results at all concerning solutions of
the KS equation in E¢ for the case of many-body potentials (in the definition of its norm
one has to put w = w, where w is a Wiener path). In this paper we consider such the
systems, i.e., classical and quantum systems for which the potential ¢°, ¢! are not neces-
sarily positive and have finite supports, and construct their (path) correlation function in
the thermodynamic limit.

Let’s deal with quantum systems at first.If one drops the ternary term U in the expres-
sion of U then by the standard technique of [1, 5 —7] the series in powers of z for the cor-
relation functions is found converging if |z| < ¢! (), where ¢(3) = ess sup,, cg(w) =

= |eglo, cp(w) = /def,a:(dw')‘e‘ﬁ%(“’_“’/) — 1]. It'Il be shown that the presence of

U’ leads to the necessity of dealing with the additional function

2

d/ /6
() :Zlg/deﬁm(dw’) /qblz(w(r)—w’(T))dT 00 ()
=1 0
The functions
p
Cp(w) = ca(w) +16v2 | Y 177 | cup(w), C(B) =|Cslo,
=1

play a prominent role in the convergence of a cluster expansion for the correlation func-
tions when U’ is non-zero. The function C4 (w) = c5(w) + 161/2 Zd/ 179 ) e (w)
. 3 w)==c 8 w =1 C, 8 w

will determine the character of a convergence to the thermodynamic limit, where the ex-
pressions for the functions cg, ci\ﬁ are obtained from the expressions of the corresponding
functions without dependence on A by inserting (1—x (w’)) under the sign of the Wiener
integral. The following theorem will enable us to prove our main result formulated in the
subsequent two theorems (expression for the constant ¢ in Theorem 1.1 is given in Sec-
tion 5).

Theorem 1.1. Let ¢g be an integrable stable potential and the condition (A)
12°|¢y(z)| < h(|x|), 1 > 1, hold, where h is a monotone integrable function and 6 > 0.
Then
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ON GIBBS QUANTUM AND CLASSICAL PARTICLE SYSTEMS WITH THREE-BODY FORCES 979

o(B) < B P|igollr,  eu(B) < V/B4nB) " Zl “|e

where || - ||1 is the norm of the space of integrable functions L' (R?) and c is a positive
constant. Moreover, if the condition (B) h(|z|) < hlz|~97%¢ |x| > R, holds, where
R, h, € are positive constants then there exists a positive function C'(3) independent of w
such that

Ch(w) <57°C"(B),  weA(©), §=2R, (1.8)

where A(6) = {x € A: dist(xz,dA) > &}, OA is a boundary of A.

The second theorem is the first step towards proving an existence of the thermody-
namic limit of the path correlation functions.

Theorem 1.2. Let the condition (A) of Theorem 1.1 be satisfied. Then for an arbi-
trary bounded or unbounded A there exist functions pﬁ(w(m)) such that

Z Zn-&—mpﬁ w(m)) |p£(w(m))’ < gnL—l(eOeQﬁBc(ﬁ))n—i—m—l
n>0

for &1 = 4C(B) and the series converges in the norm of the space of bounded func-
tions if

|2 < (eoe®PC(B)7!, eo =4 (n) 2.

It is natural to expect the correlation functions p(w(m)) = p* (W), A = RY, de-
termined in Theorem 1.2, to be the thermodynamic limit of the finite volume correlation
functions. The third theorem confirms this establishing the character of a convergence of
the finite volume correlation functions to the functions ((1.8) plays a crucial role).

Theorem 1.3. Let the conditions (A), (B) of Theorem 1.1 be true then there exist
positive functions €()), € (), decreasing at infinity, such that if p, (W) = pﬁ(w(m))
for A = R? and

w(m) Z Zn+m w(m)) (19)
n>0

then for ' = 4C(B) and X = max dist(x; € A,0A), A C A, the following inequalities
j

are true:

p(w(m)) B pA(w(’fﬂ))‘ < Eme()‘)v W(m) € Am, (1.10)

_dm
Py | Ym) = P (@) \y(m>)’ < (@Anp)" T mEMEN), xy, ;€ A (11D

where p(x,, | ym) are given by (1.3) with A = R<.
Corollary 1.1. Let pp(T(1m)|y(n)) = /pn (w(m)) oy ) (dw(py)). Then the ther-

modynamic limits of the RDMs of the quantum system with the potential energy (1.1),
satisfying conditions of Theorem 1.1, are given by

P(l"(m)|y( Z 2" pn x(m)|y(m )
n>0
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980 W. 1. SKRYPNIK

m
|pn(x(m)|y(m))| < fmilf/neril H Pﬁ(xj - yj)»
j=1
for|z| < &7, € = ege2PBC(B), PP(x) = (4776)*%6_%.

In our approach the Gibbs factor containing the quadratic term U’ is transformed
into the Gibbs factor with an imaginary potential energy, generated by a pair potential,
depending on additional d’ Wiener paths, labeled by a star, with the help of the Fourier-
type transformation (see (2.1)). In this way we simplify our system and have to deal
with a new Gibbs path system with a potential energy expressed through a complex pair
potential. It easy to write down the KS equation and R-symmetrized KS equation for
the correlation functions but it is not obvious that the operator in its right-hand side (KS
operator)is bounded in the Banach space of sequences of bounded functions.

It turns out that the bounds of the norm of the Ruelle symmetrized (R-symmetrized)
KS operator in the Banach space of sequences of bounded functions is difficult to obtain
because of the presence of a stochastic integral in the expression of the imaginary pair
potential. We circumvent this difficulty by introducing a new LP-type norm ||¥||¢ , on
sequences of functions with an increasing number of variables (integrating out depen-
dence in the star paths) and establish the expected boundedness of the R-symmetrized
KS operator in the corresponding Banach space E¢ ,. This implies, as usual, existence of
the thermodynamic limit of the correlation functions. The corner stone for the results of

s 3
this paper is boundedness of the function / dx [ / h?(Jw(r) —z|) dr| ,wherewisa
0

Wiener path and h is a monotonic integrable function. Our main tool is the generalized
Holder inequality (3.7) and an inequality for the weighted convolution of two monotone
functions (5.3). Without difficulty our result can be generalized to the case of infinite d’
since for # > 1 our bounds are uniform in d’. The proposed approach is inspired by the
results of the papers [13 —16] in which diffusion Gibbs path particle systems with three-
body forces were introduced. The thermodynamic limit of their path correlation functions
allow to calculate the thermodynamic limit of correlation functions of the nonequilibrium
systems of interacting Brownian particles. In this papers only KS recursion relation was
used for this purpose. The results of this paper can be applied without difficulty for the
systems.

The similar simplified technique we develop for classical systems. The new variables
which are finite-dimensional vectors are introduced with the help of (6.1). With their help
we pass to a new Gibbs system with a pair but complex potential described by the KS
equation having the unique solution in the Banach space I~E§ with the norm given by (6.3).
For classical systems we have the following analog of the previous theorems.

Theorem 1.4. Let |¢/(z)]s — (Zil 12¢f(x))2, 16| = / ¢ (2)|adee. If

o alld olsda Slabl P() Cl10 pn X m) ) p
< e le”llal lhe’l lhe’e exist functions ( ) a postitive
unction € C 3 Y, p 1% ”0, ” C
)\ de lea?lllg at infinit ositive numoers SU h l}lal l}le series

p(x(m)) = Z zn+mpn(x(m))7
n>0

converges in the disc |z] < R

_ m _
R= e ORI 0y = 2386+ ol 1,
n
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ON GIBBS QUANTUM AND CLASSICAL PARTICLE SYSTEMS WITH THREE-BODY FORCES 981

and

_ Ay m me
o6e) = o) < () e

where A = max dist(x;, OA) and OA is a boundary of A. Moreover,
J

plaim) < (l2lmoe” P m)) e, o= e PEPE) (1 2 7Y T

This theorem follows directly from Theorem 6.1 and Corollaries 6.1, 6.2, Lemma 6.1
and standard arguments from [1] (see Theorem 4.2.3, formula (2.48) and its proof with
the help of the inequality(2.39)) if one puts

frd ,’71
Mo Cn

This choice of ¢ satisfies the condition of Theorem 6.1 and Lemma 6.1, i.e., 1—2+/23 ng x
x||¢’||é > 0. From Lemma 6.1 it is easy to see that e()) is proportional to the function
Ui
A m
proportional to \/F . Our estimates allow to consider infinite d’.
We’ll employ the following abstract KS operator on the measure space (€2, ) describ-
ing classical and quantum systems with complex pair potential ¢ given by

determined in this lemma. It is evident that the growth of R for small (3 is

(K F) (wm) = exp { =W (@ilwgmy) } x

X | Fwim1) (1 = 1) + Z /K W1 Wi ) F (Wim\1)s Wiy ) p(dwiy) | (1.12)
n>1
where the integration is performed over Q", (n\j) is a sequence (1,...,n) without the

integer j and 0,y , is the Kronecker symbol, the function W determines the interaction of
one particle with others,

W(w1|w(m,\l)) = U(‘”(ﬂl)) - U(W(m\l))7
K(wlwmy) H exp{—fo(w|w;)} - 1).

Now, its important to introduce the Ruelle’s symmetrization for the KS equation. The
following inequality Re W (w;|w(m\ j)) = —2B holds in some nonempty set of . Let’s
denote by X(j,m) the characteristic function (it does not depend on the paths w}) of the
set and put

-1
m

Zij,m) =1, X{jm) = ZX(j,m) X(j,m)- (1.13)
=1

j=1

The first equality follows from the stability condition Re U (w(,,)) > —Bm. After mul-
tiplying both sides of the KS equation by ij,m) and summing over j from 1 to m, we
obtain the R-symmetrized KS equation
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982 W. 1. SKRYPNIK

(KF)(@Wim) = Y X{jm) @m)) exp {—BW (W) lw(ms)) } ¥
j=1

1
| F (@) (1= dm) + 3 o /K(wj|wEn))F(w(m\j)7wzn)):u’(den)) ;o omz=1

n>1

(1.14)

Our paper is organized as follows. In the next section we reduce our Gibbs systems to
new Gibbs path systems with a complex pair potential and prove important bounds (2.7),
(2.8) in Lemma 2.1 connected with the functions C'(3), Cé\(w). The first of them permits
to express the norm of the symmetrized KS equation in terms of C(3). In the third, fourth
and fifth sections we prove Theorems 1.2, 1.3 and 1.1, respectively. In the last sectio we
prove Theorem 1.4.

2. New Gibbs path systems. Our systems can be reduced to the Gibbs path system
with a complex pair potential with the help of the transformation

5 n 2
exp —/ Z O1(w; (1) —wi(r))| drp =
o | kAik=1
. B
:/Po(dwij)exp —i Z /@(wj(T)—wk(T))dwij , 2.1
k#j. k=17

where / dwij is the stochastic integral over the one-dimensional Wiener process

and Py(dw!, j) is the Wiener measure concentrated on paths starting from the origin. As a
result

d/
exp{—BU" (w(n))} Z/eXp B Ui(wm)) ¢ Poldw.n)),
=1

where w = (w,w}l,...,wl) = (w,w,), Po(dw,(ny) = | |n 1P0(dw*j), Py(dw,) =
j:
d/
_ I l 1
= =1 Po(dw*),

UZ(CU(n)) = Z ¢l(wj|wk), l= 1,...,d/, (2.2)

1<k<j<n

8
Ar(wlw') = iB(pi(w — w'lw.) +@i(w' —wlwl)),  ei(wlw,) = /dwi¢z(w(T))-
’ (2.3)

The stochastic integral ¢; (w|w, ) is the measurable function in L2(Q34*, Py . (dw)), z €
€ R?. Indeed, this function almost everywhere in w € Qg (w is a continuous function)
is defined as a limit in the topology of L?(£g, P,) of integral Riemannian sums, so it is a
measurable function in w,. This function is, also, measurable in w, since it is defined as a
limit of almost everywhere convergent subsequence of measurable functions (a sequence
of functions, converging in the topology of L?(£, P,) has a subsequence, converging
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ON GIBBS QUANTUM AND CLASSICAL PARTICLE SYSTEMS WITH THREE-BODY FORCES 983

almost everywhere). These sums are cylinder functions in w, w,. Hence the limit is a
measurable function.

So, we reduced the initial Gibbs path system to the Gibbs system with the complex
pair potential, described by the correlation functions and one-particle extended by the new
Wiener paths w!, [ = 1,...,d’, phase space Q = Q¢ T4
A

P (Wimy) =

_:—1§

n>0

/eXP { ﬁU W(im), W )}XA(w(m)7wzn))d‘xl(n)P*I(n) (dwzn)%
(2.4)

where xa (wn) = xa(wy ), the integration is performed over A™ x Q", i.e., n-fold Carte-
sian product of A x €2, and

U(w(n)) ZUZ W) Uilwm) = D dulwklw)),
1<kZj<n (2.5)

P (dwdw,) = PP (dw)Py(dw.),  ¢o(wlw') = ¢o(w —w’)

and =, coincides with the numerator for m = 0 in (2.4). The path correlation function
are expressed in terms of the new ones as follows:

P wny) = [ M) Poldwegn). 2.6

So, we’ll deal with the KS operator in (1.12) and (1.14) for p(dw) = da Py, (dwdw,).
Our main estimates will concern the functions

Ko,q = |Kﬂ,Q|07

K g(w) = /dQT(n) oy iy (AW K g (wlwiny),  KQ, =
1

Kafulu) = ( [ utdw Eytualt) ' =

— (/ Po(dw*)PO(dw*(n)|K(ww(n))q));.

The first two important bounds are given in the following lemma.
Lemma 2.1. Let the condition (A) of Theorem 1.1 be satisfied. Then

Ky, < (n):(4C(8)", qe2z", @7
where CJ)(3) = ¢(3) + 16,/q <Zl, - 9) «(3), and for A" C A"

/diUPf,x(dw(n))Kq(w|w(n))[XA~ (Winy) = xar (Wen))] <
< 4nCh,(w)((n — DY (4CH(B))" 7, (238)
where CB (W) = ( ) +324/¢ <Zd/ ) 9) cfﬂ(w).

=
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984 W. 1. SKRYPNIK

Proof. The generalized Helder inequality (3.7) yields
n 1
K, (wlw) < [ [ / / Po<dw*>Po<dw*j>|K<w|wj>|qn} )
j=1

Integrating by da(,,) PY (dw(y)y) the left-hand side of the inequality we derive

T (n)»%(n)

/dﬂfpf,x(dw’) <//Po(dw*)Po(dwi)K(WIw')Iq”>ﬂn

From the inequality |eT% — 1| < |e® — 1| + 2|a] it follows that (by ¢, ¢, we denote the
real and imaginary parts of the pair potential, respectively)

Kn,q(w) S

Kn,q(w) § 2”{ /dxpﬁm(dw’) |:|eﬂ¢0(ww') _ 1|+

w2 [ [ Potawpataut oo ol >|Q")T }

Here we used the inequalities (a+b)" < 2"(a™+b"), (a+b)# < aw +bw . The Helder
inequality

m m—1
(Z as) < (Z 870 mm1) Z ST’LGG/ZL7 as > O,
s s s

for as = B|¢s|, and m = gn implies

K, (w) <2 [cﬁ(w) + 2(23—9) /defJ(dw')x

d Rkl
x(//Po(dw*)Po(dw;);s"qeﬁ¢s(ww')|q") ‘| .

1
& nq &
Now, the inequality [Z ) as] < Z as"q , yields

K, q(w) < 2”[ +4<Zz ") Z /deﬁx(dw’)x

s=1

x(/Po<dw*)|sos<w—w'|w*>|q")"1"]”-

Let g € 277, then the function in the round brackets is equal to

l\.')|'c

[ Pl = / 2w

The inequality 4~ "n" < n! < n" leads to
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ON GIBBS QUANTUM AND CLASSICAL PARTICLE SYSTEMS WITH THREE-BODY FORCES 985

1

(5" = () s ({) = (o) < (v v

The inequality (2.7) is proved. The inequality (2.8) follows from (2.9) after repeating
the above arguments (instead of the Wiener measure its product with the characteristic
function is substituted in the bounds) and the inequality 0 < xa~ (wén)) — XA (wén)) <

< Z (1 = xar (w)))-
3. Proof of Theorem 1.2. Let’s introduce the Banach space E¢ , of sequences of
measurable functions F' = { F(wy,)), n > 1} with the norm || F'[|¢ 4

[Flle.q = maxg " ess sup |Fy(wg,)).

W(n)

Pl = | [ IF G Fold)

In this section we’ll prove that the norm |K||¢ , of the KS operator is bounded in the
Banach space for positive even integers ¢ > 1 and a positive number £. This fact will
allow us to prove the convergence of the low activity cluster expansion for the correlation
functions pA(w(m)), m > 1, which results from the expansion of the KS resolvent in the
series in powers of the KS operator, and represent them in the form

P wem) =y / Po(dw,(m)) (K3 an ) (wmy, wamy)- - (3:1)
n>0

Here we took into account that (K s )(w W(my) = 0,n < m—1. One proves Theorem 1.2
with the aid of Theorem 3.1 and Corollary 3.1 putting ¢ = 2 and taking into account that
C(B) = CY(B). This gives

P (W(m)) = / Po(dus ) (K3 00) (w(n) wiom)) (3.2)
and after applying the Schwartz inequality one derives (|laalle,q = £71)

o (wim))| < E™HE |2 (3.3)

This inequality and (3.4) imply the bound for p,, in Theorem 1.2.
Theorem 3.1. Let the condition (A) of Theorem 1.1 be satisfied. Then

4500 ﬁ
[Kleq < 2P0, 0= 3 WO (3.4
n>0
and for A C AN C A
XA K (ar = Xa)le.q < €28 xaChlo€?. (3.5)

If one puts 1 = 4CY(B) then || K]|¢,q < e27PeoC2(B).

Corollary 3.1. If the condition |z|eoC8(ﬂ)e%B < 1 is satisfied for even positive
integer q then there exists the unique solution of the symmetrized KS equations (1.5),
(1.6), in E¢ ¢, & g 408 (B) given by perturbation expansion convergent in the uniform
operator norm
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986 W. 1. SKRYPNIK

A= Z z"“f{}fom, p= Z MK 3.6)

n>0 n>0

and ||p™|e.q < 1216711 — |2]|| K ||e.q) L. If the potential ¢y is positive then the same is

true for the KS equations (1.5), (1.6) and the expansion for the sequence of their solutions
in terms of powers of the operators K, and K instead of Kpand K.

Proof of Theorem 3.1. Applying the Helder inequality for a probability measure
Py(dw*) for the case when one of the function is the unity, we obtain for m > 1

m
[(KE) (@im)| < D X (wim) )P
j=1

X Z / n)P 4 (dw(n)) (w3|w(n))|F| (w(m\J) w("))

n>0

Fla(wiomii ) = [/ P mpson ol )|

N . N . q *
For m = 1 the summation in 7 is restricted to n > 1. Let XE*J.( m) = | Iz L XGim)-
q)» ’
Taking the both sides to the ¢-th power, we have

/ (B F)[9 @) Poldwmy) <

< e2PBa Z X?j(q),m)(w(m)) Z (ni!...n )~ tx

j17~"7jq MN1,...,Ng
(s)
/lldx(”ﬁ) Tlne)T(ne) (d ("é)>

q
(r) (™
X /Po (dw*(m)) H Kqqu (wjr|w(nr)) ‘F‘q ((,U(m\j,,,),w(nr)) .

The integral over w,(,,) can be taken independently over w. ) j,) and w.;,. Applying
the generalized Holder inequality

/ H |5 (@) () H ( [ 1@t ) ' 37)

for n = ¢ and the two integrals, we see that the first integral coincides with the function

w(n ’q <

|Flq(w(m\j,)s wi,,,) and the second with /PO dw,;, |K (wj,

< Kgy(wj,|wi,,). Here we applied the ordinary Helder inequality for the integral in a
probability measure for the power ¢ — 1. Taking ess sup and using (1.13) the following
bound is derived:

o m— fn
|KF|g(wim) < [[Flle g™ Py HK,OW (3.8)

n>0

The same is true for m = 1. The inequality (3.4) follows from Lemma 2.1. The similar
arguments yield
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XA (W) ) K (XA — Xar ) Flg(wimy) <

m— "
< ||F||f,q§ 16268 Z HGSS sup XA(w) dx(n)P:cﬂ(n),x(n) (dw(n))x

n>0

X Kg(wlwny ) [xar (W) — xar(wiy)] <

n

< Flleat™ e PIXaClglo Y 21K,
n>0

Here we applied (2.8). Now (3.5) is proven with the help of (2.7). Theorem 3.1 is proved.
4. Proof of Theorem 1.3. Application of inequalities (1.8), (3.5) yields for A = A’(§)
(remark that ¢! = 4C(3))

1A K (X7 = Xar)lle2 < 0(8),  0(6) = 62>’ (B)eo.

Then the following estimate is proved in a standard way (see (2.39), (2.48) in [1] and
Section 4 in [6])

1
2

[ [ 1ptetm) = oA )P Pald)] <

<&M xalp = pM)lle2 < EMe(N),  wimy € A™.

The inequality (1.10) follows after an application of the Schwartz inequality. To prove
(1.11) one has to deal with the set I'3(2718) of paths that on the time interval [0, 3]
depart at the distance 2714, that is for all its paths |w(t') — w(t)| > 6, ¢',t € [0,3]. It
is well known (see Appendix 1 in [6]) that for the characteristic function x (w|I'g(R)) of
this set the inequality holds

/ P2, (dw)x(w[T5(R)) < (R, 8) = (4:;)% / g @)

u>(4vt)~1R

where v is a constant. From the definition we derive for ¢ =1 = 4C/(3)

XAy Ym))|P(@ ) [Y(m)) = P (@) [Y(m) )| <
< XA (m) Y(m)) / Py iy (@0m)) Po (W) %
% [(1 = xa@-12) (Wem)) + Xae-13)) Wan))] 1p(@m)) — p™ (@em)| <
< XA (m), Y(m)) / Py iy (@0(m)) X

(1= xa@-1n) @en) ) (lpllez + 10" le.2)€™ +

HE(ATB) T [ Raa-1a (0 — pM)lle2- (4.2)

Here we applied the Schwartz inequality for the integral by the measure Po(wz‘m)) and
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m
B
/ Pz(nl)vy(rn) (”L) H

= T/amB) e = < (/amp) ™, 2
j=1

For the second term in inequality (4.2) above the inequality (4.1) has to be applied. To
bound the first term one has to use Corollary 3.1 and the inequality 1 — X (2-1x)(W(m)) <

<Z (1 = xa(2-1a)(wj)). As aresult
XA(Z(m)s Y(m)) /Pf(m),y(m) (dw(m)) (1 = Xa@-12) (W) <

m(dm8) " ess sup x4 (x, ) / P8 (dw)(1 — xaga-1n)(w)) <

z,y

m(4rB) T L ess sup / PP (dw)x(wT5(27'N) <

T,y

m(4rB)~F by (271N, B).

Here we employed (4.2a), took into account that 1 — X a(2-1y) (w) is concentrated on paths
that enter A°(271\) and {dist(A4, A°(271\))} > 271\, So, inequality (1.11) holds with

€(N) = e(27'N) +2(4mB) E (27, B) 21671 (1 — [2][| K |e2) 7" (4.3)

5. Proof of Theorem 1.1. From the bound |e=#% — 1| < 62535|¢0\ (see for-

mula (3.16) in [6]), it follows that cg(w) < e28B /dexw (dw") / |po(w —

— w'(7))|d7}. After changing the order of integrations (the Fubini theorem is used) one
easily derives the bound taking into account translation invariance of P, ,(dw) in x it
follows that c(3) < €278 3¢ ||1. The first step in the proof of the second bound for ¢ 3
is the following bound:

d
cop(w) < (4nB)72 [ 3170 ] ha(w), (5.1)

where

ha(w) = [ @ [ / " drhou() - x'|>r ,
(|:c|)—h2(| >+exp{ |16|ﬁ}2 |R?|o.

The second step is the proof of the bound
[t pytaw) < (5214100 + VoY VRO ) 52
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The following proposition shows that h, is bounded by the square root of the term in the
round brackets in the right-hand side of this inequality and (5.1), (5.2) lead to the needed

inequality for c.g with ¢ = (22d+3(1 +V2 )) 1Vhol| 1.
Proposition 5.1. Let f(x), x € X, be a positive function on the probability space

(X, 1). Then |flo < a if / [ (@)uldz) < a®,n € ZF.

X
Proof. The first condition implies the second one. Now, suppose that the last condi-
tion holds. Then for arbitrary € > 0 we have

Jt@+ 9 @t < (@@ + ot nez.

X

The right-hand side is less than arbitrary small number ¢ for sufficiently large n. This
means that f(z) > a + ¢, © € A, holds for the set A such that 1(A) < §. Tending ¢ to
zero, i.e., n to infinity, we prove the proposition.
Proof of (5.1). Applying the Schwartz inequality for the integral in the measure
P, ,(dw') we obtain, taking into account the condition for ¢; from Theorem 1.1,
1
1 B 2
Cop(w Zz 0 { } / , (5.2a)

0

/P (dw )2 (juo(r) — ' (7)]).
We’ll prove now that
Glw(r):a') < (4m)” Eho(|u(r) — 2']). (5.2b)
It is not difficult to derive the following equalities G(w(7); z) = G(w(r) — z), G(z) =
= / dyP™ (y—z)PP~" (y—x)h*(|y|). Here we used the definition of the Wiener measure
(tj—1 <t; <t)forn=1and f(y1) = h*(y1 — z)

[ Py, () =

n

:/dy(n) x_yl H Pt~ i — Y- I)Pt b ( n_y)f(y(n))

In all our following estimates we ’ll use that for monotone integrable bounded positive
functions f, g and positive 1 the following bound is valid (monotonicity inequality)

(f * 9)(a /f 1z = yl(y — 2)g(ly))dy <

<o (55 1w+ 1 (5 ) weow <o (5 1erh+ 7 () lootoin

(5.3)
The bounds are obtained, representing the integral into the sum of two integrals over two
domains: |y| > | | |2‘

syl < using the monotonicity of the functions, the fact that in
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kel kel
2 2 N
to the whole space. Now, let’s put P2t (z) = P! (5) P(z) = PRI (2) PRIG=7) (1),

_ 12 f_ _@_ |z
g_h’f_eXp{ 8 8(B-r1)

these domains either |y| > or | —y| > —, and after that enlarging the domains

} in (5.3). Then

[t = 0P o) < 1 ('x') 1P+

|z[? |z[? H 2]~ p[2)(8
S — N G
eXp{ 167 16(6 — o
The equalities ||P™P?~7||; PP0) = (4nB)"%, |PRITPRIG-T|, =

vl ||

= 25||PTPP7|y = 2% (4nB)”
and (5.2a) lead to (5.1).
Proof of (5.2). We have

and inequalities 7 < (3,8 — 7 < [ yield (5.2b). It

|hilo = ess sup hy(w). (5.4
weNd,w(0)=0

This equality follows from translation invariance of h.: h.(w + z) = h.(w). With
the help of the Schwartz inequality for the probability measure and the definition of the
Wiener integral

/ Py (dw) f(w(ty), .., w(ty)) =

- / dyny P (2 — ) TT P55 (95— 95-1) F (9my)

Jj=2

we derive

N|=

/Po(dw /d:c(n)/Po dw) f[l /dTho 2 —w(n))| <

Nl=

.8
S/df(n) /Po (dw) H/dT’lo(\l’j*w(T”) =
J:10

/dx(n) /dT(n /Po (dw) H (lzj — w(7)] /dm =1,,

where
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() = n! / A7y / P (i) ho(Jn — 1) %

[Bl(n)

n
% H P77y — yi—1) ho(ly; — @5]) dyn)
j=2

and [t],) = 0 <71 < 1m... <7, <t e R" From inequality (5.3) with ¢y =

4 i

= pP7 g(x) = ho (—), f(z) = e s and the elementary inequality

Ix\2 || :
exp < exp — ,b > a, it follows that

/PT —y h0<y|)dy<2(1+\/_)ho<2|f—+|l>, leZt.  (55)

Here we took into account that |hglo < 2(1 + v/2¢)[h?|o. Applying this inequality for
the integral in y,,, translating y,, by z,, at first, one gets (x stands for x,, — y,,—1)

P (x(y) < n'2(1—|—\/_) / /P1(|y1|)ho(|yl—$1|)><

[B](n)
n—1
< [T P77 (lys — vi-1)ho(ly; — zi1) ho(lyn—1 — 2nl) dy(n—)-
=2

From the first inequality in (5.3) with ¢» = P7 and (5.5) we obtain for 7 < (3 translating
the variable y,,_1 by x,, and then, on the second step, by —x,,

/PT(|yn71 — Yn—2])ho(|yn—1 — zn-1) ho (|yn—1271—$n|) dyn—1 <

< ho (%) /PT(|yn71 = Yn—2|)ho(|yn-1 — Tn—1])dyn—_1+

Tp — Tn— T n—1— Tn
+ho (%) /P (Iyn—-1 — yn—2l) ho ('3/12—[|> dyn—1 <

2 (1+V27) lho (gl g (s 2l
|$n - xn—ll |3/n—2 — xnl
o (f ho |\ =5 | |-

Let’s substitute this inequality into the expression for I,, for [ = 1 (here 7; — 7,1 < 3)
then

I, < (2(1 + v24))? [f}j’ (n )/d:;;( <| |)> +I§21(n)/dx <h0 <%))]

(l) \/_/dx(n 1) [ / dT(n)/dy(n nP 1(|y1|)h0(|y1—z1\)

[6](n)
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1

n—2 :
< [T P77 (ly; — yj—11)ho(lys — z51) ho (M—z%ﬂ o I=he

Jj=1

Here we used the fact that the square root of a finite sum is less than the sum of square
roots of its elements. Iterating this bound n — 1 times we’ll obtain

I < Vol(2(1 4 V21))? (/ dw)z(””<d“>||¢h—o||1.

[Bln

The integral in 7, is equal to (n!)~'3". That is, I,, < (VBa||Vhol1)", a =
= 224+3(1 4 /24 ) and (5.2) is proved.

Proof of (1.8). Let’s insert the equality under the sign of the integral in the expression
for Cg(w) the equality

1= (1= xae16) (W) + Xac@@-15)(w). (5.6)

By cg w), ci\g +) (w) we’ll denote the functions which are obtained from the ex-

pressions for the corresponding functions without the marks —(4) by inserting the first
and and the second terms in this equality. The function 1 — yac(w’) is concentrated
on paths that intersect A at least once. We have (1 — xpc(2-15)(w’)) (1 — xa(w)) <
< x(w'|T'3(2716)), since the left-hand side is non-zero on the set I'g(2714). Now, ap-
plying the Schwartz inequality for the integral in the measure Pﬁ »(dw") we obtain,taking
into account the condition for A in Theorem 1.1 and (4.1),

*(+)(

o :
o (w) <72 (2716, 8) Zz o /dm /G(w(T);x)dT
0
The inequality (5.2b) gives
5o (w) <2276, B)es = (4nf) "% Zz i RS ER)!

¢, is finite since h, is a bounded function as it is proved at the beginning of this sec-
tion. Applying (4.1) and the Schwartz inequality for the measure PB L (dw’) we derive

cg_(w) < vz (2716, 8) / dT/da: ] . The inequality (5.2b) leads to
A7(w) <3276, 0)c™, ¢ = pAnB) [V hol) (5.8)

From the the inequality |w(7) — w’(7)| > 2714 we derive for w € A(§) employing once
more the Schwartz inequality for the measure P, (dw)

)< 6™ /dr/dm [/ 2 (dw )r [G'(w(T);2)]2,

where G’ is derived from A’ in the same way as G from h, h/(z) = h(z), |z| < =;

=

N S

0
h'(x) = hl|z|~%¢, |z| > ,0 > 2R. As a result with the help of (5.2b) we derive
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_ _d
cit(w) <o ct,  f =pMAnB) " T|Vhhl, weAJ), (5.9)

where h{, is determined in the same way as ho. Repeating the above arguments we ob-
1
& 2
tain for w € A(J) the bound cfga(w) <4 (Zl—l l_g) /dm [/ Pf,m(dw’)} X
3

X . As aresult

/0[3 G'(w(r);x)dr

d/
cf;(w) <d°ct, cf = (47rﬂ)_% Zl_e |h. |0, w e A(9), (5.10)
=1

where 72/, is determined in the same way as h... Hence ¢} is finite. Let 7(¢) = max {67¢x
xv% (2714, B) } Then combining (5.7) — (5.10) we conclude that (1.8) holds with C' () =

d/
=ct4r(e)e” +16v2 (le l(’> (¢t +7(e)cy ). This ends the proof of Theorem 1.1.
6. Classical correlation functions. For classical systems we have the following
simple analog of (2.1):

e PV @m) = /eii\/BU'(z("'”S(“'))#o(ds(n))a (6.1)

where the integration is performed over R4,

d/
po(ds) = (Vam) ™I Wds, ls|? = (s,6) = DT,
=1

n
U'(2(n); $(n)) = V2 Z Sj1s Z ¢ (x5, — xj,)
ji=1

= 0<j2<n,j2#5

=2 (& (z; — 21), 85 + 58). 6.2)

1<k<j<n

In our formulas d’ may be infinite and we’ll omit it in our formulas. Details about ex-
istence of the Gaussian measure on R and finite character of 7; a reader may find
in [8]. The equality (6.1) reduces the classical Gibbs system with the potential en-
ergy U to the Gibbs particle system with with an additional R”-valued degree of free-
dom, smeared by the measure y, and a pair complex interaction potential ¢(x; s, s’) =
= ¢o(z) +i\/26871(¢'(x), s + §'). The function (s, ¢(z)) is a limit of finite sums in the
topology of L?(R>°, p) if d’ is infinite.

Now we have to deal with the KS equations (1.5), (1.6) determined by (1.12), (1.14)
with Q = R¥+4, o = (2, ), p(dw) = po(ds)dz. The most natural space for a descrip-
tion of the KS operator is the Banach space I~E§ of sequences F' = {F(x(n); S(n))}n>1 of
measurable functions with the following norm:
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IIFHsZI}gng ‘ess sup  exp —ZIISIM |F (@), 5(m)]

Z(n)S(n)

(6.3)
d/

Isllf =172 |sif.
=1

Our main result for the classical systems is formulated as follows.

Theorem 6.1. If the conditions of Theorem 1.4 are satisfied, n; = /||5|H'e”s‘|1 X
x io(ds), then the KS operator K is bounded in B¢ if 1 — 2v/2Bn0||¢'[|€ > 0 and its
norm || K ||¢ is given by || K||¢ < £~ 1e2PB+ECh,

Proof. From the definition of the R-symmetrized KS operator and (1.12)—(1.14) we
obtain

||f(FH§ < esssup& e llslhi 268 Z /|K x; 8|( x@)ﬁ(n) |dz(n):u1(d5(n)) 1E e
8 70

where

pa(ds) = el*lt o (ds),

K (25 512{, () = H “Hoelama)mERSa ) t) 1),

We’ll need further to employ the following relation |e?T% — 1| < |eb — 1| + 2]a].
Putting b = —fB¢o(z — 2}), a = —/28 (¢'(x — 2}), s + s}) one derives with the help of
the Schwartz inequality

/‘K a; slaly, s5) | pa (ds))daly < molle™ P90 — 1|1+

+2v/28 U|(¢>' s)|da’; 1 (ds)) /| )|da;pa (ds; )} =<

< molle™ % —1|ly +2v/28 ¢/l (mol|sl|1 + m1)-

This results in
[ 16 s slatg sl dsfn) < (G 2/25m [ 1)

where || K||¢ = £~ maxezﬂBJran llsll(1=2v2Bm0ll9l1€)  The theorem is proved.
Hence we came to the following conclusion.
Corollary 6.1. If the conditions of Theorem 1.4 are satisfied and 1 — 2+/20319 X

x||¢'||€ > O then the sequence p = Z - 2" K"« belongs to the Banach space Eg
n

if|z] < €ePRB+ChE) and is the unique solution of the R-symmetrized KS equation in
the space. If ¢q is nonnegative then the sequence

p= Z 2K
n>0

is the unique solution of the KS equation (1.6) in the same Banach space and the same
values of z with B = 0.
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Taking into account that (f("a)(x(m)) = 0,n < m — litis seen that

P(@(m)i Semy) = D 2" THE ) (@ ()5 S(m))-

n>m—1

Thus the following conclusion holds if one takes into account that [jaf¢ = 1.
Corollary 6.2. Functions p,, from Theorem 1.1 are given by

Pn (I('m)) = /([{m+n71a) (‘T(m); S(m))NO (ds(m))
and satisfy the inequality
|on(@n))| < ETHIEZT (of)™ < g (P BBFOnSyrtm e,
If ¢ is nonnegative then the equality and inequality hold after substituting K instead of
K and putting B = 0, respectively, in them.
Lemma 6.1. Let the conditions of Theorem 1.4 hold, 1 — 2v/203n||¢’'||§ > 0 and
A C N C AN and § be the distance of A to the boundary of A’ then

XA K (xar — XA/)Hg < Cps(8)

where 0 < C,, 5(&) tends to zero if ¢ tends to infinity.
Proof. Applying the following relations:

XA (m)) XA (@ (m) s Z(y) = XA (T ) T())) = XA (B () (XA () = X7 (2()))
0 < xar (@) = Xar (@) < Y (1= xar (@)
j=1

one obtains, taking into account that the considered functions are symmetric, the inequal-
ities

XA(x)XA(x(m—l))/!K(ff;8|9C'(n)»82n>)|(XA~(x(n)) — xar () X
X |F(x(m,1), xzn); S(m—1); s’(n)) |da:’(n)u0(ds'(n)) <
- n—1
< n§m+n—1”F”£eZ =1 lsila (/ dw/ul(d$/)|K(x,s|x/s/)|> %
xesssupXA(a?)/dm’(l —xar (@) pa (ds') | K (z, s|2's")| <
x

< ngm-ﬁ-n—lH}?‘erE ;”=711 [Is51l1 (077 +92 /25770||¢/|| ||8||1)"_1><

X Mo / ’67%0(75)*1'd1’+2\/%(770||5||1+771) / |0/ ()] ydx

x| =6 x| =6

As a result, we have
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XK (xa” — xar) | < BBHECy o= lIsll (1=2v/2Bno 1 11€) o

x | o / |e_5¢°(")—1|dx+2\/%(n0||8||1+771) / ’¢/(:c)’2dw

BES BED

That is

Cn,5 (6) =

= ?BHECn {1y, / e A% —1|dx + 2/28(100¢ +m) / ¢/ (2)|2dz |

e >6 BE

where 0 = (m>aS< qe‘q> (1- 2\/2ﬁno||¢/||§)_1- The lemma is proved.
q

Remark 6.1. A general potential energy is represented as

U(-r(n)) = Z Z (bk(sz T Ly Tjg = Xgyy e Ty, — le)’

k 1<ji#ja...#jk<n

where ¢y, are k-particle potentials.
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