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FINITARY GROUPS AND KRULL DIMENSION
OVER THE INTEGERS

OIHITAPHI I'PYIIM I POSMIPHICTD KPYJIJISA
HAI OIJIMMH YU CJIAMHA

Let M be any abelian group. We make a detailed study for reasons explained in the Introduction of the
normal subgroup

FE_AutM={ge AutM: M(g—-1) isaminimax group }

of the automorphism group Aut M of M. The conclusions, although slightly weaker than one would
hope, in that they do not fully explain the common behaviour of the finitary and the Artinian-finitary
subgroups of Aut M, are certainly stronger that one might reasonably expect. Our main focus is on
residual properties and unipotence.

Hexait M — 6ynb-sika abeJieBa rpyna. 3 MOTHBIB, 1110 BKa3aHi y BCTYII /10 CTAaTTi, A€TaJbHO BUBUEHO
HOPMaJIbHY MiATpyITy

F _AutM={ge AutM: M(g—-1)— miHiMaKkcHa rpyna}

rpymu AutM asTromopismiB M. Xoua oTpuMaHi pe3yJ/ibTaTu cJIabKillli, Hi2K XOTi/10csA 6, OCKIJIbKH
BOHHU HE IMOBHICTIO MOSICHIOIOTDH 3arajibHy MOBeAIHKY (PiHITApHUX Ta apTiHOBO-(PiHITAPHUX MIATPYyN
rpymu Aut M, ane BOHH 6e33arepeyvHo CUJIBHILII, Hi2K MOZKHa OyJs10 6 ovikyBaTu. ['osi0BHY yBary npu-
[iJIEHO 3aJIMIIKOBUM BJIACTUBOCTSIM Ta YHIMOTEHTHOCTI.

1. Introduction. For M an abelian group we study in this paper the normal subgroup

F,AutM = {ge AutM: M(g— 1) has Krull dimension over the integers}

of the automorphism group AutM of M. On Page 255 of Vol. 2 of this book [1]
Fuchs appeals for a greater understanding of the automorphism group of an abelian
group and in particular of the normal subgroups of such an automorphism group. This
paper could be interpreted as a small contribution to this appeal.

However, our motivation has come from more general ring and module theoretic
considerations. If M is any module over the commutative ring R, set

FAutzM = {ge Autzy M: M(g—-1) is R-Noetherian},
FiAutz, M = {ge AutyM: M(g—1) is R-Artinian}
and

FAut, M = {ge Aut,M: M(g—1) has Krull dimension as R-module}.

These are three examples of an infinite number of (generalized) finitary groups, the
first being the finitary group and the second the Artinian-finitary group. They are
almost the only finitary groups relevant to this paper, but for accounts of the general
set-up, see [2] and [3], Section 2.

Now F AutzM and F; AutgM are both subgroups of F_ Aut ;M. Also they have
very many properties in common, see [4 — 8] and especially [9]. Now do these
properties come from a common factor? Specifically, do they have these properties in
common because F_, AutzM also enjoys these properties? We propose to study this
question here just in the special case where R is the ring Z of the integers. The
answer it turns out in this case is frequently no, but then F_ AutM only just avoids

satisfying them. While working over the integers we suppress the suffix Z and just
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FINITARY GROUPS AND KRULL DIMENSION OVER THE INTEGERS 1311

write FAutM, F; AutM and F, AutM. The first two of these three groups we have
already investigated in some detail in [5]. Thus this paper is devoted the third.

Notationally it is convenient in this Introduction to include the possibility of an
arbitrary commutative ring R. Thus just throughout this section R denotes a
commutative ring and M an R-module. Mostly we only consider the additive
structure, that is the Z-module structure, of M and hence we mainly refer to F AutM
rather than F Auty M, and similarly with the other finitary groups.

Suppose M has Krull dimension over Z. Then every section of M has finite
uniform dimension and so M has a free abelian subgroup of finite rank modulo which
M is a direct sum of a finite number of finite cyclic groups and Priifer groups. Such a
group is usually called a minimax group. Conversely, a minimax group is Noetherian
by Artinian and has Krull dimension (at most one). Thus we propose to call F., AutM
the minimax-finitary group of M (over Z).

We will see below, and it is very easy, that there is a natural exact sequence

1 - FAutM — F_ AutM — FGL(Q ® M).

Of course @ denotes the rationals. If V is a vector space over some field F, then
FGL(V) denotes the finitary general linear group over V. Thus F,AutM is
Artinian-finitary by finitary-linear. The proof also yields that if 7 denotes the Z-
torsion submodule of M, as it will throughout this paper, then A = C,(M/T)
(N C;(T) is an abelian normal subgroup of G such that G/A embeds into
FGL(Q® M) x FyAutT. These simple remarks produce a crude reduction of the
study of F,, AutM to that of finitary-linear and Artinian-finitary groups. For example,
it is immediate that periodic subgroups of F,, AutM are locally finite. But it is a quite
crude reduction; for example, it only produces a number of metabelian subgroups of
F,, AutM, while a more careful study shows that there exist nilpotent-of-class-at-most-
2 (occasionally even abelian) subgroups that fulfill the same roles.

We now summarise our main results. We start with a consideration of residual
properties. Both FAutM and F; AutM are locally residually finite and also are

abelian by residually locally finite ([5], 10", 10, 11 Tand 11,). Further both F AutM
and F; AutM are, modulo a central unipotent subgroup, residually (finitary over
commutative Noetherian rings), see [9], Proposition 8.11. None of these hold for
F_ AutM as we show with examples. However, they nearly hold.

Theorem 1. Let M be an abelian group.

a) F_ AutM is abelian by locally residually finite and hence locally (abelian by
residually finite). If G is any finitely generated subgroup of F., AutM, then G
has normal subgroups A <H such that A is abelian, H/A is residually a finite
nilpotent T-group for some finite set © of primes and G [ H is finite.

b) F,, AutM is nilpotent-of-class-at-most-2 by residually locally finite.

c) F_ AutM is unipotent-abelian by residually ( finitary over the rationals Q
and finite images of 7).

As we have stated the theorem, Part a) it easy. However with a little more work we
can be much more precise about the set ® of primes, see the proof of 3.2. We show
with examples that the group G of Part a) of Theorem 1 need not be central by
residually finite (let alone residually finite). Also in Part b) the periodic residual of
G £ F,, AutM, although nilpotent of class at most 2, need not be abelian, or central (in
G) by abelian or abelian by central (in G). In Part c¢) the unipotent abelian normal
subgroup cannot be replaced by a central subgroup of G.
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1312 B. A.F. WEHRFRITZ

Any subgroup G of F_, AutM has a unipotent radical, which we denote by u (G).
Precisely what we mean by this is spelled out by the next theorem. For the latter parts
of this theorem we need some further notation. By y we denote the natural map of
F.AutM into FGL(Q ® M) discussed above. By an s-subgroup of AutM (or of
Aut, M) we mean a subgroup each of whose finitely generated subgroups stabilizes an
ascending series of submodules of M. Unlike the unipotent radical, the s-radical s(G)
of G exists under very general conditions and often has to be used as a replacement
for a unipotent radical, see [2], especially Section 4. Finally 5.2 of [8] introduces a
collection of maps W, attached to an R-module M and a subgroup G of F,Aut, M.
Since we shall only user these maps once and that only in order to apply [8], 5.2, we
will not burden the reader with their precise construction. See [8] for details.

Theorem 2. Let G be a subgroup of F_AutM. Then G has a unipotent
radical. Specifically G has a normal subgroup u(G) with the following
properties.

a) u(G) is a unipotent normal subgroup of G containing every unipotent
normal subgroup of G.

b) G/u(G) is a subdirect product of irreducible finitary linear groups over Q,
GF(p) and Q » the p-adic numbers, for various primes p.

c) Let H be a finitely G-generated normal subgroup of G. Then u(H) =
=HNu(G) and u (H) is nilpotent. In particular u(G) lies in the Fitting
subgroup of G and u(G) is a Fitting group.

d) If H is an ascendent subgroup of G, then u(H) is an ascendent subgroup
of u(G).

e) u(G)<s(G) and s(G)y =u(Gy).

N u(G)=GN(uGW)y ' N(1+ N, ker\,), where the \, are the maps of
[8], 5.2, with respect to the Z-torsion submodule T of M and the subgroup

G|T of AutT. (The map W is described above.)

We can now state a further residual result. It effectively copies the corresponding
results for FAuty, M and F,Aut, M, which we have previously only written out for

local rings (see [9], Theorem 5), since for arbitrary commutative rings R it becomes
very cumbersome. The pattern, however, is clearly the same. Note that B remains
abelian; it does not get replaced by a subgroup that is nilpotent of class at most 2 or
even one that is metabelian, as Theorem 1 might suggest. The analogues of Parts c)
and g) of [9] (Theorem 5) we have incorporated into Theorem 2 above and hence have
not repeated below. Part f) of Theorem 3 below has no analogue in [9], Theorem 5,
although it does in [9], Theorem 6a).

Theorem 3. Let G be a subgroup of F..AutM. Then G has a normal series
(1Y SB<K<u(G)<G, where

a) B is abelian;

b) K/ B is residually (nilpotent of finite exponent);

¢) u(G)/B is a subdirect product of a torsion-free group and a residually
periodic group; it is also abelian by residually periodic;

d) u(G)/K is a subdirect product of unipotent finitary linear groups over Q,
GF(p) and Qp for various primes p;

e) G /K is a subdirect product of finitary linear groups over Q , G F(p) and
Qp for various primes p;

f) K stabilizes an ascending series in M.
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Information about the sections G/u(G) and u(G) of G omitted from Theorem
3 is given in Theorem 2. Our final theorem concerns the structure of unipotent groups
and unipotent radicals. To state it reasonably succinctly we use the following notation
for group classes and operators. A denotes the class of abelian groups, N, the class
of nilpotent groups of class at most 2, N the class of nilpotent groups, F the class of
finite groups and E the class of groups of finite exponent. Alsoif X and Y are any
group classes, then S(X x Y) denotes the class of all subgroups of direct products of
an X-group anda Y-group and LX (resp. L, X) denotes the class of all groups G
each of whose finite subsets lies in an X-subgroup (resp. normal X-subgroup) of G.

Theorem 4. Let G be a subgroup of F,, AutM.

a) If G is unipotent, then G is periodic-abelian by torsion-free by periodic.

b) Let X be a finite subset of G and U the maximal periodic subgroup of the

unipotent radical of the normal subgroup (X G) of G generated by X. Then
Ue NNN,ENA.S(AXE)<AEA.
¢) If G is periodic and unipotent, then
Ge L (NNN,ENAEA) and G e L (NNAE).

Since in Part a) the group G is locally nilpotent and locally nilpotent groups are
always periodic by torsion-free, Part a) is saying that G is not far from being a
subgroup group of a direct product of a periodic group and a torsion-free group. Since
we already know by [9], Theorem 2, that in Part a) above the conclusions hold
whenever G is contained in either FAutM or F; AutM, this is an instance where an
abelian normal subgroup need not be replaced in the F_ AutM case by, say, a
nilpotent normal subgroup of class at most 2.

In Part b) if G lies in either FAutM or F;AutM then

Ue NNAENEAN(ANE). S(AXE)

by [9], Theorem 4, so again we get a weakening in Part b) of our Theorem 4, but
perhaps its from is not so predictable. Similar remarks apply to a comparison between
Part ¢) of Theorem 4 with the Corollary to Theorem 4 of [9].

Theorem 2 is proved in Section 2 below, Theorems 1 and 3 in Section 3 and
Theorem 4 in Section 4. In our final section, Section 5, we consider a variant of the
above, namely that arising from considering extensions of Artinian groups by
Noetherian groups rather than the reverse. This section also contains some further
counter examples.

2. General results.

2.1. Lemma. Let G=F_ AutM.

a) There is a natural exact sequence 1 — F{AutM — F_ AutM - FGL(Q ®
® M).

b) If A=C;(M/T)N C;(T), then A is abelian and G /A embeds into the
direct product FGL(Q ® M) X Fy AutT. (T recall is the Z-torsion submodule of
M.) In particular G /A is locally quasilinear.

¢) FyAutM embeds into F AuyN, where J = Hp Z, is the profinite closure
of Z and N is some J-module.

d) Periodic subgroups of F., AutM are locally finite.

So by a) and c) the group F., AutM is an extension of a finitary group over J by a

finitary group over Q.
Proof. a) Let L =F_AutM and ge G. If ge F|AutM, then M(g-1) is

torsion and g e C;(M/T). Conversely, if ge C;(M/T), then M(g — 1) is
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1314 B. A.F. WEHRFRITZ

minimax, torsion and hence Artinian. Thus ge F/AutM and so F;AutM =
=C;(M/T). Clearly G/C;(M/T) embeds naturally into F_Aut(M/T) and

M/ T embeds in the obvious way into Q ® (M/T) = Q ® M. This leads to an
embedding of F_ Aut(M/T) into F Aut, Q® M)=FGL(Q® M). Part a)
follows.

b) G/Cg;(M/T) embeds into FGL(Q ® M) as in Part a) and G /C,(T)
embeds into F, AutT = F; Aut7, again see Part a). By stability theory A is abelian.

By N4 and A3 of [7] the group G /A is locally quasilinear. Part b) follows.

¢) A application of the proof of Al of [7] to our M yields Part c).

d) This follows from a), the corresponding results for finitary and Artinian-finitary
groups ([7], N4 and A3) and the simple and well-known fact that extensions of locally
finite groups by locally finite groups are locally finite.

2.2. Proof of Theorem 2. a) & f). Define u(G) by the formula in f). Certainly
u(G) isnormal in G and if U is a unipotent normal subgroup of G, then Uy <
<u(Gy) and each Uy, =(1). Thus U <u(G).

Let g€ u(G). Then gy is unipotent, so (gy—1)" =0 for some m. It follows
from the definition of y that M(g—1)" <T. Also g acts unipotently on T by 5.2
of [8],say T(g—1)"={0}. Trivially then (g—1)"""=0 andso u(G) is unipotent.

b) It follows from [8], 5.2, and the finitary linear case that G/u(G) is a subdirect
product of certain irreducible finitary linear images of G. We have only to specify the

ground fields. From Gy only the rationals @ arise. One has to check through the
proofs in [8] to see that the only ground fields that arise from the v, are the GF(p)
and Q » for various primes p.

¢) The group u(H) isnormalin G, so u(H)<Hu(G) and HNu(G) is
unipotent and normal in H. Therefore u(H) = H() u(G). If u denotes the
augmentation ideal of u(H), then Tu®={0} for some s by [8], 5.2,and Mu'<T
for some ¢ by [10], 3.7 (or the finitary linear version if you prefer). Thus Mu**' =
= {0} and all of Part c) is a consequence of this.

d) The usual transfinite induction yields this (cf. [4], 3.8, or [2], 4.10).

e) By the proof of ¢), if U is a finitely generated subgroup of u#(G), then U
stabilizes a finite series in M. Hence u(G) is an s-subgroup, so u(G) < s(G). By
4.2 and 4.3 of [2] we have that s(G)y is a s-subgroup and hence a unipotent
subgroup of FGL(Q ® M). (Note that all nontrivial torsion-free abelian groups are
tight.) Thus s(G)y <u(Gv).

2.3. Remark. If M is minimax, then AutM can contain a unipotent Priifer
subgroup, indeed even a noncentral one. (If M is Noetherian or Artinian, then AutM
contains no Priifer subgroups.) Forlet M =Z ® P, where P is a Priifer p-group for

1 P
some prime p. Then P is isomorphic to the unipotent subgroup Q = [0 | ] of

AutM. If U is the group of units of the p-adic integers, then @ is a noncentral
Priifer subgroup of the subgroup G =diag (1, U).Q of AutM. Further G is not
residually finite or even central by residually finite. This example is pertinent to both
2.4 and 2.5 below.

2.4. Lemma. Let M be an abelian minimax group and let spec M denote the
(finite) set of primes p such that M has a Priifer p-group section. Set G =
=Aut M.

a) If p & spec M, then ﬂi piM is torsion.
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b) If M is torsion-free then G is residually finite; in fact if p & spec M, then
G is (residually finite-p) by finite.

c) If M isa p-group, then G is residually finite and again even (residually
finite-p) by finite.

d) Let m be any set of primes properly containing specM. Then G has
normal subgroups A < H with A abelian, H|A residually a finite nilpotent T-
group and G [ H finite: G/A is residually finite.

Proof. a) For there is a free abelian subgroup F of M of finite rank with M/ F
Artinian. The p-primary component of M/ F is finite, of finite exponent p¢ say. Let
x€ M with pi*¢xe F. Then p°xe F and p™*¢xe p'F. Thus p**M N F<p'F and
consequently

[ﬂpiM)ﬂF < ﬂpfF = {0}.

Therefore ﬂi p' M embeds into the torsion group M/ F and the claim follows.

b) By Part a) here ﬂl_ p'M = {0}. Also each M/p‘M is finite. Set H =
=C;(M/pM). Then H is normal subgroup of G of finite index; in fact G/H
embeds into GL(n, p) for p"=|M/pM|. Further [p'M,H]=pi[M,H]<pi*'M
forall i>0. Thus H/Cy,(M/p'M) isafinite p-group. Part b) follows.

c) If H= Cs({xeM:px=0}), then H is a normal subgroup of G of finite
index and H is a residually a finite p-group; for H stabilizes the ascending series

{<xeM: p’x=0>}i20.
d) Let T denote the torsion subgroup of M and T, the p-primary component of
T for the prime p. If T, is finite, then G/C;(T,) is finite. If T}, is infinite, then
pespecM and G /C;(T,) is (residually finite-p) by finite by Part c). By
hypothesis there is some prime p in 7 \spec M. By Part b) the group G/C M/ T)
is (residually finite-p) by finite. Set

A= Ce(M/T)N () Ca(T,) = Co(M/T) N Cy(T).
p

Then A is abelian and G /A is (residually a finite nilpotent w-group) by finite.
Clearly G/A is residually finite.

2.5. Lemma. Let U denote the subgroup of AutM generated by all its
unipotent elements of finite order and let C denote the subgroup of F.. AutM
generated by all its Priifer subgroups. Set R = ﬂn nM and let D be the divisible

component of the torsion subgroup T of M.

a) [M,U]<T and [R,U]=(1).

b) C<U and [T, C]={0}, while [M, C]1<D<R.

c) C lies in the centre of U and hence is divisible.

d) U centralizes [M, C] and C centralizes (M, U].

Proof. a) This follows from [11], 2.2a) and 2.4a).

b) If P is Priifer group, then any irreducible finitary linear image of P is finite
dimensional. Now GL(n,Q), GL(n,Q,) and GL(n,p) contain no Priifer
subgroups, the first two by [8], 9.33, and the third trivially. Then by Theorem 2b) all
Priifer subgroups of F.., AutM are unipotent. Consequently C < U. That [T, C] =
={0} and [M, C] < D follow from [5], 13.
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1316 B. A.F. WEHRFRITZ

¢) Now C embeds by b) into Hom(M /T, D) via ¢ € C mappingto m + T >
+— m(c — 1), and this embedding is a U-embedding. By Part a) this Hom group is
centralized by U. Therefore C lies in the centre of U; clearly then, C is divisible.

d) U centralizes R=2D =2 [M, C] and C centralizes T = [M, U] by Parts a)
and b).

2.6. Lemma. Let G be any subgroup of F. AutM andlet R and D be as
in2.5.

a) If D={0}, then M/ C,(G) is residually finite.

b) DR and [R,G]<D.

Proof. a) Let ge G. Then M(g — 1) is minimax. Since D = {0}, the torsion
subgroup of M (g — 1) is finite, so it splits off from M (g — 1), e.g. [1], Vol. 1, 27.5.
Consequently M(g —1) and hence M/C,(g) are residually finite (by 2.4a)). It

follows that M/ C,(G) is residually finite.

b) Clearly D <R, so R/D = ﬂn n(M/D). By Part a) we have R /D <
< Cy,p(G). Thatis, [R,G]<D.

3. Residual properties.

3.1. Lemma. Let G be a finitely generated subgroup of F.. AutM with N =
=[M, G] torsion. Let m =n(N)={primes p: N has an element of order p}.
Then G is (residually finite nilpotent g-group) by finite.

Proof. Here N is Artinian (so in particular © is finite). Then N = @, N,
where N, is p-primary. It suffices to prove the result for G acting on each
M/®,.,N, Thus we may assume that N isa p-group for some prime p,
necessarily of finite rank, r say. Let {S;}
=Anny(p’) and Ui S; =N.

Let xe M. Since G is finitely generated, so [Zx, G] < Sy for some integer k
and then ZxG < Zx +S;. Hence additively ZxG is a cyclic extension of a finite p-

>0 Dbe the upper socle series of N, so §; =

group of rank at most r. Suppose x has infinite order. Then ﬂl_ pinG = {0}, the
group

C.(ZxG/pZxG) | C (ZxG)

is residually a finite p-group and (G: C;(ZxG/pZxG)) <l =|GL(r+1,p)|. If x
is a p-element, the same conclusions hold (even with CG( ZxG/pZxG)/C cZxG) a

finite p-group). Now suppose x is a p™-element. Then x(g—1) is both a p-element
and a p’-element for every g in G andso G centralizes x. This trivially the same
conclusions also hold in this case.

Let H be the intersection of all the normal subgroups of G of index at most .
Since G is finitely generated, so (G: H) is finite. We claim that H is residually a
finite p-group. Let h € H\(l). There exists x in M with xh #x and we can choose

such an x either of infinite order or a p-element or a p’-element. Then H/Cy(ZxG)

is residually a finite p-group. Hence there is a normal subgroup L of H with H/L
a finite p-group and with i ¢ L. The result follows. (We can always choose such an
L normal in G if we wish, but actually it you chase through the above proof the L
you arrive at is automatically normal in G.)

3.2. Lemma. Let G be a finitely generated subgroup of F..AutM. Then G
is abelian by (residually a finite nilpotent T-group) by finite, for some finite set T
of primes (depending on G).
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FINITARY GROUPS AND KRULL DIMENSION OVER THE INTEGERS 1317

Proof. Set C=C,,(G). By 2.1b) of [2] the group M/C is minimax. Let X/C
be the torsion submodule of M /C. By 2.4b) the group G/C,(M/X) is (residually
finite-nilpotent) by finite.

Now [X, G] is torsion; for if xe X and g € G there is a positive integer m with
mx e C. Then m(x(g-1)) = (mx)(g —=1)=0, so x(g —1) is torsion and
consequently [X, G] is too. It follows from 3.1 that G/ C;(X) is (residually finite-
nilpotent) by finite. Further A=C;(M/X) C(X) is abelian. The existence of 7

follows from 2.4b) and 3.1; in fact, we can choose 7 tobe {p}Un([X, G]) for any
prime p notin spec (M/X). Note that

spec (M/X) < spec (M/C) = spec[M, Gl n([M, G]).

3.3. Examples. In 6.3 of [6] we construct a minimax group M and a 3-generator
soluble subgroup G of AutM = F., AutM whose centre is a Priifer 2-group. Clearly
G is not residually finite. The wreath product W of G be a cyclic group of order 2
embeds into Aut (M @ M) and is not central by residually finite. Of course W is
finitely generated and soluble.

3.4. Lemma. Let G be subgroup of F.. AutM.

a) If M is torsion or residually of finite exponent, the G is residually (finitary
over finite images of Z).

b) If M is torsion-free, then G is abelian by residually (finitary over finite
images of Z).

c) In general G is (nilpotent of class at most 2) by residually (finitary over
finite images of Z).

Proof. a) Here either M = Un21 {xeM:nx=0} or {0}= ﬂn21 nM. Clearly
either

(N Co(xeM:nx=0) = {0} or () Co(M/nM) = {0}
n=1 n=1
Part a) follows.

b) Let R = ﬂnZI nM. Then G/C,(M/R) is residually (finitary over finite
images of Z) by a). Also [R,G]={0} by 2.6b). Therefore C;(M/R) here is
abelian.

c) Set S/T = ﬂnZI n(M/T). By 2.6b) again [S,G]<T. Also G/C;(M/S)
and G/ Cg(T) are residually (finitary over finite images of Z) by Part a) and hence so
is G/N for N =C;(M/S)N C;(T). Finally N stabilizes the series {0} <7 < § <

<M, so N is nilpotent of class at most 2.
3.5. Examples. Let A={a,,a,) be a free abelian group of rank 2, let B be the
additive group of the rationals and let C be a Priifer p-group for some prime p. Put

M=A®B®C. Set X =Hom(A, B)=B", Y =Hom (B, C) and Z= Hom (A,
C)y=cC ) Note that Y isa copy of the additive group of @), in a natural way. (Y is

torsion-free and divisible, see G) on p. 182 of Vol. 1 of [1], and is a Zp-module via the
actionon C and hence is naturally a @,-module; finally the exact sequence

0-Z->0->0/Z—-0
yields exact sequences
0—->EndC—->Y—>C—0

and
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0— Zp —->Y—->C—0,
so Y =0, as 0, module.)
1 1
Let u= (O 1) € GL(2,Z), regarded as an automorphism of A via the given

basis a;, a, andlet v be a p-adic unit (and hence an automorphism of C) of
infinite order. Set

(luy X Z
G = 0 1 Y |,
0 0 (v)

regarded as a subgroup of AutM in the obvious way. Let E € X, ne Y and (e Z
Then M(u—1)={a,) iscyclic, M& = (a,&, a,&) < B again is cyclic, Mn < C is
Artinian, M{={(a,{, a,{) is finite cyclic and M (v — 1) < C is Artinian. Therefore
G < F. AutM.

Let H be a normal subgroup of G with G/H periodic. Then u' and v’ lie in
H for some positive integers i and j. Thus H contains (ulG) and hence contains
[1+X,u']. Define & € X by a;&, =a,& =—i"'. Then &= (u"' —1)& maps a,
to 1 and a, to 0, which does not depend on H, note. Also 1+§& =1+ (u_i -
~1)& =[1+&,,u'] € H. Inthe same way H contains [1+ Y,v/]=1+ Y/ - 1).
Now v/ — 1 is a non-zero element of Z, and hence has an inverse w in @,. Thus
Yw=Y andso Y = Y(vj— 1). If ce C\{0} thereis anelement  of Y with 1n =
= c. (Note the wide choice for ¢ available here; we will make more specific choices
for ¢ later.) Then the periodic residual N = ﬂH H of G contains 1+& and 1+ m.
A simple calculation shows that [1+&, 1 +n]=1+&nel+Z and a;En=1n=
=c#0. Therefore N is not abelian.

Finitary groups over finite images of Z are locally finite (e.g. [5], 11). Thus by
3.4c) we have [N, N,N]=(1). We now show that in general (that is, for some
subgroups G of F. AutM with periodic residuals N) neither [N, N, G] nor [N, G,
N] nor [[N,G],[ N,G]] needbe (1); in particular the periodic residual of G need
not be central (in G) by abelian nor abelian by central (in G).

We may choose ¢ in the above construction with cv# c. Then Env # &n. Since

[1+E& 1+ n]diag“’l’u)= 1 + Env, the element [1+ &, 1 + n] does not lie in the

centre of G. Then with this choice of ¢ we have [N, N, G]#{1).

Now choose any ¢ with |¢|>4, and we can do this with cv # ¢ if we wish.
Now

[1+& diag(-1,1,-1)] = 1 - 2¢,
[1+m,diag(-1,1,-1)] = 1 - 2n,
[1-2&1-2n]=1+4&n
and
a,(4&n) = 4¢ # 0.
Set Gy = (G, diag (-1, 1,-1)). Since [M, diag(-1,1,-1)]=2A® C, so G <
< Fo, AutM. The periodic residual N, of G, contains N and

[No> Gos No1 = [[Ng» Gy LI No» Gy ] = [[ N, Gy 1IN, Gy 1] = (1).
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Thus our second and third claims are also substantiated.
3.6. Lemma. Let G< F.,AutM and set A =Cg;(M/T)(\ C;(T). Then A

is abelian and unipotent and G /A is residually (finitary over Q and finite
images of Z).
Proof. The group G/Cg (M/T) embedsinto FGL(Q ® M) and so is actually

finitary over Q. Also G/Cj(T) is residually (finitary over finite images of Z) by
3.4a). The claim follows.

3.7. Examples. In 3.6 we cannot always find a central subgroup of G modulo
which G is residually finitary.

Forlet M and G < AutM be as in 6.3 of [6]. Then M is minimax, so G <
< Fo AutM. Also G is finitely generated and has a central Priifer subgroup, Z say.
fp:G>F AutRN is a homomorphism for some module N over any commutative
ring R, then Gp is residually finite ([6], 6.2b)), so Zp = {0}. Thus G is not
residually (finitary over commutative rings). The same argument (and [6], 6.2¢))
shows that G is not residually (Artinian-finitary over commutative rings) either. The
offending subgroup in both cases, namely Z, is central in G. The wreath product W

of G by acyclic group of order 2 embeds into F., AutM 2) and the intersection of all

normal subgroups N of W with W/N either finitary of Artinian-finitary over some
commutative ring, is abelian and normal but not central in W.

3.8. Proof of Theorem 1. Part a) of Theorem 1 follows from 2.1b) & 3.2, Part b)
from 3.4 and [5], 11 (if M has finite exponent, then F., AutM is always locally finite)
and Part ¢) from 3.6. The examples mentioned in the Introduction, preventing various
generalizations or extensions of Theorem 1, are given in 3.3, 3.5 and 3.7.

3.9. Proof of Theorem 3. Set B =C,(M/T)(\ C;(T). Clearly B is abelian
and normal in G. Let T= ®,7,, where T, isthe p-primary component of 7.
Then G /B embeds into

(GI1Ca(MIT))x (%, (C6(T,)))

and I/ do mean direct product here and not just cartesian product. G/Cg(M/T)
embeds naturally into FGL(Q ® M) and G /Cj(T,) embeds naturally into

FyAutT,. If ge G, then g is unipotent if and only if the images of g in FGL(Q ®
® M) and the F; AutT), are unipotent. Thus it suffices to prove the result just in the
two cases where either M is torsion-free or M is a p-group for some prime p.

Suppose M is torsion-free, so G < FGL(Q ® M). Set K= (1)= B. Here u(G)
is torsion-free. Thus the first part of c) is trivial in this case; the second part of ¢) is
given by 3.4b). Part d) here is trivial with @ the only field arising, as is Part e). Part
f), of course, is totally trivial.

Now assume that M is a p-group. Then M is a module in the obvious way over
the local ring of Z at p. Hence Section 7 of [9] is applicable. Let

V=M[pl={xeM: px=0}

andset H = C;(V) and K =HNu(G). By [9], 7.1, the group H is residually (a
nilpotent p-group of finite exponent) and G/H embeds naturally into the finitary
linear group FGL(V) over GL(p). Also u(G) is residually a p-group and H

stabilizes an ascending series in M, cf. the proof of [9], 7.3. We now have a), b), c) d)
and f). By b) of Theorem 2 (which we have already proved, see 2.2) the group

G /u(G) is a subdirect product of finitary linear groups over @, G F(p) and Q,

(only for the one prime p). Since G/K embeds into G/H X G /u(G), so Part e)
follows.
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A similar argument yields the following.
3.10. Theorem. Let G be a subgroup of F.. AutM. Then G has a normal
series

(1) £ B<K<s(G) £G,
where

a) B is abelian,

b) K/ B is residually (nilpotent of finite exponent),

¢) s(G) isthe s-radical of G and is locally residually nilpotent,

d) s(G)/B is a subdirect product of a torsion-free Fitting group and a
residually (periodic Fitting group); it is also abelian by residually (a periodic
Fitting group),

e) s(G)/K is asubdirect product of unipotent finitary linear groups over Q
and GF(p) for various primes p,

f) G/K is asubdirect product of finitary linear groups over Q and GF(p)
for various primes p,

g) G/s(G) isasubdirect product of irreducible finitary linear groups over Q
and GF(p) forvarious primes p,

h) K stabilizes an ascending series in M.

Proof. Againset B = C;(M/T)(\ C;(T). A torsion-free Z-module is tight, so
any s-subgroup of G acts unipotently on M /T by 4.3 of [2]. Thus again we may
assume that M is either torsion-free or a p-group for some prime p. If M is torsion-
free set K=(1). Here s(G)=u(G) and the claims follow easily in this case.

Now assume that M isa p-group. Set B=(1), V=M][p] and K= C(V). Then

K satisfies h), cf. the proof of [9], 7.3, and b) by [9], 7.1. In particular K < s(G).
The inverse image in G of the unipotent radical of G on V acts unipotently on V,=

={xeM: p'x=0} foreach i and clearly s(G) acts unipotently on V. Thus this
inverse image is s(G). Also G/K embeds into FGL(V) and the above shows that
s(G)/K maps onto the unipotent radical of this image of G /K. In particular this
yields e). Part c) is part definition and Part a) consequence of [2], 4.6. Also s(G) is
residually a Fitting p-group; this can be seen directly, alternatively cf. [9], 7.3. The
second part of d) is then trivial. G/s(G) is a subdirect product of irreducible finitary
linear groups by 4.1 of [6]. A check of proof of that shows that the only ground field
that arises in this case is GF(p). This proves g). Finally f) follows from the action of
G on V.
4. Unipotent subgroups.

4.1. Lemma. Let E be the intersection of all subgroups X of M with M/X
divisible and let G be a unipotent subgroup of AutM.

a) E has no non-zero divisible image.

b) DNE={0} for D the divisible component of T.

¢) G/C;(M/E) and G/ C(D) are torsion-free.

d) Fow AutE = FAutE.

e) If GSF.AutM, then G/C,(T/D) and G/C4;(ENT) are periodic.

Proof. a) If E is divisible, then M = E ® X for some X and then M/X is
divisible. Hence E<X and E={0}. Part a) follows from this.

b) Also M =D ® X for some X, so M/X is divisible, E<X and DN E={0}.

¢) Let g e G have finite orderon M/E. Then M(g — 1) modulo E has finite
exponent by [9], 2.1. Hence if M /X is divisible, then £ <X, so (M/X)(g-1) is
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divisible of finite exponent and hence is {0}. Thus M(g—-1)< ﬂ ¥ X=F and g=

=1 modulo E.
Now assume that g € G has finite order on D. Then D(g—1) is divisible of

finite exponent and hence D(g—1)={0}. We have now shown that G/C;(M/E)
and G/Cg(D) are torsion-free.
d) Let g€ F AutE. Then E/Cg(g) = E(g—1) is minimax with (by a) no non-

zero divisible image. Hence E(g — 1) is finitely generated and so g € FAutE. It
follows that F.. AutE = F AutE.

e) Here G<F..AutM. Let ge G. Then (T/D)(g-1) is a periodic minimax
group with zero divisible component. Thus (7/D)(g— 1) is finite and consequently
g has finite orderon T /D, e.g. by [9], 2.2¢). Therefore G/C;(T/D) is periodic.
Finally G/C;(ENT) is periodic by d) and [9], 2.2¢) again.

4.2. Proof of Theorem 4a). Let P be the maximal periodic subgroup of G.
Using the notation of 4.1 we have from 4.1c) and [9], 2.2a) that

P < Co(MIE)NCo(MIT) = Co(M/(ENT)).

Set Q=Cp(T/D). Now [ENT,Q]<DNE={0} by4.1b). Thus Q stabilizes
the series M> E( T2 {0} and consequently Q is periodic and abelian. Also G/Q
embeds into

(G/P)x (G/C4(T/ D)),

so G/Q is torsion-free by periodic, see 4.1¢e).

4.3. Example. Let M =7 ® P, where P is the direct sum of two Priifer p-
groups, for some prime p. Then M is minimax and it is easy to see that F. AutM =
= AutM contains a unipotent subgroup G isomorphic to the split extension of P by

1 0
the subgroup of AutP generated by ( ] Further it is easy to see that G is not
11

torsion-free by periodic, so the abelian normal subgroup of Theorem 4a) cannot be
eliminated.

4.4. Proof of Theorem 4b). By Theorem 2c) we have U € N and by 2.5a) (and
2.1a)) we have [M, U]<T with U/C,(T) embeddable into F; Aut7. We apply the

proof of [9], 4.4, to T. In doing so we construct a series

M>T=Ny,2N, 2...2N, >N > {0}

of finite length stabilized by U with T/N, of finite exponentand N = ﬂn nT; note
that [N, U] ={0} by 2.5a) again.

Set V=C,(T/N). Then V stabilizes the series M > T >N = {0}, so Ve N,.
Also U/V stabilizes the series Ny 2 N, 2...2N, 2 N with N,/N_  of finite
exponent. Thus U/V e E and hence Ue N, E.

Now set W= C,(N,)NC,,(M/N,). Here W stabilizes M>N,>{0}, so W is
abelian. Similarly U/C,(N,) is abelian since it stabilizes N, 2 N 2 {0}. Finally
U/Cy(M/N,) stabilizes M > N, >...2N, with N,/N, of finite exponent, so
U/CU(M/Nr) € E. Consequently U/We S(AXE) and U € AS(AXE).

Trivially then, U € AEA.
4.4. Proof of Theorem 4c). This is actually a simple corollary of Theorem 4b).
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If X is a finite subset of G, then (XG) e NOAN,ENAEA by Theorem 4b). If Y
is a finite subset of G, then Y liesin (X)  for some finite subset X of G. Hence

(Y9y<(x°Y andso (Y“)e NNAE.

5. Maximin groups; a variant. Instead of minimax groups, suppose we consider
abelian groups that are extensions of Artinian groups by Noetherian groups. Such a
group is just

(*) adirect sum of a finite number of cyclic and Priifer groups.

This class does not fit into the general framework of [2], but does still define a finitary
group (cf. [3], Section 2); namely

FaonAutM = {ge AutM: M(g— 1) satisfies (*) above}.

The suffix A + N here is suggested by the fact that an abelian group satisfies (*) if and
only if it is a sum of an Artinian group and a Noetherian group. We coin the term
maximin group for such a group, a name that seems not to have been used before. (In
contrast the term minimax group has been in used for some forty years at least.)

Clearly (FAutM, F{AutM)< Fs,yAutM < F.. Aut M for any abelian group M.
Thus Theorems 1 to 4 trivially apply to F4,y AutM and its subgroups. Further the
counter examples constructed in 2.3, 3.5 and 4.3 all lie in F4 4y Aut M. This in not the
case for the examples constructed in 3.3 and 3.7, which are based on the construction
of [6], 6.3. This raises the possibility that Parts a) and c) of Theorem 1 can be
strengthened for F4 .y Aut M. In both cases they can.

Theorem 5. Let M be an abelian group with torsion subgroup T. Set G =
=Fa.nyAut M.

a) A=Cg;(M/T)N C;(T) is an abelian normal subgroup of G and G /A

embeds into the direct product FAut(M/T) x FyAutT. There is a natural exact
sequence

1> FiAutM - Fy yAut M —> FAllt(M/T).

b) G is locally residually finite.

c) G is unipotent-abelian by residually (finitary over Z).

5.1. Lemma. Let G be a finitely generated subgroup of Autg M, where M
is a module over the commutative ring R. Suppose [M,G]< N + A, where N is
a Noetherian R-submodule of M and A is an Artinian R-submodule of M. If
X is a finite subset of M, then RXG = 2
R-module.

Proof. If A, denotes the sum of all the Artinian R-submodules of N + A, then
A<A, and A, /A is R-Noetherian. It follows that A,/A and hence A, are R-
Artinian. Hence we may assume that A = A,. Clearly then AG < A. Define A;
inductively by letting Ap = {0} and letting A;.,/A; denote the socle of the R-
module A/A;. Then >0 A; = A, each A; is Noetherian (as well as Artinian) and
A;G < A; for each 1.

Suppose X={x1,x2,...,x}, N=Ryi+Ry+...+Ry, and G={g;1, g2, ...

.., 8n}- There exists an integer ¢ such that for all i, j and £ we have x;(gx—1) €
€ N+A; and yj(gr—1)€ N+ A;. Inparticular Ng, < N + A; foreach k andso (N +
+A;)G £ N+ A,;. Butthenthe g; and hence each element of G centralize RX
modulo N +A;. Consequently RXGSRX+N+A; andso RXG=RX+((N+A,)N

N RXG). But N +A; is Noetherian, so (N +A;) N RXG is too, and X is finite by
hypothesis. Therefore RXG is finitely generated.

reX.geG Rxg is finitely generated as
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5.2. Proof of Theorem 5.
a) Asin the proof of 2.1 we have FjAutM = C;(M/T). Clearly A is abelian,

FarnAut(M/T) = FAut(M/T) and F,,yAutT = F; AutT. Both claims in a)
follow from this.

b) Let H be afinitely generated subgroup of G and apply 5.1to H with R =Z.
If X is any finite subset of M, then ZXH is finitely Z-generated. Hence
H/Cy(ZXH) is residually finite. (In fact H/ C,(ZXH) for every prime p is

(residually a finite p-group) by finite.) Part b) follows.

c) A is unipotent and abelian, trivially F Aut(M/T) is finitary over Z and
Fi AutT is residually (finitary over finite images of Z), e.g. by [9], 8.3. Part c)
follows.

If M itself is maximin, we can squeeze a little more out of this.

5.3. Remark. Let H be a finitely generated subgroup of G = AutM, where M
is an abelian maximin group.

a) G need not be residually finite and need not be quasilinear.

b) H is isomorphic to a linear group of finite degree over the complex numbers C.

c¢) For all but a finite set of primes p the group H is (residually a finite p-group)
by finite.

Proof. a) If K is the split extension of a Priifer p-group P by the group U of
units of the ring of p-adic integers, then K embeds into Aut(Z @ P) and is not
residually finite and is not quasilinear, see [6], 5.2.

b) M=F @ D, where F is finitely generated and D is divisible and Artinian.
Thus we may take Aut M in the form

AutFF  Hom(F, D)
0 AutD )

Hence H<(X,Y,Zy), where X is a finitely generated subgroup of AutF ®@1p, Y is
a finitely generated subgroup of 1@ AutD and Zy — 1 is a finite subset of
Hom (F, D). There exists an integer n such thatif D,={xe D: nx=0}, then Z; -
—1 liesin Hom(F,D,). Set Z=1 + Hom(F,D,). Then Z is a finite normal
subgroup of Hoy = XYZ and H < Hy. Clearly (Hpy: XY) is finite and XY is
isomorphic to a linear group of finite degree over C, consequently so too are Hjy and
H.

¢) This follows from Part b) and 4.7 of [11].

Suppose M is torsion-free. Then F., AutM is finitary over Q (see 2.1) and
abelian by (residually finitary over finite images of Z) by 3.4b). Further F,, y AutM
is actually finitary over Z. However F.. AutM need not be finitary over Z or even
residually (finitary over Z) as we show in 5.6 below. In general, that is with M not
necessarily torsion-free, while F., AutM is (nilpotent of class < 2) by residually
(finitary over finite images of Z) by 3.4c) and while F, n AutM is abelian by
residually (finitary over Z) by Theorem 5, F.. AutM need not be abelian by residually
(finitary over Z). This too we show below, see 5.7. We need a little preparation.

5.4. Example. Let G = <a,b‘ab=a">, where ¢ is some prime. Then G is

isomorphic to the subgroup
1 0\(qg O
1 1/lo 1

of GL(2,Z[1/q]). Thusif M, is the direct product of two Priifer p-groups for any
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prime p # g, then G embeds into Fa,yAutM; = F{ AutM; = AutM;. If M, isa
free Z[1/g]-module of rank 2, then M, is Z-torsion-free and G embeds into
Foo AutM, = AutM,.

However G does not embed into F AutM for any abelian group M, for if it did
we would have G acting faithfully on some finitely generated subgroup of M by [4],
2.3¢), so G would embed into GL(n,Z) for some integer n. But GL(n,Z) is
(residually a finite g-group) by finite, while G is not; indeed its subgroup <aG) is
isomorphic to the additive group of Z[1/g]. However G is residually finite and
hence is trivially residually (finitary over finite images of Z).

5.5. Example. Let p # q be primes and let G = (g)P be the extension of the
Priifer p-group P by its automorphism g: A > h® Then G does not embed into
F AutM for any abelian group M.

Proof. Suppose G < FAutM. Then [M,P]<D<T and [T,P]={0} by
2.5b). Hence N=T(1M(g— 1) is finite and centralized by P. Thus N isa G-
submodule of M and Cp(M/N) is finite. Therefore P/Cp(M/N) is isomorphic to
P andso G/Cg;(M/N) is isomorphic to G. Consequently we may pass to M/N
and assume that N ={0}. In particularnow 7T(g—-1)={0} andso [T,G]={0}.

Let xe M and he P. Then h°=h? and so
xg "(h=-1) = x(h®-1) = x(W'= 1) = gx(h - 1),

where we have used [M, P]<T and [T, G]={0}. Thus ngl is congruent to ¢gx
modulo C,,(h) forany & in P, so in fact xg_l is congruent to gx modulo C,,(P).
Set M" = M/C,(P). Then (g - 1)M = M (g"' = 1), which is finitely
generated. Also M~ and hence (g—1)M " is g-divisible. Thus (g — 1)M " is finite
(even a finite ¢’-group). Hence M " has finite exponent (prime to ¢g). But P
stabilizes the series M > C,(P)>={0}, so P embeds into the group Hom (M *,
C,,(P)), which also has finite exponent. This is manifestly false and 5.5 follows.

5.6. Example. Let G = <A,b‘ab =a? forall ain A>, where A 1is a copy of
the additive group of Q and ¢ is a prime.

a) G embedsinto F_Aut(Z[1/¢]® Q).

b) G is not residually periodic; indeed A #(1) is the periodic residual of G.

¢) G is not residually (finitary over Z) and A is the (finitary over Z) residual
of G.

Note that in a) the abelian group Z[1/¢]® Q is torsion-free. Trivially both b)
and c) imply that G is not residually (finitary over finite images of Z).

Proof. a) Clearly G is isomorphic to the subgroup

b Ve

of F,Aut(Z[1/q]® Q), where ¢, denotes the homomorphism of Z[1/g] into Q

givenby 1> r.

b) Suppose N is a normal subgroup of G with G /N periodic and A not
contained in N. Then AN/N is nontrivial, periodic and divisible. Also b acts on
AN/N by raising elements to their g-th powers. Hence G /N contains a copy of the
group G of 5.5 for some prime p #¢g. This group is not periodic. It follows easily
that A lies in, and hence is, the periodic residue of G.
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c) Now suppose that N is the kernel of a homomorphism of G into some
FAutM. Assume (1)# A(VN # A. Then again AN/N is periodic and G/N
contains a copy of the group G of 5.5 for some prime p #¢q. This contradicts 5.5 and
therefore either A(NN=(1) or A<N.

Suppose A(1N =(1). Since C;(A)=A, this implies that N = (1). But G
contains a copy of the group G of 5.4. This contradicts the conclusion of 5.4 that its
group embeds into no finitary group over Z. Therefore A <N. It follows easily that A
is the (finitary over Z) residual of G.

5.7. Example. Let M= Z[1/q] ® B® C, where B is the additive group of Q,
where C is a Priifer p-group and where p and ¢ are distinct primes. Set

(¢) X Z
G=|0 1 Y |<F.AuM,
0 0 (qg)

where X = Hom(Z[1/q], B) =B, Y=Hom (B, C)=Q, and Z = Hom(Z[1/q], C)
= C. Note that g isaunitof Z,=EndC. Let N denote the (finitary over Z)

residual of G. Then N contains (1 + X, 1 + ¥). In particular G is not abelian by
residually (finitary over Z).
Proof. Firstly it is easy to check that G liesin F.. AutM. Now apply 5.6¢) to the

groups
(g) X I 4
(0 1) (o <q>)'

We deduce that N contains 1+ Xand 1+ Y. If £ denotes the natural embedding of
Z[1/q] into B=Q andif M is any homomorphism of B into C with 1m #0, then
1En#0 and En#0. But [1+&,1+n]=1+&n # 1. Therefore N is not abelian.
(Necessarily by 3.4c) N is nilpotent of class 2.)
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