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SOME COMMENTS ON REGULAR
AND NORMAL BITOPOLOGICAL SPACES

HESAKI 3AYBAZKEHHA IIIO10 PETY JIAPHUX
I HOPMAJIBHUX BITOIIOJIOTTYHUX ITPOCTOPIB

Some properties of regular and normal bitopological spaces are established. The classes of sets
inheriting the bitopological properties of regularity and normality are found. The theorem is proved on a
finite covering of pairwise normal spaces. Also, the behavior of individual multivalued mappings is
studied taking the axioms of bitopological regularity and normality into account.

BcTanoByieHO AesiKi BJIaCTUBOCTI PeryJIsApHUX i HOPMaJIbHUX OiTOMOJIONiYHUX MPOCTOPIB. 3Hai/IeHO
KJIaCH MHOJKHMH, IO YCIAaKOBYIOTh GiTONOJIOTIYHI BJIACTHBOCTI PeryJIApHOCTI Ta HOpMasbHOCTI. [lo-
BE/ICHO TeOopeMy PO CKiHYeHHE MOKPHUTTS MONapHO HOPMasIbHUX MpocTopiB. TakoxK BHBYEHO MOBe-
MIHKY KOHKPETHHX 0araTo3HayHHUX BifloOpa’kKeHb 3 ypaxyBaHHSAM aKcioM 6iTOMOJIOriuHOI peryJisipHoC-
Ti Ta HOPMAJIBHOCTI.

New structural provisions of a basic (enveloping) set of the same logical nature
frequently play the key role in the investigation of several mathematical objects. The
consideration of two and more structures on one and the same set makes it possible to
distinguish ordered sets of such objects and also stimulates us to study intermediate
(simultaneously depending on two or several structures) constituent elements. One of
the promising, intensively developing directions of general topology is the
bitopological space theory for which fundamental concepts have already been
constructed and which evokes much interest. Attempts to inculcate the asymmetry
principle in general topology naturally led to the concept of a bitopological space. A
bitopological space as a triple (X, T;, T,), where X is a basic set, while T, and 7,
are different topologies on X, was for the first time formulated by J. C. Kelly in [1].
The topics initiated by this concept not only became the object of a systematic study in
asymmetrical topology, but were also realized in other mathematical disciplines (see,
e.g., [2, 3]).

For a fixed topological space (X, T), by the methods of classical topology, we can

established, only a small part of topological properties of the subsets from family 2%,
The investigation of a bitopological structure yields more information and thus makes
it possible to consider remaining members of the family 2%, which previously could
not be studied in the framework of general topology.

Like in general topology, in the theory of bitopological spaces the properties of
regularity and normality are important for a complete investigation of many questions.
In this paper, we study some bitopological properties, taking into account the factors of
regularity and normality, and also consider the behavior of special multivalued
mappings on these structures.

Our discussion rests on the topological concepts which can be found in the
monograph [4], while for bitopological spaces we use [2].

For a fixed bitopological space (X, T, T,) and any subset A c X, we denote by
T;intA and T;clA the interior and the closure of a set A with respect to the topologies
T; and T;, respectively. Throughout the paper it is assumed that i,j € {1;2}, i #].
If Oc X isanopensetand F cX is aclosed subset in the topology T;, then we use
the notation O € 7; and F € co7;. The family of all t; open (briefly, i-open)

neighborhoods of any set K < X is denoted by Z,X (K). Sets of the class i —

—Clp(X) =1, cot; are called clopens. An induced topology T;(A) on a fixed
subset A € X is defined usually as T;(A) = A T;.
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Recall that a bitopological space (X, T;, T,) is called to be (i, j)-regularif, for any
point x € X and every subset x ¢ F € cot;\J, there exist disjoint neighborhoods

Ue z,x (x) and Ve Zf (F). While, for each pair of disjoint sets F| € coT,\J
and F, e cot\ D there are disjoint O € Zf (F) and O, € Z,X (F), then (X,

Ty, Tp) is called p-normal [1]. The properties of (i, j)-regularity and p-normality as
well as various bitopological aspects of closely adjoined asymmetric objects are
investigated in [5 — 9].

It should be noted that in our discussion it is sometimes convenient to use the
following equivalent characterizations of (i, j)-regularity and p-normality. A
bitopological space (X, Ty, T,) is (i, j)-regular iff for each point x € X and any
neighborhood U e le (x) there exists Ve Zj( (F) such that T clVcU. The
property of p-normality can also be formulated as follows: a bitopological space (X,

Ty, Tp) is p-normal iff for each set F € cot;\J and any neighborhood U € Zf (F)

there exists G € Zf (F) suchthat Fc GcrclGcU.

The theorem below gives the types of sets which inherit the properties of (i, j)-
regular and p-normal bitopological structures.

Theorem 1. Let a bitopological space (X, T;,T,) contain a nonempty subset
Ac X such that: (a) A e j— Clp(X), then the (i,j)regularity of (X, T, Ty)
implies the (i, j)-regularity of a subspace (A, 1T],T5); (b) A e cot;U cot,, then
the p-normality of (X, T, T,) implies the p-normality of a subspace (A, T, ’c;)

Proof. (a) Let us take any point x; and its arbitrary neighborhood
U(xy) € z;‘ (x). Then thereis O(x,) € zl_" (xo) such that U(xy) =A N O (xp).

The (i, j)-regularity of (X, 7;,T,) implies existence of W(x,) e le (xg) such that
Wi(xp) € T;cl W(xp) < O(xp). Itis easy to show that the inclusion A NW(xg)cAN
f Tl Wixg) c A N O(xy) = U(xy) is valid. Moreover, A N1 W(xy) € Z,A (xg)-
Since A € j — Clp (X), we have A 1;clW(xy) = T;cl(A N W(xp)). Denoting
G(xg)=ANW(xy) € Zj‘ (xg), we obtain G(xy) C tj- clG(xy) < U(xgp).

(b) Consider any set Be 1; \@ and any neighborhood O e Zf (B). Then there

exists M e le (B) suchthat BC O=M (1A c M. From the p-normality of (X,
Ty, T,) it follows existence of Ve Zj( (B) suchthat Bc Vc T cdVcM, ie, BC

cANVCrTcdlVNA CANM = 0. Taking into account A € coT;, we can write
BcANVCrTcd(ANV)C t1;clANT,clV=ANT;cl1VCO. Therefore, assuming

E=ANVe 17 \J, we see that the inclusion BCECANT;clECO is valid.

The theorem is proved.
Note that the existence of A € j— Clp (X) is guaranteed in bitopological spaces

(X, 11, To) for which (X, 1;) is disconnected.

Using doubly open coverings, in Theorem 2 we give the structural characterization
of p-normality. It must to note that the Theorem 2 was presented without proof in
[10].

Theorem 2. Let a p-normal bitopological space (X, T;,T,) be covered by the
family F= {0, €t N1y },_i- Then there exists the family

ISSN 1027-3190. Ykp. mam. xypH., 2006, m. 58, N® 12



1722 1. DOCHVIRI

{F ecotyNeot, }y iy

such that X = UZ:] F, and F,C Oy, forany k=1;n.

Proof. For n=1, the theorem is trivial. We will prove the validity of the result
for n>2 by the method of mathematical induction. Assume that all p-normal spaces
covered by doubly open sets, with a number of elements in this covering being less
than n, satisfy the concluding part of the theorem. Following to the principles of

induction we must consider the covering ¥ = {0, € 1,1, },_i.. Then the sets P, =

= X\UZ: O, € coty(cot, and P, C O,. Consequently, there is a nonempty set
Ve 1;, suchthat P,CVC T; clVc 0,. Then X;=X\Ve cot; and, by virtue of
Theorem 1, (Xl,f]*,r;) is a p-normal space. Moreover, X| = :: G, where G, =
=0, X, and k = I;n—1. Hence there exists a family of j-closed subsets

~ n—1 = ~ s .
{Fk}k:m such that X; = | J;_ F and F € Gy forany k=T;n—1. Finally, if

Fy= F,, where k=1;n—1 and F, = T;clV, then the constructed family {F }, ;.

satisfies Theorem 2.

Below, we use some special types of the multivalued maps and consider their
behaviors by the bitopological regularity and normality. For our further investigations
recall some special notions on multivalued maps. Say thatamap F: (X, T;, T,) = (Y,

Y1,Y,) is multivalues if it has cardinality |F(x)|> 1, atany point x € X. An opposite
to multivalued map F: (X, Ty, T,) = (Y, Y;,¥») usually denote by F': (Y, Yi>Y2) —
— (X, 11, T,) and define as F'(y)= {xeX|yeF(x)}, foreach ye Y. Itis clear,
that (F')" = F. According [11], the sets F(A) = UXE LF() and F/(B) =
={xeX|BNF(x)#} are called big image of A and big preimage of B. A
multivalued map F: (X, T, T,) = (Y, 7V, V) call to be: (a) (i, j)-weakly upper semi-
continuous (brief. w.u.s.c.) if for every U e 7\ there exists such Ve 1,\Q that

F(V)Ct;clU; (b) (i,j)—-A continuous at xy€ X, if forany O € Zj(F(xo))

exists U e zlx (xg), such that F(U)C O; (c) i-pointly closed if F(xy) e co?;, for
any xgp€ X; (d) (i,j)-upper almost continuous (brief. v.a.c.) at x, € X if for any
ve 37 (Flxy) exists Ue Y (x9) suchthat F(U)Cy;inty;cl V. From (b), it is

obvious what we mean under i-continuity of F.
Moreover, in the Theorems 4, 5 and 6 we need the following important special sets:

T,(F,y)= {x € X| for every U e ZZX (x) there exists a point & e U such that

ye yclF(§) }, for a multivalued map F: (X, T;,T;) = (¥, Y, ¥») and any point
y € Y; suppose that are given the single valued map f: (X, T;,T,) = (Y, v, ¥») and
multivalued map F: (X,7,T,) — (Y,v;,7), then we put K;(f, F) =
={(a,b)e X x X| f(a)ey;clF(b)}; also, it may be associate to the every pair of
multivalued maps F, ® : (X,7,7T) —» &, 7 Y2) the set Sg’fby =
= {(xl, x) € X X X[y, cl(F(x))) Ny, cl(D(xy)) = @}. Taking into account these
notations we obtain following results.

In the Theorem 3 are established conditions under which (i, j)-u.a.c. imply i-
continuity of a multivalued map. Just as in [12], we say that a subset A in a
bitopological space (X, T;,T,) is (i,j)-paracompact, if every i-open covering of A,
contains j-locally finite i-open refinement, which covers A.
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Theorem 3. Let a multivalued map F: (X, 7T, T,) = (Y, Yy, Yy) be (i,j)u.a.c.
and F(x)c Y be an (i,j)-paracompact subset, for each x € X. If a bitopological
space (Y,v1,Y,) is (i,j)regular, then F is i-continuous map.

Proof. Consider arbitrary point x, € X and any O € Z,Y (F(xg)). Then by (i,
j)-regularity of (Y, v;, Y,) follows that for each y, € F(x,) there exists

G, e Z,Y (), such that 'yjcl G, < O. Itis obvious, that F(xy) U G,

Yi € F(xq)
c Uyk € Flxg) Y clG, € 0. Because F(x,;) Y isan (i,j)-paracompact, then there

exists j-locally finite cover of X {Ag ‘ A&, €Y, } such that A G for some G;.

EeQ’
Note that takes place the implications F(xy) C U?';GQ A C Uy < F(x )Gk c
k 0

CUykeF(xo)YjCIGkC O and F (x) C UgegAé c U&EQY]-CIAQC

c UykeF(xo)YjClec O. Assume that A = UgegAé' Since {Ag }Z;EQ is j-

locally finite family then vy;clA = Ug col¥i cl Ag and respectively have F(xy) c A c

C v;jclA € O. By taking into account (i, j)-u.a.c. of F, and the implication F(x)) <

c A yields existence such Ve Z,X (x9) that F(x)cvy; intyjclA for each x e V.
Therefore the implication F(x)c y;inty;clA cy;clA c O is valid for any x €V,
i.e., F is i-continuous at xy€ X.

Is valid the following theorem.

Theorem 4. Let (X, 7Ty,7T,) be a j-cofinite and (Y, Vy,7Y,) be an (i,j)-
regular bitopological space. If a multivalued map F: (X, T;,T,) = (Y, Yy, Y,) is
the (i,j)—A continuous, i-pointly closed and |F’(y)| < Ry, at every point
y € Y. Then the set T;(F,y)€ coT,.

Proof. Indeed, suppose that F isan (i,j)— A continuous and y ¢ F(xy) € coy;
for some xy€ T;(F,y). Thenby (i, j)-regularity of (Y,Y,,Y,) implies existence of

the disjoint sets V; e ZIY (y) and V, e Zj(F(xo)). Since F is (i,j) - A

continuous, then there is such U € Z,X (xg) that F(U)c V,. Itis obvious that, if
xe U then F(x)c F(U)c V, and F(x)(\V, =, this implies x5 ¢ T;(F,y), i.e.,
T,(F,y)c F'(y). Therefore |T;(F,y)| < Ry and we have T;(F,y)e coT,.

It is well-known that a bitopological space (X, T;, T,) 1is p-extremally
disconnected (brief. p-E.D.)iff t,c10; N T;c10, = &, for any pair of the disjoint sets
0, € 1; and O, € T1; [13]. Using the notion of p-E.D., in the Theorem 5, we give a
relation between the single valued and multivalued maps.

Theorem 5. Let f: (X, T;,Ty) = (Y, Yy, Y2) be a single valued (i,j) —A
continuous map and F: (X, Ty, T,) = (Y, Y1, Y2) be (i, j)w.u.s.c. multivalued
map. If (Y,v,,Y,) isthe (i,j)regular, p-E.D. bitopological space, then the set
K;(f. F) is j-closed.

Proof. Let us consider (a,b)e X X X\ K;(f, F), then f(a)e vy;clF(b). By
(i, j)-regularity of (Y, 7y;,7Y,) follows existence the disjoint sets Ve Zf (f(a)) and
We ZlY (yj ch(b)). Obviously, from p-E.D. implies that y;cl V() YiclW = .
From (i,j)—A continuity of f and (i, j)-weakly upper semicontinuity of F, follows

existence of a pair of the sets A € z,x (a) and B e le (B), such that f(A)c V
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and F(B)C y;clW. Itisclearthat AxBe Y (a,b) and (AxB)NK;(f.F) =
=, this implies that Ki(f,F)e co(1;xT).

At the end of the paper we prove the following important result.

Theorem 6. Consider the (j,i)w.u.s.c. and (i,j)w.u.s.c. multivalued maps F,
D: (X, T1,T) = (Y, V1, Vo), where (Y, 7Y;,7Y,) is p-normal bitopological space.

F,®
Then the set SX2 y € co (Tj X T;).

5

Proof. Suppose that (x;,x,) e XX X\ S§§¢Y, then y;clF(x;) N Y cl®(xy) # a.

Since (Y, Y;,Y,) is p-normal, then there are the sets Ve Zf (y;c1F(x))) and
We Z,Y (yjcld)(xz)) such that y;clVy;clW= . By the (j,i)-w.us.c. of F
and (i, j)-w.u.s.c. of @, follows existence of the sets A € Zf (x) and

Be Z,X (x5), suchthat F(A)cy,clV and ®(B)c Yj cl W. Consequently, it takes
XxX F.O _ . F,®
place AxB e an (x.x,) and (AXB)( S5 =D, ie., S3° € co(hXT).

According [5], a space (X, T;,T,) is said to be (i, j)-stable if its every nonempty
i-closed subset is j-compact. Several related properties such bitopological spaces are
obtained in [6], too. Finally we note, that if in the Theorems 4, 5 and 6 the suitable
bitopological spaces are stable, then the sets T ;(F, y), Kj(f, F) and S§’Z®Y

respectively are compact.
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