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ASYMPTOTICAL EQUIVALENCE OF TRIANGULAR
DIFFERENTIAL EQUATION IN HILBERT SPACES

ACUMIITOTUYHA EKBIBAJIEHTHICTD .
AUOEPEHIIAJIBHOI'O PIBHAHHA TPUKYTHOI ®OPMU
B I'lVIbBEPTOBUX ITPOCTOPAX

In this article, we study conditions for the asymptotic equivalence of differential equations in Hilbert
spaces. Besides, we discuss the relation between properties of solutions of differential equations of
triangular form and those of truncated differential equations.

BuBuyeHO yMOBHM aCUMITOTHYHOI €KBiBaJICHTHOCTI AN(pepeHIia/IbHUX PiBHSAHbB y I'iJIbOEPTOBUX MPOCTO-
pax. PosaryiaHyTo Takox 3B’A30K MiXK BJIACTUBOCTSIMU PO3B’s13KiB AudepeHIia/IbHuX PiBHAHb TPH-
KyTHOI (pOPMH Ta HEMOBHHUX AUEPEHIIiaTbHIX PiBHIHb.

In a separable Hilbert space H, let us consider the differential equations

dx

E - f(t9 x)s (1)
dy _

g g1, y), 2

where f: R" xH — H and g: R* xH — H are operators satisfying the conditions

f(t,0)=0, g(1,0) =0 Vte R™ and all conditions of global theorem of existence and
uniqueness of solution (see [1, p. 187 — 189]).

Definition 1 [2- 4]. Differential equations (1) and (2) are said to be
asymptotically equivalent if there exists a bijection between a set of solutions {x(t)}
of (1) and the one of {y(t)} of (2) such that

ti“l”"(’) - y®| = 0.

Let {¢;}]" be a basis of the separable Hilbert space H and let x = Zzlxiei be

an element of H. Then the operator P,: H— H defined as

n

is a projection on H. We introduce the notation H, = ImP,,.
Suppose that J = {n,n,, ..., n;, ...} is a strictly increasing sequence of natural

numbers (nj — oo as j — +oo). Together with system (1), (2), we consider the
following systems of differential equations:

d
?f = P,f(i, P,x),
3)
(I-P,x=0, mel,
d
2~ Pt Py,
dt
)

(I-P,)y =0, mel.
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The stability of the solutions of differential equations (1) (or (2)) with the right-hand
side satisfying the conditions

[, Pyx)= P, f Py,x), &)
8(t, Pyx) = P, g(t, Py x) (6)

(VteR* VmelJ VxeH)

was already studied in [5, 6]. In the present paper, we give some new definitions of
asymptotical equivalence for these classes of differential equations and the
corresponding results.

Definition 2. Differential equations (1) and (2) are called asymptotically
equivalent by part with respect to the set J (or J-asymptotically equivalent) if
systems (3) and (4) are asymptotically equivalent for all m € J.

Since (5) we have the following lemma.

Lemma 1. For any solution x(t) = x(t,ty, P,xy), xog € H, of differential
equation (1) the following relation:

.x(t, to, meo) = me(t, t(), meO)
will be held for all te R*, me J, xy€ H.
Proof. For given m € J, let us consider the differential equation
d
X~ fe,Pu), ueH teR".
dt
For &, e P, H, the solution u(r) = x(t, ty, &) of (7) is also a solution of the equation

(N

t
u(t) = & + | f(3, Bu(t) dr. (8)
)

By virtue of (5) and the equation P, &, = §;, we have

P,Eo + By [ F(x, Byu(v) de

fo

u(r)

or

u(t)

t
P& + [ f(r. Pu(v) dry.
0
Hence,
u(t) = P,u(t) VteR".

Consequently, we can rewrite (8) as follows:

t
u(t) = & + [ f(t,u(v) dr.
)
This shows that u(t) = x(t, ty, &) is a solution of (1), too.
Denoting by x(7) = x(t, ty, &) the solution of differential equation (1) satisfying
the condition x(#,) = &;, by uniqueness of solution, we have
x(1) = u(t).
Hence, for x, € H, any solution x(t) = x(t,ty, P,,xo), m € J, of differential
equation (1) will satisfy the relation
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x(t, ty, P,y xo) = P,x(t ty, P,yxy) (Vie RY).

The lemma is proved.

Remark 1. By virtue of Lemma 1, we can see that if conditions (5) and (6) are
satisfied, then all solutions of equations (3), (4) are solutions of equations (1), (2),
respectively. Therefore, from the asymptotical equivalence of system (1), (2), we can
deduce their J-asymptotical equivalent.

Now we consider the following linear differential equations:

dx

— = Ax, 9
7 )

D14+ By, (10)
dt

where Ae L(H), B(t)e L(H) Vte [0,) and

[1B@dt < . (11
0
We assume that conditions (5), (6) are satisfied for these equations, that is
(A-P,A)P,x =0, (12)
(B(t) — P,y BO)P,x = 0 (13)

VmelJ VxeH.

Together with (9), (10), we consider also the sequences of truncated differential
equations

@ = AP, x,
dt
(14)
(I-P,)x=0, mel,
dy
— = [A + B(®)|P,y,
0 [ (O]B,y
(15)

(I-P,)y =0 mel.
We denote by X,,(¢) the Cauchy operator of (14) satisfying X, (0) = E,, and by
Y, (t) the Cauchy operator of (15) satisfying Y, () = E,,, where E, is a unit
operator in H,,,.

Lemma 2. [f all solutions of equation (14) are bounded, then:
1. The Cauchy operator X,,(t) of (14) can be written in the form:

Xm(t) = Um(t) + Vm(t)’

where U, (t) and V,@t): H, > H
b,,. c,, satisfying

ms SO that there exist positive constants a,, ,
U, @) < a,e" VieR", (16)
|V,®D| £ ¢, VteR. (17

2. The operators F,,: H— H defined by

B = [ Viltg=DBOY, (DR dT, &€ H,

are bounded and moreover the following inequality is valid:
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|Full < o, <1, 152 A>0.

ml
Proof. Using condition (12), we can write the Cauchy operator of (14) in the form
X, () = ¢! Since dimImP,, <e and X, (¢) is bounded uniformly in ¢ for

every fixed m, using the same method in [2, p.160], we can prove Conclusion 1 of
Lemma 2.

Denote by Y,,(t) the Cauchy operator of equation (14) satisfying Y,,(t,) = E. We
see that Y, (¢) satisfies the equations

t
Y, () = X,(t=19) + | X,,(t = DBY,, () dv =

To

t
= 5,0 < 1X,¢=1)] + [ [ X, =D B[]0 dr.
)

By virtue of (16), (17), we have

t
1%l < a + a [1BOI|Y, @] dr,
Ty
where a; = 2max(aq,,, c,,).

Due to the Gronwall — Bellman lemma and condition (11), we have

t
| B(v)| dt o p
1Y, < aleJ-’U < alejo I Bl J

Hence, there exists a number K|, independent of 7, so that
| Y, < K, VteR" (18)

Moreover, for any o, < 1, we can find a number A > 0 so that

+oo0
[I1Bodr < 2 Vi > A
c, K

m-tm

To

This implies that

1,0 < [ 1Vutto =D B Y0 dT <

fo

< ¢, K, j [B()|dt £ a, <1 Vig> A
)
The lemma is proved.
Theorem 1. Assume that, for any m € J, the solutions of (14) are bounded.
Then differential equations (9) and (10) are J-asymptotically equivalent.
Proof. Foreach m € J, we put

Q.,x=U+F,)P,x, xeH.
Due to Lemma 2, the inequality || F,,|| < 1 holds for 7, > A. Therefore, the operator
Q,, is invertible.

Denoting Mo = 0,,'&o, & € H,,, me J, we consider the solutions x(1) = x(1,
ty, &) of (14) and y(t) = y(t, £y, M) of (15).
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It is clear that
x(t) = X, — 1)

and

t
(1) = Xt =1 + [ X,,(t = DBO)Y(D) dr.

To

By analogy with Lemma 2, since H,, is a finite dimensional subspace of H and
X,,(t) is bounded uniformly in ¢ for every fixed m, by using the same method in [2,
p- 160], we can prove that

X,(t—-1) = U,(t-1ty) + V,(t-1),
Vaut—1) =X, (t—19)V,(tg—T).

From the definition of Q,, we have

m>

& = QMo = My + [ Vu(tg — DBDY, (1M, dr.

Ty

Hence,

x() = X,,(t—t9)Ng + X,,,(t—1y) j V. (to —B(V)Y,(T)ng dt =

To

= X, (t—1ty)n + I V,,(t = DB(1)Y,,(T)ng dt.
Iy

Consequently,

[y() — x(0)] =

oo t
= —j vV, (t—T)B(T)Y, (DN, dt + j X, (t-1DBOy() dt|

) Ty

& |y - x| =

oo t
& | - [ Vut-0BOY,(0mg dr + [ U, (- DBOYT) dT +

Iy fo

t
+ [ V,t-0By® di

fo

Since y(t) = Y,,(t)ng, we have
Iy(®) = x(@®| =

~ [V, a-vBOY® dt + [ U, (-DBOY(T) dT +

) Iy
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t
+ [Vut-0Ba)y(@ dt|

fo

e |y - x| =

= t
- [V, t-vBOyM dt + [ U, - 1)BOyT) di

t to

Using (16) —(18) and taking into account y(t) = Y, (¢)n,, we have

t oo
1) = x|l < a,Kuno [ e P B)|dt + ¢, K, [ Bo) | de

I t

or

1 oo
Iy = x| < My [P B@)|dt + M, [[|B)dT Vi1,

f t

where

Ml = ame”nOH’ M2 = Cme||110||~

Then, for every positive number € > 0, there exists a sufficiently large number ¢
and t > 2¢; such that the following inequalities are valid:

12 _but e
—b,, (t-7) 2
e B(t)||dt £ e B(t)|dt < —,
| | B Jigolas < o7

1ty t

t oo
€ €

B(t)|dt < —, B(t)||dt < —.

[IB@ldr < 2o J Mlde < o

t/2

Hence,
112 '
Iy() = x| < M| [ e O By dr + [ VB dr | +
t /2
7 e & €
+ M B(D|dt < =+ -+ = = &.
2{ @t < S+ 2+ 2
This means that
lim || y(r) = x(0)|| = 0.
t—o0

By the uniqueness of solutions of differential equations (14) and (15), the map Q,, is
bijective between two sets of solutions of equations (14) and (15).

The theorem is proved.

Lemma 3. If all solutions of the differential equations (9) are bounded, then:

1) there exists a positive number A = A(Q) such that

||Fm|| Sa<l V{g2A Vmel,;

2) {F,} and {Q,,} are convergent sequences of operators as m — .
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Proof. Due to the boundedness of all solutions of (9), there is a number ; > 0
such that the Cauchy operator X(¢) of (9) satisfies the relation

| X(H|| < B, VieR".

If we denote by Y(r) the Cauchy operator of (10) satisfying Y(#,) = E, we see
that Y(7) satisfies the equation

t
Y(t) = X(t—1,) + j X(t-)B(D)Y(1) dT =

Iy

t
= YO < [ Xt-1)]| + [IXG-0 B YD) dr =

)

t
= Y0 < By + By [ IB@II Y@ dr.
)
Due to the Gronwall — Bellman lemma and condition (11), there exists a number {3,
independent of 7, and of m such that

| YO < B, VieR"
Consequently,
1%, O < Bi. ||Yu®] < B, VieR" Vmel.

On the other hand, for any 0 < o0 < 1, we can find a number A = A(a) > 0
such that

[IBO)dt < 5 < 400 Vi 2 A
)

BiB2

Analogously, as in the proof of Lemma 2, we have

1,0 < [Vt = DI BO Y, (0] dr <

fo

< BB, MB(T)HdT Sa<l Vmel Vi2A
fo
By definition,
+oo
EE = [V, (-1 BOY(T)B,E dr.
0
From (12) and (13) we can show that forall m,m+pe J, p > 0,
X p(t—10)PE = X, (t—10)P, & VEe H,
Yip(OPE = Y (OB,E VEe H.
Hence,
Foipbu& = F,B,& Ymm+peld, p>0.

We now prove the convergence of {F, }. In fact, for all m,m +pe J, p > 0, we
have
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[ = ol = [ o = | = [Py = Bad + By = F)B | =
= BB = B | < [ B [ B = B}

By definition, lim,,_,. P, = I. Hence, by the boundedness of F, , the above
yields that {F,,} is a Cauchy sequence, so {F,} is convergent. This implies the
convergence of {Q,,}.

Theorem 2. If all solutions of the differential equation (9) are bounded, then
equations (9) and (10) are asymptotically equivalent.
Proof. By virtue of Lemma 3, we can put

F=1mZF, ad Q= limQ,.

m-—eo m-—oo

Hence, Q = I+F. Since ||F,||[<a <1 VmelJ Vi > A, wehave

|F|| < o<1 Vig2A

Therefore, Q: H — H is an invertible operator.
By uniqueness of solutions of equations (9) and (10), we deduce that the map Q is

also bijective between two sets of solutions {x(¢#)} of (9) and {y(¢)} of (10).
Let yg = Q_]xo and x(t) = X(t—ty)xg, y(t) = Y(t)yy. Since
lim Pmyo = yo, lim meo = Qyo = .XO,
m-—eo m—>oo

we can deduce that, for any arbitrarily given, € < O there exists sufficiently large
my € J such that, for all m = m;, we have

k]

€
|yt 19, o) = ¥(t: 10, Bpyyo) || < 3

£
[ x(t; 195 yo) = x(t: 19, Qyo) || < 3

forall ¢ = 1,.

By virtue of Theorem 1 and boundedness of all solutions of (9), we deduce that
differential equations (9) and (10) are J-asymptotically equivalent. Consequently,
there exists T € (#y, o) such that, for all ¢ = 7,

Hx(t; to> O, Yo) — ¥(&; fo’Pml)’o)H < 2,
where #, is choosen sufficiently large such that
|Ful| o<1 Vmel.
Therefore,
Iy 10. yo) — x(t: 19, x0)|| <
= H)’(E f> Yo) — y(t;to’Pm]yO)H + H)’(l;fo’Pm]yo) - X(t;fo’Qm]J’o)H +

+ ||t 1. @y y0) = (110, x0) | <

S -+-+-=¢ Vtzn,.

w|m
wlm
wlm

This implies that
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lim | x(t; g, x0) = Yt 1, ¥9)|| = 0.
=00

The theorem is proved.

By virtue of Lemma 1, we can immediately obtain the following corollaries:

Corollary 1. Assume that all solutions of the differential equation (9) are
bounded. Then the differential equations (9) and (10) are asymptotically equivalent
if and only if they are J-asymptotically equivalent.

Corollary 2. If all solutions of differential equations (14) are uniformly bounded
for all m € J, then differential equations (9) and (10) are asymptotically
equivalent.

Remark 2. In the case where the supposition of the boundedness of solutions of
differential equation (9) is not satisfied, by similar way as in [4], we can consider -
asymptotical equivalence. Therefore, it is clear that, by choosing suitable in the Hilbert
space H, we can get the broadeness of the Levisions theorem for linear differential
equation with the operator A on the right-hand side of (9) being compact self-adjoint.
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