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ON AN APPLICATION OF THE LAX - PHILLIPS SCATTERING
APPROACH IN THEORY OF SINGULAR PERTURBATIONS

3ACTOCYBAHHA PO3CIAHHSA JIAKCA - OLJUIITICA
B TEOPII CUHI'YJISAPHUX 35YPEHD

. . n oy o .
For a singular perturbation A = A, + Zi,j:ltlj <\|Ij, > y;, n<eo, of a positive self-adjoint operator A,
with Lebesgue spectrum, the spectral analysis of the corresponding self-adjoint operator realizations Aq
is carried out and the scattering matrix & (Ap.A )(8) is calculated in terms of parameters 7, under some
0

additional restrictions on singular elements y ; that provides the possibility of application of the Lax —

Phillips approach in the scattering theory.
n
[ cuHryispHOTO 30ypeHHs A = Aj + Zi j:ltii <\|1 o > y;, n <oo, [OJATHOrO CAMOCHPSAKEHOTO
onepatopa A, i3 cnekTpom JleGera NpoBeaeHo CNEeKTPasIbHUIA aHA/TI3 BiIMOBIHUX CAMOCTIPSIKEHUX
peanizauiit Ap. Kpim Toro, o6umcieHo MaTpHIIO PO3CiAHH s ‘S( A A )(5) uepes mapameTpu f; NpH
T>70
[eAKHX TO[ATKOBUX OOMEXKEHHSAX HA CHHIY IAPHI e/IeMeHTH ;. Ofiep2Kani pesyIbTaTH 03BOJIAIOTh

3acTocoByBaTH cxemy Jlakca — Qistinca B Teopii po3cisHHA.

1. Statement of the problem. Let A, be a positive self-adjoint operator acting in a
Hilbert space $ and let

92(4)) € H1(Ay) < H < H_1(A4) < H_5(A)

be the standard scale of Hilbert spaces associated with A, [1]. Precisely, £,(4;) =
=D (4y), H1(Ag) =D (A)?) with the norms [|ul], = ||(4g + )|, k=1,2, and
the conjugated spaces $_;(A;) can be defined as the completions of § with respect
to the norms

lully = (A +D)*u|| Vuesp. )

By (1), the operator (A + 1)71 can be continuously extended to an isometric
mapping (A, +I)_l of ©_,(Ay) onto . Thus, forany yeH_,(A), the element
(Ag + )"y belongsto § and the relation

(ou) = (A9 + D, (Ao + 1) 7y) YV ueHy(4) )

enables one to consider any element Y€ _,(A,) as a linear continuous functional
on 9,(Ay).
Let us fix an orthonormal system {Wj};;] (ne{N,e}) in 9_,(4;) and

consider the formal expression

Ay + X (v =1 ne{N, e} (3)
ij=1
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In what follows we suppose that the linear subspace X of _,(A,) generated by

the basis {\p j} satisfies the condition X 19 = {0} (i.e., elements W, are -

n
j=1
. . . n . .
independent). In this case, the potential V = Zi,j:ltij<wj’ ~>\|Il» is singular; the

symmetric operator

Ay = Aol DlAgm) = fue DAg)|(v;)=0. 1<j<n} @)

om)’
is closed densely defined in $ and the deficiency indices of A sym ar€ equal to n.

Using approaches developed in the theory of singular perturbations [2], we can
associate with the formal expression (3) its self-adjoint operator realization Ay acting
in § (see Theorem 1) and, as a result, to reduce the scattering problem for (3) to the
study of the scattering operator

S(Ar, Ag) = Wy (Aq, Ag) W_(Ay, Ag) o)

for perturbed Ay and unperturbed A, operator realizations of (3), where the wave

operators WJ_,(AB, Ao) are defined as follows:

Wi(ATsAO) = s — lim &7,

t—too

In the case n <eo, operators At and A, are different self-adjoint extensions of
the symmetric operator A sym with finite deficiency indices. On the basis of this fact,

the scattering matrix & (Ar AO)(S) (in other words, the image of the scattering operator

S(At, Ay) in the spectral representation of Aj) was expressed in terms of parameters
of the Krein’s resolvent formula with the use of the stationary approach in the
scattering theory (see [3])".

In the present paper, we apply one of the well-developed nonstationary scattering
approaches (the Lax — Phillips approach) for the study of spectral and scattering
properties of operator realizations Agp of the formal expression (3), where, in general,
the singular perturbation is not assumed to be of finite rank. In particular, for finite
rank singular perturbations, we obtain a representation of the scattering matrix

~

O (4q, AO)(S) directly in terms of parameters #; of the singular potential V.

Of course, in order to employ the Lax — Phillips approach we have to impose some
restrictions on the unperturbed operator A, and singular elements ;. An example
of such restrictions and the spectral analysis of the corresponding operator realizations
of (3) are contained in Section 3. In Section 2, we discuss the problem of realization of
the heuristic expression (3) as a self-adjoint operator in § and present a simple
description of such realizations in terms of parameters #;. The expression of the
scattering matrices ‘@5( Ap, AO)(S) for nonnegative self-adjoint operator realization Ay
of (3) is presented in Section 4. Section 5 contains an application of the obtained
results to the case of one-dimensional Schrodinger operator with symmetric zero-range
potentials.

Let us make a remark about notations. In what follows, any Hilbert space is
assumed to be separable. D(A) and ker A denote the domain and the null-space of a
linear operator A, respectively. A[, means the restriction of A onto a set D.

2. Operator realizations of singular perturbations. To define a self-adjoint
operator realization of (3) in § with a given singular perturbation

* A survey of further development of the stationary scattering approach in the theory of singular
perturbations can be found in [2].
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n

V= Xy v

ij=1

we use an approach suggested initially in [4] (see also [2]) for the case of finite rank
singular perturbations and its generalization to the infinite dimensional case [5]. The
main idea consists in the construction of some regularization

n

Ap = Ay + tij<‘|’§xa'>\|]i’ (6)

i,j=1

*
sym

of (3) that is well defined as an operator from Q)(A ) to 9 _,(Ay). In this case, the

corresponding operator realization Ay of (3) is determined by the formula
Ap = Arlpyy.  D(Ar)= {feD(Aym)| Arf €9} @)

Let us clarify the meaning of components A, and y$* in (6). First of all we
observe that A, is the continuation of A; as a bounded linear operator acting from
O into _,(Ap) and this continuation is determined by the formula

Aof = [(Bo+ D' f - F Ve ®)

Next, the linear functionals wjfx are extensions of the functionals V; onto

Q)(A:ym). Using the well-known relation
D(Aym) = D(Ag) + H . where = ker(Ag,, +1), 9)

we arrive at the conclusion that y; can be extended onto Q)(A:ym) if we know their

values on #.
It follows from (1), (2), and (4) that the vectors

hj = (A0+1)71\|;j, j=1,...,n, (10)

form an orthonormal basis of the Hilbert space #. Hence, \p?x, 1 <j<n, are well-
defined by the formula

M=

(WS 1) = (o) + Do, (11)

1

p

for all elements f=u + zl;zlocphp, ueD(4y), a,eC, from Q)(Ajym) if we
determine the entries

rip = (W (Ao +1)7'w,) = (W)

n
J.p=1

If all y; €H_1(4), then rj, are well defined and R is defined uniquely

(see [2]). In other cases, the most appropriate choice of R has to be determined by
imposing additional requirements related to the nature of a perturbation (see, e.g., [2]).

of a (in general, infinite-dimensional) matrix R = (rjp)
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We recall (see, e.g., [6]) that a matrix X = (xt.'i)?j=1 is called the matrix

decomposition with respect to the basis {hj}r;_ ) of a bounded operator X acting in

H if its entries x;; are defined by the expansions

In what follows we assume that R is already chosen as a matrix decomposition

(with respect to the basis {hl}:l) of a bounded self-adjoint operator R acting in H.
Our aim now is to describe operator realizations At of (3) in terms of parameters
t;; of the singular perturbation V. To do this, the method of boundary triplets (see [7]

L
and references therein) can be used.

We recall that a triplet (#, T}, I}), where T,, I, are linear mappings of
Q)(A:ym) into 4, is called a boundary triplet of A:ym if

(Aymf> 8) = (- Aymg) = (N To8) - (Tof.Tig),  f.2€D(Aym),  (12)

and for any Fy, F €% there exists an element f GD(A:ym) such that T f = Ky,
/= F.
Denote

fof = Pl Tf = By(Agm +1)f. [ €D(Agn) a3

where P, is the orthogonal projector onto H in O and Py, 1is the projector onto

H with respect to the decomposition (9). The triplet (}[ , fo, fl) is an example of the

well-known boundary triplet that is used widely in the Krein — Birman — Vishik
extension theory.
Lemma 1. The triplet (H, T, 1), where

Tf = f“lf + Rfof, If = —fof’ fe@(A:ym)’ (14

forms a boundary triplet of A;ym
Proof. Since (}[ s fo, fl) is a boundary triplet, we get

(A:ymf’ g) - (f’ A:ymg) = (flf’ ng) - (fOf’ 1—A‘lg)‘ 15)

Expressing fi in terms of I; with the use of (14), substituting the obtained

expressions into (15), and taking into account that R is a self-adjoint operator in #,
we establish (12) for T..

l
Let F,, F be arbitrary elements of #. Since, (5-[ , fo» fl) is a boundary triplet,
there exists f ED(A:ym) such that fo f =-F and fl f = K + RF. Comparing

these relations with (14), we get T;)f = Fy, and I)f = K. Thus, (H,T,,I}) isa
boundary triplet.
Lemma 1 is proved.
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Theorem 1. Let the coefficient matrix T = (tl-j):lif1 of the singular perturbation
n . . .. . .
V = Ei,jzltij<w.i’ ~>\|Ii in (3) be a matrix decomposition (with respect to the basis

{hj}:l) of a bounded self-adjoint operator T acting in H, then the corresponding
self-adjoint operator realization Ay of (3) is defined as follows:

Atlpagy D (A7) = {f eD(Ay)| TTof =Tif}. (16)

Proof. Representing feQ)(A:ym) in the form f=u + Zizlocihi, where
ueD(Ay), heH , a,eC and employing (2), (10), (11), (13), (14), we get

TTof = T(L+RG)f = ¥ t5((wpu)+oyn,)h = X (w5 £)
iojop=1 i.j=1

and If = —Z?zlocihi. Using these relations and taking (6), (8), and (10) into
account, we obtain

Ayf = Agu — 20(,-/1,» + z fij<\|/§x, f>\lfi + zo‘i“’i =
i=1

i=1 ij=1

= Anf + [(Ao+ 1] (TT, - Ty f (17)

_171-1
Since [(AO +1) 1] maps A onto the subspace X of $_,(A;) generated by
the basis {y j};’,z . and such that X 7 = {0}, equalities (7) and (18) imply that

fe€D(A) ifandonly if TTf — I} f =0. Therefore, the operator realization Ap of
(3) is determined by (16). The self-adjointness of Ay follows from the fact that T is
self-adjoint and the general properties of boundary triplets [7].

Theorem 1 is proved.

Remark 1. For the case of finite rank singular perturbations, Lemma 1 and
Theorem 1 were proved in [8].

3. A sufficient condition of the applicability of the Lax — Phillips approach and
spectral analysis of Ap. In what follows we suppose that the unperturbed operator
Ay in (3) has absolutely continuous spectrum on R, = [0,e) with the same

multiplicity m < oo at each pointof R, (i.e., the spectrum ©(A,) is Lebesgue and
6(Ay) = R,). This condition is equivalent (see [9]) to the existence of a simple
maximal symmetric operator B in  such that A, is a self-adjoint extension of

the symmetric operator B* and

I© Vuen(ay. (18)

(Agu, u) = HBu
(Note that the non-zero deficiency index of B coincides with m and B isa densely

defined symmetric operator with deficiency indices m.)
We also suppose that the symmetric operator A, defined by (4) coincides with

B? (if n=m) or ASym is a symmetric extension of B? Gf n<m).
It should be noted that such a situation is typical for Schrodinger operators with
point interactions and for cases where singular elements y; in (3) possess the
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homogeneity property with respect to the scaling transformations in LZ(RP ) (see,
e.g., [10, 11]).

It has been established in [10, 12] that the restrictions imposed above on A, and
Ay are sufficient for the applicability of the well-developed methods of the Lax —
Phillips scattering approach to the spectral analysis of Ay.

Note also that the case n < m can be reduced to the case n=m by the supplement

of elements ; of the basis {\|I j};_nzﬁ | of ker(B>k2 + I) © H with zero entries b;;

in (3). Thus, in what follows, without loss of generality, we suppose that n = m and,
hence, Ay, = B® and H = ker(B*2 + I).
Assume that —1 € p(Ay) and denote

Co= (Ag+ D™ = (BB+1). Cp = (Ap+D)' = (A4 + D7 (19

Since Ay, B*B, and At are self-adjoint extensions of B2, the operators
and Cy are self-adjoint in the Hilbert space #. Moreover, taking (18) into account
and using Lemma 3.5 in [12] (Chapter 4), we get that the spectrum o(Cy) of C, is a
pure point (i.e., 6(Cy) = 6,(Cy)) and it may consists of only points 0 and 1 /2.

Theorem 2. For any self-adjoint operator realization Ayp of (3) defined by (7)
the following statements are true:

L. The point spectrum Gy(Ay) has empty intersection with R .

2. If Ay is nonnegative, then the wave operators W,(Ay, Ay) exist and are
unitary operators in .

3. For the case of finite rank singular perturbations (n < o), Ay is non-
negative if and only if ker(I + RT) = {0} and

1

0< Cy-TU+RT)" < o1

Proof. Statement 1 follows from Corollary 3.3 in [12] (Chapter 4) and statement 2
is a particular case of Proposition 2 in [10].
Let us prove statement 3. Recalling the well-known result [13] on extremal

properties of the Friedrichs B'B and Krein — von Neumann BB" extensions of B>,
we arrive at the conclusion that Ay is nonnegative if and only if —1€ p(Ay) and
(BB+1)" < (Ap+D7" < (BB +1) .
Using (19), we rewrite this relation as follows:
0< Cr+ G < Cy= (BB + 1)_1 - (B'B+ 1)_1
It follows from Lemma 3.5 in [12] (Chapter 4) that Cy = %I . Hence,

1 (20)

Ar20 & —-lep(Ay) and 0 < Cp + Gy 5

IN

Let us show that conditions —1ep(Ayp) and ker(/ + RT) = {0} are equivalent.
Since Ay is a finite rank self-adjoint extension of A ,, condition -le€ o(Ap) is

equivalent to the existence of an element f €D (Ap) (1 H . By virtue of (13), fo f#
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#0 and flf =0. Using (14) and (16), it is easy to establish that the existence of such
f means that fo f € ker(I+TR) and, hence, ker(/+ RT) also is a nontrivial
subspace of §. Thus, —1ep(Ay) < ker(I + RT) = {0}.

To calculate Cyp in (20), we observe that condition —1€ p(Ay) is equivalent (see,
e.g., [7]) to the presentation of D (Ay) in the form

D(Ap) = {f €D (Ayn)| Gl f =Tof}.
Comparing this relation with (16) and taking Lemma 1 into account, we get Cp =

= —T(I+RT)_1. Substituting the obtained expression into (20), we establish
statement 3.

Theorem 2 is proved.

Remark 2. Another description of nonnegative self-adjoint extensions of a
nonnegative symmetric operator has been obtained recently in [14].

4. Scattering matrices. Since A, has a Lebesgue spectrum on R, there exists

an isometric mapping : 9 = Ly(R,, N) (N is an auxiliary Hilbert space and its
dimension is equal to the multiplicity m of ©(A;)) such that

(BAu)®) = Z(Bu)B), >0, YueD(A).

The mapping % determines a modified spectral representation of the unperturbed
operator A, in which the action of A, corresponds to the multiplication by 8 in
L,(R,, N). This representation is determined uniquely up to isometrics of N. Since

the dimensionalities of N and # coincide and are equal to m, without loss of

generality, we can choose N = 4.
Let us consider a nonnegative operator realization Ay of (3) defined by (16). By

Theorem 2, the wave operators Wy (Ag, 4;) are complete and the image

~ L -1
Z(Ap.4g) T %S(AT’AO)%
of the scattering operator S( Ap, Ag) is a unitary operator in the modified spectral
representation L,(R,,# ).
Denote Jy = Rerc, = Ber(cy-112)> where P, is the orthogonal projector onto
M in H and C, is defined by (19). It has been proved [10] that the operator
@( Aps Ag) coincides with an operator of multiplication by the boundary value®

& (Ar AO)(S) of the contraction operator-valued function

S a4y = I I=20-iMCI-20+iMCT, LeC, 1)

(here C= (Ap+1)"' - (B*B + I)_l) analytic in the upper half-plane.

In the case of finite rank singular perturbations (7 < o), Theorem 2 yields that C =
=Cy-TU+ RT)_I. Thus, formula (21) provides a representation of the analytic
continuation of the scattering matrix @( A, AO)(S) in terms of coefficients L of the

singular perturbation. This formula becomes especially simple if A, coincides with

the Friedrichs B'B or with the Krein — von Neumann BB~ extensions of Aym- In

*
In the sense of strong convergence.
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particular, if Aj = B*B, then J A = I, Cy =0 and, after simple transformations, we
get

S, ) = I+ R+20—iMDT|I+(R+20+iMDT]T, reC,.
(AT,B B) +

Similarly, if Ay = BB', then J, =-I, Cy=1I/2 and

@(AT s = A + AR +2(1—iM) D) TI[iM + (AR =2 +iM D T] .

5. One-dimensional Schrodinger operator with symmetric zero-range
potentials. A one-dimensional Schrodinger operator corresponding to a general zero-
range symmetric potential at the point x =0 can be given by the expression

Ay + a{d,-)0 + b{(d,)0 + ¢{8,-)8 + d(¥,)¥, (22)

2
where Ay = —dd—z (Q)(AO) = sz(R)) actsin § = L,(R), &” is the derivative of the
X
Dirac d-function (with support at 0), the parameters a, d are real, and b= —c.
In this case, the singular elements , =28 and \, = 28" form an orthonormal

system in 9 _,(Ay) = Wz_2(]R) and the functions

er, x>0,

(Ao + D)7y = By(x) =
e, x <0,

. -, x>0,
(Ag+1) "y = hy(x) =
e, x <0,
. d?

form an orthonormal basis of # = ker(A:ym + I), where Ay, = Q)(A:ym) =

Cdx
d2

= W5 2(R\{0})) and A, = = D(Aym) = { u(x) € WE(R) | u(0) = u'(0) =0},
X

ym)

Representing (22) in the form (3), we get
PN
— o+ 2 v v, (23)

where coefficients #; = %, Hy = %, Iy = %, Iy =% form the Hermitian matrix T =

2
= {tij }i, j=1
To obtain the regularization Ay of (23) it suffices to extend the distributions &

and 8" onto sz(R\{O}). The most reasonable way (based on preserving of initial

homogeneity of & and 8" with respect to scaling transformations, see, for details, [2])
leads to the following definition:

<66x’f> = w, <5éx’ f> — _w (24)

forall f(x)e WZZ(R\{O}). In this case, applying Theorem 1, we immediately obtain
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the following description of self-adjoint operator realizations Ay of (23) that has been
42

obtained for the first time in [15]: Ap = _ﬁ lp (Ag)’

a b
D(Ay) = {f(0) e WS (R\OY) | TTof =Tyf}, T = i(b d} (25)
where
( f(0) + f(-0) J 1 {f ‘+0) - f '(—0)j
rof = N F = - .
—f'(+0) = f'(=0) 2\ f+0) ~ f(=0)
Let us consider the following simple maximal symmetric operator B in the space
L,(R):
B = i(signx)i, D(B) = {u(x) e Wy (R\{0}) |u(~0) = u(+0) = 0}.
dx

It is easy to verify that A, satisfies (18) and A, = B? for such a choice of B.
Thus, we can apply the Lax — Phillips scattering approach to the investigation of

2 0
operator realizations of (22). In our case, R = ( J and the matrix

0o -2
decomposition C (with respect to the basis {hi(x)}izzl) of the operator C,, defined
L
by (19) has the form Cj, = | 2 . Using Theorem 2, it is easy to prove the
0 O

following statement.
Proposition 1. A self-adjoint operator realizations At of (23) is nonnegative if

andonlyif p:=|bP —ad+ 2(a—d) +4#0 and

| (4-2d —2b 1 0
0< =| _ < .
p\ 2b  p-4-2a 0 1

In this case the spectrum ©(Ay) is Lebesgue and it coincides with [0,). In the
opposite case, Ay possesses at least one negative eigenvalue.
By virtue of the definition of C;, the matrix decomposition J, —of J has the

-1 0

form J A = ( ) Taking this fact into account and going over to the matrix
0 1

decomposition in (21), we get that the matrix decomposition of the analytic
continuation ‘6( Ay AO)(k) of the scattering matrix into the upper half-plane has the
form

S(AT’ Ao)(}\') =

[—p+(1—ix)a“ 1—-i\)oy, J[p—aﬂx)a“ —(1+i\)oy, ]-1
—(1=i))oy, p—(1=il)oy,

—(1+l.7\,)(x21 p—(l+i7u)0£22
where o, =4 —2d, 0y =—2b, Oy = —2b, Oy, =p—4—2a.
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