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STABYLYZACYQ ZA KONEÇNOE VREMQ 

V ZADAÇAX SO SVOBODNOJ HRANYCEJ 

DLQ NELYNEJNÁX URAVNENYJ 

V SREDAX S FRAKTAL|NOJ HEOMETRYEJ

By using the method of a priori estimates, we establish differential inequalities for energetic norms

in  W r2
1
,   of solutions of problems with a free bound in media with the fractal geometry for one-dimen-

sional evolutionary equation.  On the basis of these inequalities, we obtain estimates for the stabilization
time  T. 

Metodom apriornyx ocinok vstanovleno dyferencial\ni nerivnosti dlq enerhetyçnyx norm v

W r2
1
,   rozv’qzkiv zadaç iz vil\nymy meΩamy v seredovywi z fraktal\nog heometri[g dlq

odnovymirnoho evolgcijnoho rivnqnnq i na ]x osnovi otrymano ocinky dlq çasu stabilizaci]  T. 

V poslednye hod¥ dlq opysanyq struktur¥ neuporqdoçenn¥x sred y protekag-

wyx v nyx processov ßyroko yspol\zuetsq teoryq fraktalov [1 – 4].  Voznyka-

gwye pry πtom dyfferencyal\n¥e uravnenyq naz¥vagtsq dyfferencyal\n¥-

my uravnenyqmy v sredax s fraktal\noj heometryej [2].  V çastnosty, pry reße-

nyy rqda problem πkolohyy voznykaet neobxodymost\ yssledovanyq πvolgcyon-

n¥x zadaç so svobodn¥my hranycamy dlq nelynejn¥x uravnenyj v sredax s

fraktal\noj strukturoj.  V dal\nejßem budem rassmatryvat\ tol\ko odnomer-

n¥e zadaçy, kohda yskomaq funkcyq zavysyt ot odnoj prostranstvennoj pere-

mennoj.  V πtom sluçae dlq opredelenyq funkcyj  u  =  u ( x, t )  y  s  =  s ( t ) ,  t  >  0,
poluçaem sledugwug zadaçu so svobodnoj hranycej dlq odnomernoho πvolgcy-

onnoho uravnenyq: 
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 −( ) ( ) ,     x0  <  x  <  s ( t ) ,    t  >  0,

u ( x, 0 )  =  u0 ( x ) ,    x0  ≤  x  ≤  s ( 0 ) ,

ψ( )u
u
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  =  γ u,      x  =  x0 ,    t  ≥  0, (1)

u  =  0,    ψ( )u
u
x

∂
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  =  0,      x  =  s ( t ) ,    t  ≥  0,

hde  α  = 0, 1, 2  sootvetstvenno pry ploskoj, cylyndryçeskoj y sferyçeskoj

symmetryy;  x0  =  0  pry  0 ≤ α < 1  y otlyçno ot nulq pry  1 ≤ α < 2,  s  ( t ) — mo-

notonno nevozrastagwaq neprer¥vno dyfferencyruemaq funkcyq;  s ′ ( t ) ≤ 0,
s ( 0 ) = b > 0.  V rabote predpolahaetsq suwestvovanye neotrycatel\noho reße-

nyq zadaçy (1).  Tol\ko pry πtyx uslovyqx budet poluçena ocenka dlq vremeny

stabylyzacyy. 

Predstavlqet ynteres πvolgcyq prostranstvenno lokalyzovannoho naçal\-

noho raspredelenyq  u ( x, 0 )  =  u0 ( x ) .  V kaçestve  u0 ( x ) moΩet b¥t\ prynqto toç-

noe reßenye sootvetstvugwej (1) stacyonarnoj zadaçy dlq  ψ  ( u )  =  u  
σ

 ,  f ( u )  =
=  u 

β
 ,  σ  ≥  0,  0  ≤  β  <  1  [5]. 
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1.  Sluçaj slaboho v¥roΩdenyq.  PoloΩym v uravnenyy (1) 

ψ ( u )  =  u 
σ

 ,    0  ≤  α  <  1,      γ  =  0.
Tohda poluçym zadaçu 
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 − ( ),     0  <  x  <  s ( t ) ,    t  >  0 , (2)

u ( x, 0 )  =  u0 ( x ) ,      0  ≤  x  ≤  s ( 0 ) , (3)

u
u
x x
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  =  0,    t  ≥  0, (4)
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σ ∂
∂

  =  0,      x  =  s ( t ) ,    t  ≥  0. (5)

UmnoΩym dyfferencyal\noe uravnenye (2) skalqrno na  x u t
α σ( )1+

 : 

( ) ( ) ( ), ( ) ( ) , ( ) ( ), ( )u x u x u u u f u x ut t x x t t
α σ α σ σ α σ1 1 1+ + +− +   =  0 (6)

y preobrazuem yntehral¥, vxodqwye v toΩdestvo (6).  Dlq pervoho yntehrala

poluçaem 

( ), ( )u x ut t
α σ1+   =  ( ) / /1 2 2

0

2
+ σ α σx u ut , (7)

hde  u 0
2  =   (  u, u  ) ,  (  u, ϑ  ) t  =   u dx

s t
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0

( )

∫ .  V dal\nejßem v oboznaçenyy ska-

lqrnoho proyzvedenyq  t  budem opuskat\.  Yntehryruq po çastqm s uçetom hra-

nyçn¥x uslovyj (4), (5) y predpolahaq, çto  s ′ ( t )  =  O  ( 1 ) ,  t  ≥  0,  vtoroj ynteh-

ral preobrazuem k vydu 
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Podstavlqq (7), (8) v toΩdestvo (6), poluçaem           
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Yspol\zuq dyfferencyal\noe uravnenye (2), pryvodym summu perv¥x dvux

slahaem¥x yz toΩdestva (9) k vydu 
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Podstavlqq (10) v toΩdestvo (9), posle yntehryrovanyq po çastqm v poslednem

yntehrale naxodym 
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hde  g ( u )  =  ′f uu( ). 
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Ysxodq yz fyzyçeskoho sm¥sla, predpolahaem, çto  f ( u ) — neotrycatel\naq

monotonno vozrastagwaq funkcyq y  f ( 0 )  =  0,  a  g  ( u )  ≥   0 — monotonno ub¥-

vagwaq funkcyq.  Yntehral¥, soderΩawyesq v (11), voobwe hovorq, nesobst-

venn¥e, tak kak v sylu hranyçn¥x uslovyj  x  =  s ( t ) ,  u  =  0,  f ( u )  =  0,  g ( u )  =  ∞ .
Poπtomu pryvedenn¥e rassuΩdenyq spravedlyv¥ v klasse funkcyj, hde ras-

smatryvaem¥e yntehral¥ koneçn¥. 

Yz (11) sleduet neravenstvo 

d
dt

x u x u g u dxx x
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Poskol\ku dlq lgboj neprer¥vno dyfferencyruemoj po  x  na  [ 0, s ( t ) ] ,  t  >  0,
funkcyy  u ( x, t )  ≥  0,  obrawagwejsq v nul\ na hranyce  x  =  s  ( t )  (  u ( s ( t ), t )  =
=  0 ) ,  v¥polnqetsq neravenstvo 
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1.1.  Pust\  σ  =  0.  Tohda 
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otkuda dlq vremeny stabylyzacyy,  t. e. toho znaçenyq  t  =  T ,  pry kotorom

y ( T )  =  0,  poluçaem ocenku 
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1.2.  Pust\  σ  >  0 ,  f ( u )  =  cu 
β,  c  =  const  >  0,  β   >  0 .  Tohda neravenstvo

(12) prynymaet vyd 
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yz (15) naxodym 

dy
dt

c yk+ +2 ( )σ β   ≤  0,      k  =  
1 2
2 1
+ +

+
β σ

σ( )
. (16)

Yz (16) dlq vremeny stabylyzacyy  T  poluçaem ocenku 
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y
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α /2

0

2
.

2.  Sluçaj syl\noho v¥roΩdenyq.  Rassmotrym zadaçu 
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UmnoΩaq dyfferencyal\noe uravnenye (17) skalqrno na  x u t
α σ( )1+

  y pro-
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Yz neravenstva (22) sohlasno yzloΩennomu v¥ße alhorytmu naxodym ocenku
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