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NORM OF A COMPOSITION OPERATOR FROM THE SPACE
OF CAUCHY TRANSFORMS INTO ZYGMUND-TYPE SPACES

HOPMA OITIEPATOPA KOMIIO3HIIIIi 3 TIPOCTOPY
INEPETBOPEHbD KOLII ¥ IMTPOCTOPHU TUITY 3UT'MYHIA

The problem of evaluation of the norm of a composition operator acting between the spaces of holomorphic functions is
quite difficult. In the Hardy and weighted Bergman spaces, the norm of the composition operator is unknown even for
the choice of a fairly simple symbol. We compute the operator norm of composition operator acting between the space
of Cauchy transforms and Zygmund-type spaces. We also characterize bounded and compact composition operators acting
between these spaces.

[Ipobnema BH3HAUCHHS HOPMH OTIepaTopa KOMIIO3HIIiT, 110 i€ MiX MPOCTOpamMu ToJoMOpGHUX QYHKIIIH, € TyXke CKIaJHOKO.
B npocropax 'apai Ta 3BaxkeHnx npocropax beprmana HopMma orieparopa KOMITO3HIIii € HEBIZIOMOIO HaBITh Y BHIIAJKY, KOJIH
BUOpaHO NOCUTH MPOCTUH CHUMBOJI. MM 3HaXOIMMO ONEpPaTOpPHY HOPMY ONEpaTropa KOMIIO3HMLIi, IO Ji€ MDK MpOCTOpaMu
nepetBopeHb Komri Ta mpoctopamu tumy 3urmyHzaa. KpiM TOro, HaBeIeHO XapaKTEPHCTHKY OOMEKEHHX Ta KOMIAKTHUX
OTIepaTopiB KOMITO3HIIii, 10 AIOTh MK HUMH ITPOCTOPAMH.

1. Introduction. Let D be the open unit disk in the complex plane C, T the unit circle, H (D) the
class of all holomorphic functions on ), H* the space of all bounded holomorphic functions on D
with the norm || f||cc = sup,ep |f(2)], dA(w) the normalized area measure on D (i.e., A(D) = 1)
and M, the space of all complex Borel measures on T. Let
z—w
nz(w):m, Z,UJE]D),

that is, 7, is the involutive automorphism of ID interchanging points z and 0. The space of Cauchy
transforms F is the collection of functions f € H(ID) which admit a representation of the form

flw) = [ 242

1—7w
T
The space F becomes a Banach space under the norm

dp(

)
1—7w

Ifl7 = int mwﬂwz/
T

where ||p|| denotes the total variation of the measure . It is well known that

/1l

1 — |wl

[f (w)| < (1.1)

for every w € D and f € F. For more about these spaces see [2-5, 8—12].
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A strictly positive continuous function v on D is called weight. A weight v is called radial
if v(z) = v(|z|) for all z € D. A weight v is normal if there exist positive numbers 7 and 7,
0<mn<r,and ¢ € [0,1) such that

ﬁ is decreasing on [, 1) and }L)rri (17/_(72)” =0,
s i [6,1) and li v
=7 is increasing on [9, 1) and lim T = 0.

If we say that a function v : D — [0, 0c0) is a normal weight function, then we also assume that it is
radial. It is well known that classical weights o, (w) = (1 — |w|?)®, a > —1 are normal weights.
For a normal weight v, the Zygmund-type class Z, = Z,(D) consists of all f € H(D) such that

bu(f) = 3E%V(w)|f”(w)\ <00

with the norm

1£llz, = [£O)] + [ O)] + bu(f)

the Zygmund-type class becomes a Banach space, called the Zygmund-type space.
The little Zygmund-type space, denoted by Z, 0 = Z,0(ID) is the closed subspace of Z, con-
sisting of all functions f such that

lim v(w)|f"(w)| = 0.

|w|—1

If v(w) = 1 — |w|?, then we get the Zygmund space and the little Zygmund space. To characterize
composition operators, we need an equivalent norm for Z,. The following lemma is possibly a
known result, but we have not managed to find it in the literature, so we give a proof.

Lemma 1. Let v: D — [0,00) be a normal weight function and d\(w) = dA(w)/(1 — |w|?)2.
Then f € Z, if and only if

IF1IZ, = [£(O)F + |f (0)]* + ilelg/ [ (w)?r? (w) (1 — |n:(w)[?)?dA(w) < oo,
D

where the notation A < B means that B < A < B and A < B means that there is some positive
constant C such that A < CB.
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Proof. Let D(2,1/2) = {w € D: |n.(w)| < 1/2}. Then

") = 1" (n:(0)* < 4 / " (n:(w)) P dA(w) =

|z|<1/2

—4 / 1 (w) Pl () P Aw). (1.2)

D(2,1/2)

Using the identity

12121 — (w2
(1 = P (w)] = 1 n.(w)? = ’,1'_) (z—lwyg’ 2

and the fact that v(z) < v(w) for w € D(z,1/2) in (1.2), we have

FORS am [ @R ) PParw).
D(2,1/2)

Thus we obtain

() < sup / 70) 2o () (1 — 2 () [2)2dA(a).

Therefore,
I£1IZ, S 1) +1f(0 +sup/|f” )PP (w) (1 = [n2(w)[*)2dA(w). (1.3)
Again
Slelg/lf”(w)l%Q(w)(l — In=(w)*)?dA\(w) <
<wpaw [T aac) v
- e/ 12w ~oe
D

Thus,

[FOF + 1 (0)f + 225/ | (w)Pr?(w) (1 = s (w)[*)2dA(w) < (I f]1Z,- (1.4)
D

Combining (1.3) and (1.4), we get the desired result.
The compactness of a closed subset L C Z, o can be characterized as follows.
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Lemma 2. A4 closed set L in Z, o is compact if and only if it is bounded with respect to the
norm || - ||z, and satisfies

lim supv(w)|f”(w)| = 0.
lwl—=1 fer

This result for the for little Bloch space with v(w) = (1 — |w|?) was proved by Madigan and
Matheson [13]. The above lemma can be proved by a slight modification in their proof (see also
Lemma 4.4 in [14]).

The composition operator C, induced by ¢ is defined by C,f = fo¢ for f € H(D). Recently,
there has been some interest in computing the exact norm of a composition operator acting between
two holomorphic function spaces. Of course the problem of computing the operator norm of a
composition operator is quite difficult. On Hardy and weighted Bergman spaces, the norm of a
composition operator even for a choice of fairly simple symbol is unknown, see [1, 7]. In this
paper, we compute the operator norm of composition operator acting between Cauchy transforms
and Zygmund spaces. We also characterize bounded and compact composition operators acting
between these spaces, thereby, continuing the line of research in the papers [3, 15]. For more about
composition operators on the space of Cauchy integral transforms, we refer [3, 8, 9, 15].

2. Boundedness and compactness of C,: 7 — Z,,. In this section, we give the operator
norm of composition operator acting from the space of Cauchy transforms F to Zygmund spaces Z,,.

Theorem 1. Let v be a normal weight and p be a holomorphic self-map of D. Then the follo-
wing conditions are equivalent:

(@) Cp: F — 2, is bounded,

), 2 w)
1- fsﬂ(w))z (1 T
" (w)

(b) L :=sup,er SUpP,ep I/(w)‘ (

(¢) M := sup,ersup,, / ‘ 5T
et <P 1 —Tp(w))? (1 - w(w )?
Moreover, if C,: F — 2, is bounded, then

¢'(0)
[Cellz—z, = sup | T==255 | + S0 | T =2 oy -
1 ¢'(0) 1/2
X Sup |[———— | +sup = + M @2
ver l—w(O)’ cet | (1= 7¢(0))?

Folw) = ., zeT. (2.3)

Then || fz||l7 = 1, for each € T (see, e.g., [2, p. 468]). Thus, by the boundedness of C, :
F — Z, we have

| fa(0(0)] + [ £2(0(0))] + sup v(w)[(fz 0 )" ()| = [Cor fallz, < Collr- 2,

weD
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for every x € T. Therefore,

1 '(0
‘ 1 ' N ‘ #'(0) |+
1=zp(0)]  |(1—7p(0))
" (w) 2z (¢ (w))?
—|—sup1/w‘ — + . < |Cyp — Cyllr=z, -
T Tz T 0wy | = 1%~ Wl
Taking supremum over x € T, we see that (b) holds and
1 ¢©'(0)
sup |———| +sup|————= |+ L <||C, - C ” 24
o || | < 16— ol .
Conversely, suppose that (b) holds. Let f € F. Then there is a 4 € M such that ||u|| = || || and
dp(z)
= [ —. 2.5
fw = [ 2 eE)
T
Differentiating (2.5) with respect to w, we get
fw) = [ s duta) 2.6
) (1 —7w)? HAL): '

T

Again differentiating (2.6) with respect to w, we obtain
2(7)?
fw= [ a()?,dmm @7

Replacing w in (2.6) and in (2.7) by ¢(w), multiplying such obtained inequalities, respectively, by
¢"(w) and 2(¢'(w))? and adding the obtained equations, we have

£ (p(w))e" (w) + " (e(w)) (¢ (w))* =

_ Ty (w) 2(7)? (¢ (w))? )
B ’JI‘/ <(1 — Tp(w))? + (1—zp(w))3 >d:U'( )- (2.8)

By using (2.8) and an elementary inequality, we obtain

v(w)|(f 0 ¢)"(w)] = v(w)|f'(p(w)e" (w) + f(p(w))(¢'(w))? <

) 2(z)*(¢' (w))?
/' 1 —Zp(w) 2 T (1 — zp(w))? dlpl(z) <
l/(w) 25(@’(11}))2
: ilell’ﬂ)‘ Zg%y(w)‘ (1 —7Zp(w))? ™ (1 —zp(w))3 T/d‘ﬂ‘(x) <
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"(w) 2z (¢’ (w))?
< sup sup v(w ' — — (2.9)
R T Tl T = mp(w))
Thus, it follows that
" (w) 2z (¢’ (w))?
by (Cypf) < supsup v(w ‘ — + — fll= (2.10)
(el = 5o VWG o)y T - mpwye |
Replacing w in (2.5) by ¢(0) and using an elementary inequality, we get
(Col)(O)] < / | o) <
<anf L f =
z€T
< sup | s 11 @1
zeT
Again, replacing w in (2.6) by ¢(0) and using an elementary inequality, we obtain
¢'(0)
< 5d <sup|——F——— 2.12
(CelY O / o ) <o = 212
Combining (2.10), (2.11) and (2.12), we see that
1 ¢'(0)
C L < sup”—l—sup—i—L )
101z, < s0p| |+ e g+ £} W
Thus, C, : F — Z, is bounded and
¢'(0)
Collrsz, <sup — ‘ + sup — + L. (2.13)
Cellzoz, <o T2 | IR (= o0

Also from (2.6) and (2.13), (2.2) follows.

(b) < (c). Assume that (b) holds. Since v is normal, v(z) < v(w) when w € D(z, (1 —
—12)/2) = {|lw — 2| < (1 — |z])/2}. Also it is known that |1 — zw| =< 1 — |2|?, for w €
€ Q(z, (1 — |z|)/2). Using these facts and the subharmonicity of the function

‘w) 2 (W)

2
‘ (1 =Ze(w))? * (1 —Tp(w))?

Y

we have

2
V2 (w)d, (w) >

/ w) 2 w)

(I =Tp(w))? (1 —Zp(w))3

M = supsup
z€T zeD
Q(z,(1-12[)/2)
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¢"(2) 22(¢(2)) |
> supsup v(z — + — X
i S ) A e
(1— 2%
———dA >
cmp [ Gta >
Q(z2,(1-[2[)/2)
> C'supsup v(z) (w) + 2(¢/(w))* |* = CL? (2.14)
T €T 2eD (1=mp(w))* (1 -=Tp(w))? ' '
Next assume that (¢) holds. Then
2 (1- ’Z‘ 2
M < L*sup dA(w) = L~. (2.15)
zeD 2 |1 —Zw

The asymptotic relation M =< L? follows from (2.14) and (2.15). Moreover, the equivalence of (2.1)
and (2.2) follows.

Corollary 1. Let v be a normal weight, A, is the space of all f € H(D) such that || f]|.4, :=
:= SUp,ep Y(w)|f(w)| < 0o and ¢ be a holomorphic self-map of D. For x € T, let

fo(w) = {¢" (w) /(1 = Tp(w))*} + {22(¢"(0))?/(1 — Tp(w))*} .

Then Cy,: F — Z, is bounded if and only if the family {f,: x € T} is norm bounded in A, .

By (1.1) it is easy to see that the unit ball of F is a normal family of holomorphic functions. A
standard normal family argument then yields the proof of the following lemma (see, e.g., Proposi-
tion 3.11 of [6]).

Lemma 3. Let v be a normal weight and o be a holomorphic self-map of D. Then C,, : F — Z,
is compact if and only if for any sequence { fy, }nen in F with sup,cy || fnll7 < N which converges
to zero on compact subsets of D, we have lim,_, ||Cy frn||z, = 0.

Theorem 2. Let v be a normal weight, ¢ be a holomorphic self-map of D and d\,(w) = {(1—
— [ (w)*)?/(1 — |w|*)?}dA(w) and C,: F — 2, are bounded. Then Cy,: F — Z, is compact if
and only if

r—=1 zeT zE]D)l ) 1- j()O(w))Q (1 - fso(w))ii
w)|>r

1 —(, 2
lim sup sup / ‘( o (w) + 2(p'(w))” V2 (w)d\,(w) = 0. (2.16)

Proof. First suppose that {f;};en is a norm bounded sequence in F and sup; || f;|| < IV and
f; converges to 0 uniformly on compact subsets of D as j — oo. Then by the Weierstrass theorem,
fJ’» and fj’-' also converges to 0 uniformly on compact subsets of D for each j € N. By Lemma 3,
we need to show that ||C,fj]|z, — 0 as j — oco. For each j € N, we can find a v; € M with

[vjll = | f;ll7 such that
fi(w) —/duj(x).

1—7w
T
Then proceeding as in (2.8), we have
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Zo" (w 22(0 (w))2
ﬂ@WMNw+ﬁwwmwmf=/< ¢w) 2@ w))

I —Zp)? | (1 - Tp(w))? >dﬂj(l‘)-

Applying Jensen’s inequality, as well as the norm boundedness of the sequence { f;};jcn, we obtain

| f(p(w))@" (w) + f] (p(w)) (¢ (w))** <

2
sl (2) _
[

70" (w )2(0 (w))?
< H:U'jHQ/’(l _‘i( ) +2( ) (SO( ))
T

ze(w))? (1= Tp(w))?

s (@). 2.17)

z€T zeD

Tp" (w) 2(z)%(¢'(w))?
2ch seb ()/ ‘(1 —Tp(w)?
w(z)|>r

V2 (w)d,(w) < e. (2.18)

Now

IC£i1%, S 1£i( ()1 + |fj (1 (0))[*+

+sup / £ (p(w)) " (w) + £} (p(w)) (' (w))*[Pr? (w)dA (w) +

lp(2)I<r

+sup |5 (e (w))¢" (w) + f7 (p(w)) (¢ (w))*[*v? (w)dA (w). (2.19)
ze
lp(2)[>r
By taking f(z) = z in F and using the fact that C, : F — Z,, is bounded, we have
sup/|<p”(w)|21/2(w)d)\z(w) < 0. (2.20)
z€D
D

Again, by taking f(z) = 22/2 in F and using the fact that C,, : F — Z,, is bounded, we obtain
Sup/ |o(w)" (w) + (' (w))?[Pr*(w)d. (w) < oo (2.21)
z€eD 2

Thus using an elementary inequality, (2.20), (2.21) and the fact that |p(w)| < 1, we get

%/mr“ s <m/w o (w) + (' () P2 (w)dAs (w) +
zEe

zeD
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+Sup/ " (w)|*1? (w)d, (w) < oco. (2.22)
zeD

Using (2.17), (2.18), (2.19), Fubini’s theorem and the fact that |f;(¢(0))[* < &, [f}((0))]* < ¢,
SUD| | <y \f;’(w)\Q <& and Supjy|<, |f]’4’(w)|2 < g, for sufficiently large j, say j > jo, we have

ICfillZ, S 1£5( )1 + F(@(0)* + sup [fiy bup/@” )Pv? (w)d. (w)+

lp(z)|<r z€D

+ sup | £} (ip(w))[* sup / | (w) [ (w)dA (w)+

le(2)|<r Zechp(z)IST
T iz w 2 T 2 / w 212
+/ / '(1—(2;(@2))2 * élif;fw;)é dA;(w)d|p(z)
T |e(z)|>r
<C| 1+ [ dlp;|(z) |e < Ce.
(- [t

Since € > 0 is arbitrary, so by Lemma 3, it follows that C, : F — Z, is compact.
Conversely, suppose that C,, : 7 — Z,, is compact. For each € > 0, using (2.20) and (2.22), we
can choose 7 € (0, 1) such that

sup / " (w) P (w)d\, (w) < e (2.23)
e r

and
sup / | (w)|*1? (w)d (w) < e. (2.24)
e

Let f € Br and fi(w) = f(tw), 0 <t < 1. Then foreach ¢t € (0,1), f; € F and supy;1 || fe]| 7 <
< || f|l=. Moreover, f; — f uniformly on compact subsets of I as ¢ — 1. By the compactness of
Cy: F — Z,, we obtain

%1_{1% ”apft - C<prZu =0.

Hence, for every € > 0, there is a ¢t € (0, 1) such that

/ 2
i‘;g/'ff (w) + 1 (p(w)) (¢ (w))?)—
(o))" (w) + 1" (p(w)) (' (w))) P2 (w)de (w) < e. (2.25)

From the inequalities (2.23), (2.24), and (2.25), we have
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< sup/ |(fi (p(w))¢" (w) + £ (p(w))(¢' (w)?)—
D

z€eD
—(f'((w))¢" (w) + f"(o(w))(¢' (w))?)Pv?(w)dA. (w)+

sup / |fi(p(w))¢" (w) + i (o(w)) (¢ (w))?[*r? (w)dA. (w) <
lp(2)|>r

<eC(1+||f/||2) for some constant C > 0.

Hence, for every f € By, there is a oy € (0,1), dop = do(f,¢€), such that for r € (dp, 1)

sup / ' (p(w))" (w) + " (p(w)) (¢ (w))Pr*(w)dAs (w) < e. (2.26)
1S

lp(2)|>r
From the compactness of C, : 7 — Z,,, we have that for every ¢ > 0 there is a finite collection of
functions fi, fo,..., fi € Br such that for each f € Br, thereisa k € {1,2,...,m} such that

z€eD

Sup/l(f’(so(w))so/’(w) + [ (p(w))(¢' (w)*)—
D

~(fe(p(w))@" (W) + fil (p(w) (¢ (w))*) Pr* (w)dAs(w) < e. (2.27)

On the other hand, from (2.26) it follows that if § := maxi<j<m 0;(fx,€), then, for r € (4,1) and
all k € {1,2,...,m}, we have

Sup / | fe(o(w))e" (w) + fl (p(w)) (¢ (w))*Pr? (w)dA(w) < e. (2.28)
()] >r

From (2.27) and (2.28), we have that for € (J,1) and every f € By, there is a constant C' > 0
such that

sup / [/ (o(w)) " (w) + f" (o(w)) (¢ (w))*[Pr?(w)dX. (w) < £C. (2.29)
lp(2)[>r

Applying (2.29) to the family of functions f,(w) = 1/(1 — Tw), = € T, we obtain

) |, 2 w)? |

sup su
e / ‘(1—3390(10))2 (1 — zp(w))?
lo(2)[>r

v (w)d\, (w) < eC.

Since € > 0 is arbitrary, (2.16) follows.
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Corollary2. Let v be a normal weight, ¢ be a holomorphic self-map of D and Cy,: F — 2,
are bounded. If

=0, (2.30)

limsup sup v(w)

L,
=L 2eT |p(w)|>r

(1 =zp(w))? (1 —zp(w))?

then Cy,: F — 2, is compact.
Proof. Suppose that (2.30) holds. Then

olw) . 22( (w)”

sup sup — —
2€T zeD / ‘ (I=Zp(w))?  (1-—zp(w))?
lo(w)[>r

" —(, A 2
S [ . )
2€T |p(w)|>r (1-

2
sup / A\, (w) <

o) T (1 mpw)?|
lo(w)|>r
| W) 2@ PR
Ssup owp v )‘(1—:vs0(w))2+(1—w(w))3 pﬂ)/ T zwt 440 <

Pw) |, 2 w)?
= ap(w)? ' (T - Zp(w)?

> 2
Taking limit as » — 1, by Theorem 2, we see that C,, : /' — Z,, is compact.

3. Boundedness and compactness of C,: F — Z, 0. In this section, we characterize the
boundedness and compactness of C, : F — Z, .

Theorem 3. Let v be a normal weight and ¢ be a holomorphic self-map of D. Then C, :
F — 2, is bounded if and only if C,: F — 2, is bounded and

| Sw) 2 (w)?
A O T Fotw))? T 1= zp(w)?

<<sup sup V(w)'
vel fp(w)>r | (

=0 3.1)

for every x € T.
Proof. First suppose that C,: F — 2, is bounded. Then it is obvious that C,: F — 2, is
bounded. Once again consider the family of test functions in (2.3). Then || f;||z = 1 and

k " " / 2 f@"(w) 2(5)2(30/(1”))2
FE ()" (@) + FLlp @)@ @) = G2+ 1 —mse)

Thus, by the boundedness of C,, : F — 2,9, we have C f, € Z, o for every x € T and so

| Sw) | 28 w))?
O TS0t T @ mpw)?

=0

for every x € T.
Conversely, suppose that Cy,: F — Z, is bounded and (3.1) hold. By (3.1), the integrand in
(2.9) tends to zero for every x € T, as |z| — 1, and is dominated by M, where M is as in (b)
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of Theorem 1. Thus by the Lebesgue convergence theorem, the integral in (2.9) tends to zero as
|w| — 1, implying

lim v(w)|(Cyf)"(2)] = 0.

|w|—1
Hence, for every f € F, we have that C,f € Z, o, from which the boundedness of C, : F — Z, ¢
follows.

Theorem 4. Let v be a normal weight and ¢ be a holomorphic self-map of D. Then C,:

F — Z,0 is compact if and only if

| Sw) | 2 w))?
A, S| Tt T T - mp(w)?

= 0. (3.2)

Proof. By Lemma 2, a closed set IV in Z, o is compact if and only if it is bounded and satisfies

lim sup v(w)|f"(w)| = 0.
lw|—=1 feE

Thus, the set {C,f: f € F, | f||7 < 1} has compact closure in Z, if and only if

lim sup {v(w)|(C,f)" (w)|: f € F,|Ifllr <1} =0. (3.3)

|w|—1

Let f € By, then there is a 1 € 91 such that ||u|| = || f]| = and

f(2) = / dp(z)

1—72
T

Thus, we easily get that for each f € Br

" " (w) 27 (¢ (w))?
R T/V(w)' (I =Zpw))*  (1—Zp(w))? dlp|(z) <
" (w (0 (w))2
< lllsupo )| - E) o o PP o
z€T

1=Zp(w))? (1 -Tp(w))?

< supv(w)
zeT

o 2 (w))? o

(1=mp(w))* (1 —Tp(w))*|
Using (3.2) in (3.4), we get (3.3). Hence C,: F — Z, ¢ is compact. Conversely, suppose that

Cyp: F — Z, is compact. Taking the test functions in (2.3), we can easily obtain that (3.2) follows
from (3.3).
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