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ON THE PROPER POSEDNESS
OF TWO-POINT BOUNDARY-VALUE PROBLEM
FOR SYSTEM WITH PSEUDODIFFERENTIAL OPERATORS

IIPO KOPEKTHICTbH IBOTOYKOBOI KPAMOBOI 3AIAYI
IJISI CUCTEM I3 IICEBJOIU®EPEHIIIA JTbHUMU
OIIEPATOPAMH

The question on the proper posedness of boundary-value problem with nonlocal condition for a system
of pseudodifferential equations of an arbitrary order is investigated. The equation and the boundary
conditions contain the pseudodifferential operators which symbols are defined and continuous in some

domain H c R;”. The criterion of the existence, uniqueness of solutions and of the continuously
dependence of the solution on the boundary function is established.

Po3ryisiHyTO mMUTaHHS NMPO KOPEKTHICTh KPaioBOI 3ajadi 3 HEJIOKAJILHOIO YMOBOIO /1JIs CHCTEMH
niceBoAndepeHIiaIbHUX PiBHSHD OBIJILHOTO MOPSAKY. PiBHAHHS Ta IpaHUYHI YMOBH MiCTATH NCEB-
nonudepeHIiiaibHi ONepaTopy i3 CHMBOJIAMH, IO BU3HAYEHI Ta HEMEepPepBHi y [esKii obsacti H C

m PRV . . .- .
C R, . BcTanossieHo KpHUTepili icHyBaHHA Ta €JUHOCTi PO3B’ A3KiB, a TAKOJK HEMEPEPBHOI 3aJ1€ KHOCTI
PO3B’sI3KY BiJl rpaHUYHOI (DYHKIII.

1. Introduction. The present paper generalizes and evolves the results of works [1, 2].
It investigates the question of the proper posedness of nonlocal boundary-value
problem for system of equations, containing the pseudodifferential operators that

symbols are defined and continuous in some domain H — R™. The solution of the
problem is sought in functional spaces.

Consider in the infinite layer IT = R"™ x [0, T] the following two-point boundary

problem
d .0 ou . d
(at’ ’ax)”(x’t) o ( ’ax)” 0. M
ul =i 0 _ . d . 0 _
—i— |u(x,t) = Al =i — [u(x,0) + Bl =i — |u(x, T) = ¢(x) 2)
ox ox ox
where
i = i,i,...,i , U= col(ul,uz,...,u ),
dx dx; dx, dx,, "

O(x) = col(P(x), Pr(X), ..., @, (X));

. 0 . d . 0
Pl-i 2 Al=i 2| = [a,l-i2
jk( le) Jlk=17’ ( lax) jk( lax)

. 0 . 0
Bl-i 2| =|B,|-i<
( lax) Jk( lax) k=i

matrices that elements are pseudodifferential operators with symbols P(c), A(G), and

>

jk=1,1

{2)-

B(c), respectively, continuous in some domain H Rg".

Generally speaking, problem (1), (2) is improperly posed, even if Py (c), Ay (o),
and Bj (o) are polynomials [3 —6].

We shall be concerned with the question of the existence and uniqueness of solution
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of problem (1), (2), and the question of the continuously dependence of this solution on
the boundary function @(x).

2. Notations and definitions. For the description of the spaces of solutions, we
introduce the following notation:

W is the space of vector-functions  u(x) = (uy(x), up(x), ... , w(x)), u;(x) €
€ LZ(R'"), such that the Fourier transform i;(c) is compactly supported in Q c

c Rg; the space W is invariant relatively to the pseudodifferential operator
dx
(A(—iaa)u(x) = (2n)‘mj/3(c)ﬁ(c) exp(ixo)do, u(x)eW;;J
X
Q

with the matrix A(G) continuous in 2, moreover, A(—iaa): Wog — WS isa
X

continuous application; (Wg ), is the space of generalized vector-functions on W ;

this space is invariant relatively to A(zaa), ng = (WS’ ) > Wém = (sz:),, where
X

-Q={ce R™-ceQ}; C*([0,T], Wém) are spaces of vector-functions that for

every te€ [0,T] are functions of space Wé“’ respectively and continuously depend
on t together with the derivatives up to order k.

According to I. G. Petrovski [7], introduce the following definition:

Definition. We say that problem (1), (2) is properly posed in  C"([0, T], Wéw)
if, for every boundary function @(x) € Wém, problem (1), (2) should have in

C"([0,T], W5™) one and only one solution u(x,t), continuously depending on

o).
We shall not be concerned with Cauchy problem (the proper posedness of the
Cauchy problem for equation (1) is studied in [7]).
3. On the proper posedness of problem (1), (2). It is easily seen that the
following two applications for every domain Q c H are continuous:

(22} e - Ao g
ot ox

Ju(x, 1) . 0
y 22 L pl &
u o + ( lax) u(x, r)

and

M(—iaa): ([0, 7], Wa™) — C°([0,T], Wy™),

u A —ii u(x,0)+ B —ii u(x, T).
ox ox
Let us prove the inverse.
If we denote by (o, 1) and @(c) the x-Fourier transforms of the solution u(x, t)

of problem (1), (2) and the boundary function @(x), respectively, it is easily seen that
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u(o, 1) is a solution of the following boundary-value problem:
L[4 s lice,r) = 9D 4 poyico. ), 3)
dt dt

M(o)u(o,t) = A(©)u(c,0) + B(o)u(c,T) = ¢(0). 4)

Let us find the fundamental matrix of solutions F(c,t) of system (3). Because
P(c) is a matrix continuous in H, the roots of characteristic equation

det|| IL + P(G)| = 0
are continuous functions of parameter 6. We denote by x; = x;(0) the multiplicity
of the root A i = A j0), j= I,v, v = v(6). According to the theory of matrices [8],

there exist two polynomial matrices M(A,c) and N(A, o) = HN]»,((X, G)Hj LT such
that M(L,6) x L(A,6) X N(A,0) = QA 0) = |[h;(A. ©)8 ij,-,k:ﬁ’ det N(A, 6) =

= N(©) #0, where h;(h.0) = [[}_, = 20", j= 11, where Zj,:lqjk(c) -

= x,(0), k= L1, and § jk are the Kronecker symbols.
It follows from the equality M(A,0) X LA, G6) X N(A,0) = Q(A,0) and
condition detN(A,6) = N(o) #0 that M(\, ©) x L(A,0) = O\ 0) X N '(A, 0),

and after using the transformation y(c, ) = Nt (jt’ G)ﬁ((j, t), system (3) takes the

form
Q(d,GJy(G, H =0,
dt
that is,
n| 2 -0, j=11 5
ja»(’ yj(o,t) =0, j=11 3)
The fundamental system of solutions of each of equations (5) reads as
d o-1
Vjka(0:1) = () exp(\r) . a=1lgu(0), k=1v.
d\
A=A,
Therefore, the fundamental matrix of solutions of system (3) reads as
<rafay
F(o,1) = |lexp()x (0= DIx Y == ==| Ng(}, o) )
stpilarn) B T
s=0 7\=7\,k ,B:l, ,(le,q[sk,

J
k=1, v,p=0—1-s

Using the theorem of dependence of solutions on the parameter [9], we conclude that
F(o, 1) is continuous with respect to G.
Therefore, the solution of system (3) reads as u(c,t) = F(o,t)C, where C =

=col(C,, G, ..., C;). Using the boundary condition (4), we find that C is a solution
of the following linear algebraic system

(A(0)F(0,0) + B(6) F(0, T))C = ¢(0),
whose determinant is
A(c) = det D(c) = det| A(c) F(c,0) + B(c) F(o, T)|,

where
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D(c) = A(0)F(0,0) + B(o)F(o,T).

Let Q= H\N,, Ny, ={ce R": A(c) =0}. Forevery ce Q, C = C(0) =
= D_I(G) X @(c) and the solution of problem (3), (4) reads as u(c,t) = F(o,1) X
x D7(0)p(o) (VoeQ). Let W(o,1) = F(o,1) x D”Y(0).

Associate with matrix W(o, f) the pseudodifferential operator W(—i a@, t) that
X

acts continuously from Wé‘m respectively to C" ([0, T, WS‘”), that is,

W(—ia,t): Wy~ = C'([0,T], W3™), u(x) W(—ia,t)u(x)
ox ox

is a continuous application on Wém.

Theorem. In order that problem (1), (2) should be properly posed in C" ([0, T],
WSM), it is necessary and sufficient that Q= H\ N,.

Proof. 1t is clear that Q c H. We prove the theorem in the case of C"([0, T],
Wg™) (the case of C"([0,T], W,™) can be done by analogy with [8]).

Necessity. If 6,€ Q) N,, the homogeneous problem

d ~
Ll—,0 Go, 1) = 0,
(dt O)M( 0:1)

possesses more than one solution. Consequently, the solution (if it exists) of the

homogeneous problem
0 .Jd
Ll —,—i— |u(x,1) = 0,
(at ax) (%)

. d _ . d .0 _
M(—l ax)u(x, 1) = A( lax)u(x, 0) + B( zax)u(x, T =0

is not unique in C"([0, T], Wg~), and this implies the nonuniqueness of solutions of
problem (1), (2) in C"([0,T], W3™). The ill-posedness of problem (1), (2) in
C"([0,T], Wg3™) follows from the nonuniqueness of its solution in C"([0, T],
wo™).

Sufficiency. Let Q= H\N,. Forevery ¢(x)e W™,

u(x,t) = W(—ia,l)(P(x)
ox

is a solution of problem (1), (2) in C"([0,T], Wg™) and continuously depends on
¢(x), which implies the existence of solution of problem (1), (2)in  C" ([0, T], W3™)
that continuously depends on @(x). In order to prove the uniqueness of solution of
problem (1), (2), let us notice that if u(x,?) € C"([0,T], Wg” , its x-Fourier
transform (o, t) will be a solution of problem (3), (4). Under the condition of the
theorem, this problem (3), (4) possesses one and only one solution for every ¢ € Q. If

o e R™\Q, then (o, ) =0. This implies the uniqueness of solution of problem (1),

(2)in C"([0,T], W), and the theorem is proved.
4. Application. Consider an infinite set of point-like particles, disposed on a string
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at the same distances [ from each other; the mass of each particle is m, while F is
the tension of the string. The values of F and m are supposed to be constant every-
where and independent of time. Particles are supposed to have only one degree of
freedom. At each given time ¢, the motion of the j-th particle is completely defined in
terms of the position of its adjacent particles, i.e., the (j— 1)-th and (j + 1)-th ones
(j=0,%1,£2,...). Thus, the fundamental law of dynamics is given by

2
b, (t) = %(vnﬂ(t)+vn_1(t)—2vn(t)), n=0,+1,+2,..., (6)

being a= 2 El We associate with (6) the boundary conditions
m

l)n(O) + Un(T) = 0y,

Un(o) + Un(T) = Yy,

Consider the differentiable function v(x,f) that takes the values of v; at the

nodes of the lattice, i.e., v(jl,#) = v;(t). Therefore, system (6) acquires the form of
the difference-differential equation

@)
azu(x n  d*
S = Che+ =20+ - Lol 0<r<T. ®)

ot
i(—izai)
After using the equality e .
the pseudodifferential equation:

v(x,t) = v(x +1,¢t), equation (8) takes the form of

v, 2. 2( . a)
— +a“sin|—-i— v =0, O<t<T. 9
o1 ox ©

. . v .
By setting u =col(u, u,) with u; =v and u, = 3% equation (9) and the boundary

conditions (7) become
du + P(—ii)u =0, (10)
ot ox

w(x,0) + uy(x,T) = 0;(x),

(11)
uy(x,0) + upy(x, T) = 05(x),

respectively, where
3 0 -1
Pl-i—| =
( lax) a’ sinz(—i i) 0
ox
and 0;(x) and 6,(x) are two differentiable functions that take the values of ¢, and
v, respectively, at the nodes of the lattice. For this example, F(0,t) reads as

cos(at sinG) —sin(at sinG)
F(o,1) =
—asinc sin(atsinG)  —asinG cos(at SinG)
and
A(6) = —2asinc[l + cos(aT sino)].
Therefore,
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<k<
aT 27 2r

Ny = {kn}keZU{arcsin(2k+l)n, _mtal TH-aT, keZ}.

If we take H = R, we conclude from the above theorem that problem (10), (11) is
properly posed in  C" ([0, T], W3™) with Q= R\ N,.
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